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PREFACE 


The Author, in this volume, has attempted to present indeterminate 
structural analyds in a manner which is rigorous, coherent and interesting. 
It is an elementary presentation in the sense that the reader is assumed to- 
be unfamiliar with the subject. The treatment is, however, more detailed 
and extensive tiian would normidly be associated with an elementary text. 

Structural theory is based upon certain fundamental principles which 
were discovered many years ago. A deep sense of appreciation and a 
consequent understanding of the true significance of that theory can 
hardly fail to spring from a knowledge of the history of its development. 
Consequently the first chapter is devoted to a bri^ outline of that history. 
Historical notes also appear throughout the text. The reader wilt not, d 
course, be able to read the first chapter with complete comprehension 
unless he is familiar with the various methods of indeterminate structural 
analysis. A second reading, after completion of a study of the text, is 
therefore recommended. 

No specific comments are necessary regarding Chapters 2 through 13. 
The subjects considered in these chapters are to a large extent, although 
not entirely, similar to those included in other texts The treatment, 
however, will usually be found to be quite different. It is hoped that this 
presentation will be relatively easy to understand. 

The material included in Chapter 14 is based on the author's experience 
in developing the structural model laboratories at the Rensselaer Poly¬ 
technic Institute. In the early stages of this development it became ap¬ 
parent that information relative to the details of structural model design 
and testing was scattered and incomplete. In the case of direct model 
analysis it seemed to be generally unavailable. It was necessary, therefore, 
to prepare the material of Chapter 14 and it seemed advisable to include 
it in this volume. 

The bo(^ is designed for use as a text or for reference. As a text it is 
suited for use in senior undergraduate or first-year graduate courses. It 
is suggested that the material of Chapters 1 through 8 or 9 might be in¬ 
clude in a first course and that the remainder be covered in a second 
course. 

The author is indebted to a longtime friend and er^neer, Martin P. 
Korn, who suggested several changes in the first draft of Chapter 1 and 
who has been a constant source of enthusiastic encouragement throughout 
the writing of this volume. Appreciation is expressed for several helpful 
suggestions recrived fibm Associate Professor John T. Watkins of the 

vU 
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faculty of the Structural Engineering Diviaon of the Civil Engineering 
Department at the Rensaelaer Polytechnic Institute, as well as from John 
T. Percy, who was formerly an Associate Professor in the Structural 
Engineering Division at the Institute. The author also widies to express 
his appreciation to the Portland Cement Association for permission to 
reproduce Uie information included in the appendix. 

J.S.K 

September 1957 
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CHAPTER 1 


A BRIEF HISTORY OF STRUCTURAL THEORY 

1*1 Introductira. “If I have been able to see a little farther than some 
others, it was because I stood on the shoulders of giants.” So spoke Sir 
Isaac Newton, author of the greatest scientific book of all time, his Philch 
wphiae Nalwalis Principia MaUiematica, or more commonly, his Principia, 
Thus he acknowledged his debt to the great men of science who preceded 
him. 

We of this a|^ have inherited a scientific legacy infinitely greater than 
that inherited by Sir Isaac Newton. During the more than two centuries 
since his time, progress has constantly accelerated. In the beginning, 
intervals of decades, or even centuries, separated the discovery of funda> 
mental truths and basic principles. Each generation, however, "standing 
on the shoulders” of those who had passed on, reached new heights and 
glimpsed new horizons. Each new discovery quickened the pace and 
cleared the way for greater things. Down through the centuries the impli¬ 
cations of known truths were explored, new principles were added to the 
growing store of knowledge, and the whole was assembled into a general 
pattern which constitutes the science of our time. 

Five thousand years were required to discover and to organize crudely 
those principles of structural mechanics which the college student of today 
learns in several weeks. Another two hundred years were necessaiy to 
refine and expand these principles to their present state. The unceasing 
effort and dedication of great minds down through the ages have given us 
our modem‘structural theory. 

1-2 Befmre tiie Greeks. All things as they existed in the beginning are 
hidden in the mists of the prehistoric ages. Sometime, somehow, during 
the centuries preceding the beginning of history, man invented simple 
machines. The first glimpse of the ancients afforded by history shows them 
in possession of the inclined plane, with its two variations, the wedge and 
the screw, and the lever, with its two derivations, the pulley and the wheel 
and axle. By the time Aristotle wrote his book on machines in 350 B.C., 
all six of these had been known for centuries and their origins long forgotten. 
It has bemi said (10)* that during all history only one simple machine has 

* Numbers in parentheses designate references to be found at the ends of 
chapters. 
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be^ sddsd to those known to prehistoric man. This one addition was 
Pascal's hydratilic press of 1620. 

The beginniiiLg of history is indefinitely dated as perhaps 3400 B.C. and 
springs from records left by the peoples of the valleys of the Nile and the 
Euphrates and Tigris Rivers. In these valleys, to the l>est of our knowl¬ 
edge, man first organized societies on a large K(‘ale. Here writing was 
invented and, for the first time, record.^ wen' coiwciously ma<le for the use 
of those who were to follow. 

The history of the tiq^c from 3400 B C. to the birth of C^hrist is very 
obscure for certain periods. The “Old Kingdom ” in Egypt endured from 
3400 .B.C. to 2431 B.C and then collapsed A period of anan*hy and 
invasion by Asiatics followed, and during this time record.s were incom¬ 
plete. Then, with the restoration of order in 21 (>0 B C , Egypt’s “Middle 
Kingdom” was founded and existed until 1788 B C’ Invaders again came 
from the East and confusion reigned from 1788 to 1.380 B (', a period for 
which no reliable history is available The invaders were drixen out in 
1580 B.C. and the “New Kingdom,” or "Empire," was fouhiled I'or the 
centuries since 1580 B.C. Egyptian history is fairly complete. 

In general, the early history of the peoples of the Euphrates and Tigris 
valleys is similar to that of Egypt, in that during certain periods, as a 
result of violent political upheavals or invasions, no reliable records were 
compiled. 

Structural engineering is chronicled a.s existing at the time of the “Old 
Kingdom” in Egypt and a contemporary art existed in the valleys of the 
Euphrates and Tigris Rivers. It should be noted that structural engineering 
existed as an art, but not as a science, throughout antiquity. No record 
exists of any rational consideration, either as to the strength of structural 
members or as to the behavior of structural materials, until Galileo 
attempted to analyze the cantilever beam in 1638 A.D. The builders 
apparently were guided by rules of thumb, which were passed from 
generation to generation, guarded as secrets of the guild, and seldom 
supplemented by new knowledge. In spite of this fact, the structures 
erected during early historic periods are a constant source of amazement. 

The first structural engineer of history seems to have been the Egyptian, 
Imhotep, one of only two commoners to lie deified throughout the long 
history of Egypt. He is perhaps best known as the builder of the step 
pyramid of Sakkara about .3000 B.C., and his influence, because of other 
accomplishments, was great enough to initiate a new age of splendor 
in Egypt. 

During the long centuries of ancient Egyptian history, many awe¬ 
inspiring structures were built, including the pyramids of Gizeh as well as 
numerous tombs and temples. It is intcesting to note that practically the 
only structural elements used were the beam and the column. Only one 
true arch of ancient origin has been found throughout all Egypt, apparently 
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built about 1500 B.C. The Egyptians did, at times, use eOrbded arches 
as architectiual rather than structural units. 

During these same centuries civilisations in Assjrria and Persia devdoped 
their own methods of construction. Wall cores were usually of sunnlried 
mud brick and were faced with kiln-burned brick glased in different colors; 
, stairs, beams, lintels, and columns were of stone. In their structures the 
Assyrians frequently used the corbeled arch, and perhaps the true arch, 
as well as the beam and column. Ancient Babylon, according to the Greek 
historian Herodotus, was an amasing city, with it| two hundred and fifty 
towers and one hundred sets of bronse gates in its massive walls. The 
tallest tower of all is assumed to have been the Tower of Babel. The 
mud bricks could not resist the ravages of time as did some of the 
Egyptian construction, however, and in the words of Sir Banister Fletcher 
(9), "Babylon returned to the mud of which it was built, and only mounds 
now indicate its ancient site.” 

It is apparent from the' preceding account that by 600 B.C. heavy con¬ 
struction had been practiced for centuries throughout the ancient civilized 
world, and yet no rational method of design had been evolved, even for a 
simple beam. Consequently, in the beginning it is not the story of struc¬ 
tural analysis alone, but rather the story of the physical sciences in general, 
which is of interest. In this regard it is worth noting that the annual shift¬ 
ing of landmarks by the floodwaters of the Nile had caused the priests of 
Egypt to develop land surveying; and incidental to its development they 
had formulated some of the fundamentals of geometry. Also by 600 B.C., 
the Phoenicians and Mesopotamians had made some progress in astronomy. 

1-3 The Greeks and the Romans (600 B.C.-476 A.D.)< The age of the 
Greeks in sc'ience was initiated by the philosopher Thales, who lived about 
600 B.C. and was a physicist best known for his knowledge of astronomy, 
which he derived to some extent from Mesopotamian sources. Wealthy, 
and able to devote much leisure time to study, he came to be called a 
scholar, or man of leisure (from the Greek schole, meaning "leisure”). 
While traveling in Egypt, Thales learned about surveying from the priests, 
and upon returning home he formulated the beginning of geometry, 
deriving the name from the Greek ge (“land”) and metron (“measure”). 
It is interesting to note that one of Thales’ students, Anaximander (611- 
547 B.C.), first proposed that the earth is poised in space, but he considered 
that its shape was cylindrical. 

The Greek philosopher Pythagoras (bom about 582 B.C.) founded his 
famous school, which was primarily a secret religious society, at C|'Otona 
in southern Italy. At this school he allowed neither textbooks nor recording 
of notes in lectures, on pain of death. He taught up to the i^e of ninety- 
five and is reported to have coined the word “mathematics,” which means 
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Uterally the ^'science of learning, '* and aleo the word ^'philoaopher, * meaning 
^one who loves windinn.” Pythagoras is best known to engineers for his 
theorem relative to the right triangle. 

Among the great Greek scientists and philosophers, Democritus (460- 
370 B.O.) ranks second only to Archimedes and is included here because oi 
his remarkable atomic hypothesis. He believed that the smallest particles 
of matter ore indivisible and called them ‘^atoms/ from the Greek words a 
("not*) and temno ('‘cut” or “divide"). The following quotation from 
Simplicius’ “De caelo" is most remarkable; “Leucippus and Democritus 
say ... that the fundamental particles which they call 'atoms’ or 'indi¬ 
visibles,' are... indestructible, because they are solid and without pores... 
and separated from each other in the infinite void. As they encounter each 
other abruptly they come into collision. Democritus considers them so 
small that they escape our senses." Leucippus was a contemporary oi 
Democritus but the latter is chiefly credited with formulating the atomic 
hypothesis. One can only guess at what this man might accomplish if he 
were alive today to “stand on the shoulders" of as many “giants" as do our 
modem scientists. 

Aristotle (384-322 B.C.) must be mentioned in any history of structural 
analjnsis or mechanics. Dean of the Lyceum, a college just outside the east¬ 
ern city gate of Athens, and a man of unquestioned ability, he is credited 
with having written in more than twenty-five different fields of knowl¬ 
edge (11)> Probably no other man has ever recorded so many findings and 
opinions on so many subjects as Aristotle. 

One of Aristotle’s pupils was Alexander the Great (356-323 B.C.), who 
in 332 B.C. founded the city of Alexandria at the mouth of the Nile. After 
Alexander’s death in 323 B.C., his most capable general became Pharaoh of 
Egypt as Ptolemy I and established a library at Alexandria, with the 
private-library of Aristotle as a nucleus, that became the largest of the 
ancient world, containing some 700,000 scrolls. The first university (in 
the present-day significance of the word) was also founded at Alexandria 
by Ptolemy I and was the greatest of the ancient world, with a reported 
enrollment of 14,000 students. The first professor of geometry at the 
University of Alexandria was Euclid (315-250 B.C.). 

The greatest of the Greeks was Archimedes (287-212 B.C.), who far 
surpassed Aristotle and, to some degree, Democritus. The greatest phys¬ 
icist oi the ancient world and one of the greatest mathematicians of all 
time, his treatise “On Equilibrium" establishes Archimedes as the founder 
of statics. It was he who introduced the term “center of gravity," and it is 
b^eved that his work in geometry furnished Newton and Leibnitz with 
the infonnation which led to their development of the calculus. He refused 
to write about such practical things as machines and thu.s his writings 
almost totally ignore his many famous mechanical inventions, including 
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catupiilts, a spiral pump, and (‘oml)inations of puHoys. In fact, it was his 
inv(*ntions whicli held the Homan armies at hay around Syracuse for three 
years. Archimerles was to have been spared when th(i city fell to the 
Homans, hut was slain hy an ignorant soldier who reporte<lly disobeyed 
onlers One version has it that he refused to appear before the Homan 
consul and comjneror of Syracuse, Marcellus, since to do so would have 
interrui)ted the solution of a problem, and conseciuently he was slain. 
With the passing of Archimedes the golden age of the Greek philosophers 
carnc' to an end 

Sciciice made much less progress under the Homans than under the 
(liiH'ks 'Fhe Homans were of a more practical nature than the Greeks and 
thus were not as capable of abstract thinking, though excellent fighters 
and builders. Only one name from the history of the period of the Homan 
Kmpire uill be added to the list of those great men of science already men- 
tion(“<l. This uas lau-rctius Cams (90?-55 B.C.), a poet and scientist of 
great ability who embraced the atomic theory of Democritus and who 
also surmised the existence of disease germs. Eighteen centuries before 
the Fr(*nch chemist bavoi.sicr attracted wide attention by his experimental 
derivation of th(“ law of conservation of mass, C’arus had arrived at the 
same law 

In mam respects the Homans surpassed preceding and contemporary 
peo[)les 111 engineering accomplishments. As th^ empire expanded, the 
neccssitv for moxing armies rapidly became ever greater and thus the 
Homan engineers developed their renowned ability to build bridges. A 
notable example uas ('ae.sar’s bridge over the Hhine, a third of a mile in 
length and a pile type structure*, which is reported to have been built in 
ten days In addition to the pile-type bridge, the Homans developed the 
semicircular tnu* masonry arch, which they u.sed exten.sively in both 
bridges and aipieducts. Trajan’s Bridge over the Danube near Turnu- 
Severm m Humania, built in 104 A.D., was the longest bridge in the 
Roman I'anpire, with a total length of four thou.sand feet consisting of 
twenty timber arches 

As pre\iou.sly noted, lOgyptian and Greek engineers and architects used 
stone columns and beams as principal .structural elements. The Homans, 
in addition, madi* extensive u.se of masonry arches and, in the case of the 
Pantheon, the masonry dome, which was probably a Homan development 
of thi* As.syrian brii k arch The collapse of the Homan Empire in the West 
in 470 .V D , re.sulting from the inva.sion of Italy by the Teutonic tribe.s 
from the North, maikefl the end of the ancient period of woild history. 

1-4 The Medieval Period (477-1492). 'riiis period, also designated as 
the Middle .\ges oi the Dark Ages, was marked by a decline of civilization 
throughout iMirope following the decadence and fall of the Western division 
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of the Roman Empire. In Europe, it was an era of disruption of civil 
society by the incursions of new races and through general upheaval. 
The Eastern Roman Empire, however, was to continue in existence for 
centuries. The center of Greek life had, by this time, been transferred 
to Constantinople and its influence was for centuries exerted throughout 
Asia Minor and £g3rpt by Greek conquerors and traders. It was in 
Constantinople in 563 A.D. that the development of the structural dome 
reached its ultimate in the construction of the church of St. Sophia. 

During the Dark Ages in Europe, the Arabians carried the torch of 
knowledge, but produced no scientist who might be classed with Democ¬ 
ritus and Archimedes. One tremendously important development of this 
p>eriod, however, which came about through the efforts of the Arabians, 
was the invention of our system of numbers, credited to a group of mathe¬ 
maticians of Amjir, India, about 600 A.D. This system was adopted by 
the Arabian mathematicians and was subsequently transmitted through 
them to Europe and is therefore known to us as the system of “Arabic” 
numerals. The advantage of these Hindu numbers over both the Greek 
and Roman systems is very great, and it is quite unlikely that modem 
science could exist without them. (If in doubt, the reader should try to 
extract the square root of any number using Roman or Greek numerals.) 

The first break in the scientific stagnation of the Dark Ages came with 
the establishment of Italian universities toward the end of the twelfth 
century. Progress was seriously retarded, however, because throughout 
Europe at this time scientists were suspected of heresy. Indeed, it was not 
until the eighteenth century that those pursuing scientific investigation 
were entirely free from suspicion and possible persecution. 

Roger Bacon (1214-1294), a Franciscan Friar and spearhead of the 
attack against this intolerance, was persecuted, exiled from England, and 
imprisoned in Paris for assailing the ignorance of high officials. In his book, 
Opus Majus, he stressed the fundamental importance of experimentation 
in science and, in the optics section, predicted the discovery of the telescope 
and the microscope. Bacon was of great importance, not so much because 
of his specific contributions to science, but because of his influence on 
those who were to follow. 

More than a century and a half separated Roger Bacon and the great 
Italian, Leonardo da Vinci (1452-1519), possibly the most versatile genius 
of all time. Da Vinci's every effort seems to have yielded valuable results: 
in music, sculpture, painting, canals and buildings, interpretation of fossils; 
and toward the development of the parachute, a proposed flying machine, 
a diving suit, and other contributions. He is of particular interest here be¬ 
cause he was the first, in his statement of the law of the lever, to introduce 
the concept of the moment of a force. In his writings he also virtually set 
forth the principle Avhich is now known as Newton*a third law of motion. 
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1-5 The Early Period (1493-1687). Andrea Palladio (1518-1580), an 
Italian architect, is believed to have first used trusses, although his designs 
were not the result of rational analyses. Prior to this development all 
construction, except solid masonry, was composed of beams, columns, 
arches, and domes. It is interesting to note (12) that nearly two centuries 
were to pa.ss before another man recognized the potentialities of the truss. 

Simon Stcvin (1548-1G20), a noted Dutch engineer, is of interest in this 
discussion because of hi.s book, published in 1.580, dealing with statics and 
hydrostatics Apparently he understood the composition and resolution of 
forces, for in his l)Ook he introduced the principle of the triangle of forces. 
Stevin investigated, and apparently solved (25), the problem of the loaded 
chord, a problem statically quite similar to that of the truss joint. In 
addition, he is regarded as a pioneer in the effort to discontinue the use of 
Latin in scientific writings. 

It can be said that the Italian astronomer, Cialileo Galilei (1.5C4-1642), 
ushert'd in what might be called the age of reason in structural analy sis. 
He apparently was the first to study the resistance of solids to rupture and 
may be said to have originated mechanics of materials. In his last publica¬ 
tion, Two New Sciences, h(‘ discussed the problem of a cantilever beam 
loaded with its own or with an applied weight Since his time, this has been 
known as (talileo's problem, and was not correctly and completely solved 
until 18.55 Galileo considered that the entire beam was rigid except at the 
s(‘ction of failure, and that compre.s.sion Avas concentrated at the lower edge 
of this section, with uniform tension over the remainder. His results, of 
course, weiu errom'ous but his contribution was very great, for he called 
attention to the existence and importance of what is now known as me¬ 
chanics of materials. 

One of the ino.st outstanding of the Oxford men of science, whose asso- 
I'iation resulted in the formation of the Uoyal Society in IGtiO, was Robert 
Hooke (l().‘1.5-170.’l), Professor of Geometry at Gresham College and 
Surveyor to the City of London Of extraordinary ability and range of 
interest, he was unfortunately of poor health As the laboratory assistant 
of tlie wealthy Robert Boyle (10) he did not receive proper credit for many 
of his accomplishments, and similar experiences with others led to his 
becoming bitter and .suspicious, apparently with good cause. In the course 
of his study of elasticity, as the result of whi<‘h he iinenfced the spiral 
spring to replace the pendulum for timekeepers, he arrived at the law now 
bearing his name Although this was in 1(>(>0, because of concern for the 
patent rights to his invention, he did not publish his law until 1(»7(», and 
then only in the form of an anagram—“ceiiinosssttuu”* (a solution to 

*At the time Hooke wrote thi.s anagram the tAvo symbols u and t» were em- 
ploytid interchangeably to denote either the vowel u or the consonant v. The gen¬ 
eral tendency, however, was to w rite r when it apjieared aS the initial letter in a 
word and to w'rite u in other positions, without reganl to phonetic considerations. 
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'which he gave (28) in 1678)—containing the letters of the law in Latin; 
Ut lensio sic ris. Hooke did not apply his law to engineering problems, but 
in 1680 E. Mariotte made an independent announcement of the same law 
and applied it to the fibers of a beam. As the result of tests (HI) which he 
conducted in 1680, Mariotte observed that some of the fibers of a beam are 
stretched and some are shortened, which led him to place the boundary 
between lengthening and shortening at the mid-depth of the cross section. 

Sir Isaac Newton (I(}42-1727), born on Christmas day in the year of 
Galileo’s death, was Professor of Mathematics at (’ainbridge University 
and for a quarter of a century presirlent of the Royal Society Newton 
was the author of the gn^atest book in the literature of science* and yet Avas 
so retiring and modest that it was only through lh(‘ insist cner* of one of his 
former students. Dr. Edmund Ilsilley, that manuscript of his Princtpta 
was brought forth from a dusty trunk and finally published in I(>87. In it, 
among other things, he stat(‘d his laws of motion, the law of universal 
gravitation, and the infinitesimal calculus NcmIoii was notable for his 
willingness to give credit to his pred(*cessors and to his contemporaries, as 
evidenced by the opening quotation of this chajiter. 

1-6 The Pre-Modem Period (1688-1857). Janies Bernoulli (1(>.>1--J705) 
of Basel, Switzerland, was the first member of his distinguished family to 
attain a wide reputation as a mathematician lb* became interested in 
Galileo’s problem and is credited with being tin* first to have a.ssumed that 
a plane section of a beam remains plane during bc'iidmg, but for some 
inexplicable reason decided that the position of tin* neutral surface was 
unimportant, and he failed to arrive at a satisfactory .solution. Johann 
Bernoulli (1()()7-17-18), brother of .Janies and gifted with similar ability, 
is of intere.st becau.se of his announcement in 1717 of the principle of virtual 
velocities 'Diis jninciple. as A\ill pr<*sently be demonstrated, is the basis 
for the most generally applicable of available methods for determining 
ela.stic deflections of .structures Daniel Bernoulli (1700-1782), son of 
.Johann Bernoulli and equally able as a mathematician, became interested 
in the problem of determining the elastic curve of bent bars and the vibra¬ 
tion of beams and rods and succeeded (about 17.H.>) in obtaining a differen¬ 
tial e(]uation for the transverse vibrations of a bar. He interested his 
friend and fellow mathematician of Basel, Leonhard Euler (1707-178H), in 
the ju'oblem of determining the elastic curves of beams and columns, 
suggesting to Euler that the true elastic curve might be that which would 
cause th<* total internal work to be a minimum. Thus Euler employed the 
method of l(*ast work in a criuh* form and contributed his extremely v'alua- 
ble di.scus.sion of the buckling of columns. 

It is intere.sting to note* that during the time of Bernoulli and Euler 
(I7.'j8) a f(*llow Swi.ss, Ulric Grubenmann, realized the value of the trusses 
used two hundred years before by the Italian, Palladio, and bridged the 
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Rhine with a 170-foot timhei' span Other timber bridges followed, al¬ 
though they eornbined the truss and the arch in a single structure, as did 
the ordinary covered timber bridges of the middle nineteenth century 
built in the I’nited States Finally, Ulric Gmbenmann was joined by his 
brother .lean to build a great timber bridge with a span of .’190 feet. Like the 
trusses of I’alladio, howeviT, these bridges were built by rule of thumb 
rather than by design based on rational analysis. 

(’harles Augustin (kiuloml) f 173(5-1800) began his career as a French 
military engineer but became a renowned physicist He and Xavier, who 
foIlow<‘d him liy sevi'ral decades, are considered to have founded the 
science of mechanics of materials In 177(5, Coulomb published (5) the 
first correct analysis of the fiber stresses in a flexed beam with rectangular 
cross section. lie a.ssumed that Hooke’s law applied for the fibers, logically 
placed the luaitral surface in th<‘ corn^ct position, developed the equilibrium 
of forces on the cross s(‘ction with external forces, and then correctly 
evaluated the .stresses Apparently recognizing the possible existence of 
a jilastic stage, he mdi(‘ated that at rupture, under certain conditions, the 
neutral surface might move to a dilTerent po.sition \t the .same time he 
pr(‘sent<*d his theory ol earth pressure against a retaining wall and in a 
latiT papiM' (1781) .set fortli Ins theory tor the torsion of .shafts 

In 181(5, Sir I)a\ id Hiew.ster, a Sc otti.sh phy.sieist, published (1) a report 
of his di.seo\ery that dt'foi mat ions produce double refraction in gla.ss He 
had ol>tained jiattc-rns of colored fringes by pa.ssing polarized light through 
gla.ss j)lat<‘s .subjc*ctt‘d to load and .sngge.sted that this method might be 
u.s('d to .study archc's and othei .stiuel.urc's, thus pioneering in the develop¬ 
ment ol photoelastieitV as a method tor determining strc'sses 

Louis .Mane Ilenri Navier (178.') 18.>(5), distinguished French engineer, 
mathematician, and profe.s.sor, published m 182(5 (23) the first edition of 
his the first great textbook in nua hanics ol engineering. Not only 

did ln‘ pre.sent a .sound tn^atment of the slrcnigth and deflection of beams of 
any cro.s.s seeticin, but also hi* considered arches, (‘olumiis under eccentric 
loads, suspen.''ion bridges, and other technical problenw. To Navier belongs 
the' .signal honor of dc'velopmg the first gc'iieral theory of clastic solids as 
well as the lir.^t .systematic trt'atment of the theory of structures. Even 
though t'oiilomb’s work in beam analysis had been eorrei’t, publication of 
his re.sults did not prevent .suKsecjiient muddled thinking and attempts to 
.solve the bc'am problem Navier’s Lrcnnn, however, after a few years 
sc'emed to bring ord<‘r and reason to mechanics of materials and structural 
analysis. 

It is worth noting that no clear division existed between the theory of 
elasticity and the theory of structures until about the middle of the 
nineteenth century Theory of structures could not exist as such until the 
basil' principles governing lh<* behavior of materials had been established. 
Consequently, leading engineers entered into the study of the theory of 
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elasticity. Coulomb and Navier would today classed as professional 
structural engineers but, for the reason just stated, they entered into 
studies which resulted in the founding of mechanics of materials. 

Three other structural engineers who pioneered in developing the theory 
of elasticity were Lam4, Clapeyron, and de Saint-Venant. Lam^ (1795- 
1870) and Clapeyron (1799-1864) collaborated to publish in 1833 a notable 
paper on elasticity which presented important work on stresses in hollow 
cylinders and spheres and which introduced the idea of the sli-css ellipsoid, 
as well as the important principle of the equality of external and internal 
work of a straimvl structure. In 1852, Lam4 published the first book on 
elasticity (13) and in it credited Clapeyron with the theorem of equality 
of external and internal work, a theorem of gr(‘at importan^’c in the analysis 
of indeterminate structures. In 1857, Clapeyron presented his “theorem 
of three moments” for the analysis of continuous beams (4). 

The first contribution to the theory of structures from the United States 
came in 1847 when Scjinre Whipph* (1804-1888) published his remarkable 
treatise, “Bridge Building, ” (32) in which he presented the first rational 
analysis of the jointed truss. Worthy of note is the fact that prior to 1850 
the jointed truss was used almost exclusively in America. This tyjie of 
con.struction ileveloped steadily alter the Bevolutionary War and bridge 
spans up to 300 feet were built, but not from any rational design. Spans 
constructed in England and Europe w«*re usually combinations of arches 
and trusses, or were otherwise rendered internally indetei-minate It Avas 
Whipple’s contribution Avhich made scientific design of jointed tru.sses a 
possibility. 

The engineer Barre de Saint-Venant (1797-1880) was perhaps the 
greatest of elasticians. In the words of SoutliAvell (28), “. . . he combined 
Avith high mathematical ability an essentially practical outlook Avhich gave 
direction to all his work ” In 1855 he presented famous memoirs dealing 
Avith torsion and in 1856, in memoirs dealing Avith flexure, shear stresses on 
cross sections of beams Avere correctly considered for the first time and 
probI(‘ms of impac't and vibration Avert* discussed. He was also interested 
in the nature of molecular action and a theory of plasticity. 

Saint-Venant’s memoirs of 1855 and 1856 closed what this author con¬ 
siders to have been the Prt'-Modern Period in the evolution of a theory of* 
structures. During this period a method had been developed for determin¬ 
ing the stresses in simple trusses, simplt* beam action had been correctly 
and completely analyzed, and there had been a beginning of a tlieory for 
column action. Thus the basic principles had been established upon which 
an adcijuate theory of structures could be dcvelopeti. 

1-7 Since 1857—The Modem Period. The evolution of a comprehensive 
theory of stnictures proceeded at an astonishing rate once the basic and 
re(}uisite principles had been dcterminecl. Those Avho participated in this 
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development were many and, consequently, only the most important can 
be mentioned in this discussion. 

The French engineer, Bresse, published in 18o9 a noteworthy treatise 
presenting very thorough and practical methods for analyzing curved 
bcam.s and arches, and in 1807 the influence line was introduced by the 
German. E. Winkler. A year before Bresse’s treatise appeared, the first 
great textbook in English dealing with mechani<'s of engineering and 
materials had been published by William John IM. Rankine (1820-1872). 
The first edition of this book, the Manual of Applied Mechanics, appeared 
in 18.>8 and the twentieth edition in 1911) Rankine credited the empirical 
column formula l>earing his name to Trcdgold (1788-1829) as originator 
and to Gordon for ha\’ing revived it. In Germany, in 18()3, Professor 
August Ritter published his “Method of Sections” (20), now in wide use, 
and demonstrated how stresses in an articulated structure can be computed 
by the principle of moments. 

James Glerk Maxwell (18.30-1879), Cavendish Professor of Experimental 
Physics at C’ambridge University, originated and published m 18G4 (15) 
the first significant contribution to the development of a theory for indeter¬ 
minate structural analysis. This w'as an analysis of a redundant framew'ork 
by a method based on the e(|uality of the internal strain energy of a loaded 
structure and the external work of the applied loads, an ecpiality which 
had been previously established by Clapeyron Maxwell expressed the 
necessary conditions for geometrical coherence by a set of equations in 
which the variables uerc the redundant stresses. This was the first method 
developed for the sy.stimatic analysis of indeterminate structures. In the 
course of his analy.sis Maxwell .set forth his theorem of reciprocal deflec¬ 
tions, but because his tr(‘alinent was brief and was not illustrated by 
practical ajiplications, the grc'at importance of the principle \vas not 
appreciated for some time. Th(‘ Italian, E. Betti, published a generalized 
form of Maxwell’s theorem in 1872 and, con.sequently, it is often known 
as the MajcweU-Bctti reciprm al theorem. In another paper published in 18G4 
(IG), Maxwell presented his stre.ss diagram for trusses, which combines 
all individual force polygons into a single figure. The method was sub- 
setiuently (‘xtended by Crtmiona and the resulting diagram is now often 
culled the MaxwcU-Cremona diagram. As early as 185.3, at the age of 
twenty-three, Maxwell had published a paper of considerable merit on 
elasticity, a paper which included a discussion of a series of photoclastic 
experiments and the interpretation of the fringes resulting from the use of 
eircularly polarized light. 

A remarkable book (8) on structural mechanics was published in 18GG 
by Professor Carl Culmann (182!-1881) of the Polytechnikum in Zurich, 
Switzerland, and it was largely as a result of this book that graphic statics, 
as an effective means of structural analysis, came into being. Varignoii 
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had studied the polygon of equilibrium for a loaded string but Culmann, 
discarding the idea of a material string, used the string polygon as a tool 
of analysis. 

The contributions of the German, Otto Mohr (1835-1918), to the theory 
of structures are extremely significant. In 1868, he presented an outstand¬ 
ing paper (17) which discussed the representation of the elastic curve as a 
string polygon or, in other words, the method of elastic weights. On the 
same occasion he developed the closely allied method for computing 
deflections as bending moments in a fictitious beam loaded with elastic 
weights, that is, the conjugate beam method. In 1873, Professor Charles E. 
Greene of the* University of Michigan presented a related principle of 
moments of clastic areas by which the deflection of any point of a beam, 
from a tangent to the elastic curve at another point, may be computed; 
this is usually called the moment-area method. 

In 1874 (18), apparently without any know’ledge of the work done pre¬ 
viously by Maxwell, Mohr presented a simpler and more extensive deriva¬ 
tion of the same general method for the analysis of indeterminate structures 
by the simultaneous solution of condition eijuations expressing the geo¬ 
metric coherence of the structure. Mohr’s development, however, utilized 
the principles of virtual work, and illustrative e.xarnples of various applica¬ 
tions of the method, including the eflects of temperature variation, were 
appended. In 1887, he published (19) his correction diagram for use with 
the semi-graphical method for determining deflections of articulat(*d 
structures, announced by Williot in 1877. Without Mohr’s correction 
diagram, the Williot diagram would be of very limited uw fiilnes.s, but the 
combined Williot-Mohr diagram is an e.xtremeiy valuable method for 
determining deflections of articulated structures. I’mally, in a paper (20) 
published in 1892, Mohr used a slope and deflection method of analysis in 
connection with a secondary stress problem. 

An important basic primaple of indeterminate structural analysis iasued 
from the efforts of Alberto Castigliano (1817 1884), an engineer of the 
Italian railwa 3 rs, who first presented his theorem of least work as a thesis 
for an engineering diploma at Turin in 1873. A paper (2) published by 
him in 1876 presented the theorem of lea.st work,*" known as Castigliano’s 
second theorem, as a corollary of his first theorem, his method for finding 
deflections. In 1879, Castigliano published a book (3) in I’aris which was 
remarkable for its originality and, in addition, was much more compre¬ 
hensive than the work done previously b}' Maxwell and Mohr The 
importance of this book, in the development of indeterminate structural 
analysis, was very great. 

* It is interesting to note that the Italian general, L. F. Menabrca, had stated 
the principle of least work in a paper published in 1858, but his proof was un¬ 
satisfactory. 
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In thft same year that Castigliano published his book (1879), Mandcrla 
prc‘spiit.od his analysis for secondary stresses in a truss with rigid joints, 
using the tangential angles at the member ends as the unknowns rather 
than the secondary stresses or moments. 

Professor Heinrich Miiller-Breslau (1851-1925), for many years a dis¬ 
tinguished member of the faculty of Tei'hnische Hochschule in Berlin, is 
one of the most outstanding principals in the annals of the theory of struc- 
tun's In 188(), he published a basic method (21) for the analysis of inde¬ 
terminate structures, although this is essentially a variation of the previous 
work of Maxwell and Mohr. The (‘ondition equations for geometrical 
cohereiK'e of a structure, as written by Muller-Brcslau, are obtained by 
superposition of displacements as caused by individual redundant stresses 
and n^actions. The <‘oefIicients of the redundant stresses and reactions are 
the displacements due to unit strt'sse.s and reactions and these displace¬ 
ments may be found by any method desired. Of particular note is the fact 
that he recognized and ])ointed out the great value of Maxwell’s theorem 
of reciprocal deflections in the evaluation of these displacements. While 
working on this problem, Muller-Breslau di.scoviTed that the influence 
line for a reaction or internal stress in a structure is, to some scab', the curve 
of the structure .wlu'u deflectc'd by an action .similar to the reaction or 
stit'ss. Known as MulUr~Brcslau’s principle, this is the basis for various 
indirect methods lor the analysis of structures either determinate or inde- 
tiTininate, by the use of models 

Muller-Bre.slau extended the applications of (.’a.stigliano’s method of 
lea.st work and also made significant contributions to the theory of space 
frames, both determinate and indeterminate. He made use of, and appar¬ 
ently originated, the method of tension coefticieiits, a method discussed 
in his book (22) published in 1924, as well as in earlier editions. 

C’laxton I'ldler in J887 introduced the method of “eharacteristic points” 
for the analysis of continuous beams, a method extended in 1905 and 1908 
by the Dane, A. Ostenfeld, to include either linear or angular yield of 
supports. 

.\ nolabl(> contribution to the development of photoelasticity as a method 
for d(d(‘rniining stre,s.ses was the publi(‘aiion in 1891 by C. A. (?arus Wilson 
of Mctiill I'niversity in Montreal of a study by phot(K*lasticity of stresses 
ill beams uiuier concentrated loads. As the result of Wilson’s work, the 
potentialities of photoelasticity became apparent. 

Ill 1915, (1. X Maney of the Uiikcrsity of Minnesota published (14) his 
indepi'iKhnit development of the slope-deflection method. Mohr, as 
previously iiotc'd, had made use of a similar method in connection with the 
problem of .secondary .stresses as early as 18f)2, but his work in this con¬ 
nection apparently attracted little attention. Maney developed and pre¬ 
sented slope deflection as a powerful methoil for the analysis of continuous 
frames. 
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The condition equations necessary to effect an analysis of a frame by 
slope deflection use deformations, that is, joint rotations and translations, 
as the unknown quantities, whereas in the general method of Maxwell and 
Mohr the unknowns are stresses and reactions. The general principles 
involved in methods of analysis of this kind, where deformations are the 
unknowns, were admirably set forth in a book (24) written by A. Ostenfeld 
and publii^ed in 1926. 

Hardy Cross (1885- ) began teaching his method of moment dis¬ 

tribution at the University of Illinois in 1924. The method was published 
(6) in 1930 and has, to a large degree, revolutionized the analysis of con¬ 
tinuous frames. Without question it is one of the greatest contributions 
of all time to indeterminate structural analysis. The moment distribution 
method is related, in some degree, to the deformation methods, because 
individual joints of the frame under consideration are allowed to rotate in 
successive steps until a condition of geometrical coherence results, although 
the attainment of this coherence is not directly indicated by the results of 
the analysis. The general concepts of the method of moment distribution 
were extended by Cross in 1936 (7) to the problem of flow in networks of 
pipes and conduits. 

Professor R. C. Southwell of Oxford University developed the “relaxa¬ 
tion method” of analysis, which is a method of calculation by successive 
approximations and which has varied applications. He published an initial 
paper (27) on tl:e subject in 1935 and followed this with two books, one in 
1940 (29) and the other in 1946 (30). Southwell was not, in the beginning, 
aware of moment distribution as previously developed by Cioss, although 
the method is one of relaxation. 

1-8 Conclusion. Art is the doing of things; science, the knowing of 
things. Science is knowledge reduced to law and organized in system. Thus 
it is apparent that structural engineering, beginning in the prehistoric 
ages, existed only as an art down through the ancient and medieval periods. 
It is interesting to find that those who practiced structural engineering 
were not, even as late as the beginning of the eighteenth century, known 
as structural engineers, or even as civil engineers. As a matter of fact, up 
to this time there was no professional distinction between the civil engineer 
and the architect. Now, in retrospect, it is possible to classify a builder in 
the centuries before the eighteenth as an engineer or as an architect only 
on the basis of his principal inclinations and accomplishments. 

The emergence of the separate professions of the structural engineer And 
the architect was a slow process. The period of this adjustment can be 
considered to have been inaugurated early in the seventeenth century with 
Galileo’s attempted analysis of the cantilever beank His work pointed the 
way, and by the middle of the eighteenth century some principles of statics 
had been formulated and the physical properties of several ■ important 
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building materials had been investigated. Quite logically, therefore, at 
this time there was a beginning of scicntihe structural analysis and design. 
Those builders who first applied the new science were the pioneer structural 
engineers. 

One of the first noteworthy applications of this new science was in the 
analysis of the dome of St. Peter’s in 1742. The object was to determine 
the cause of cracks and to suggest corrective measures. It is interesting 
to find that the engineers who wrote the report were most apologetic for 
having used a scientific approach to the problem. By the middle of the nine¬ 
teenth century, however, scientific analysis of structural problems was quite 
generally accepted. It will lie recalled that by this time the Bemoullis, Euler, 
Coulomb, Navier, Clapeyron, Whipple, and de Saint-Venant, together with 
lesser contributors, had organized the beginning of a systematic and com- 
prehcn.sive theory of structures. Simple beams and trusses could then be 
correctly analyzed and there was a beginning of a theory for column actiem. 

The Modern Period, designated herein as having begun in 1857, has seen 
the development of the remainder of the theorj'^ of determinate structures 
a.s well as most all of indeterminate structural theory. A list of the most 
important contributors to indeterminate structural theory w^ould un¬ 
doubtedly include Clapeyron, Maxwell, Mohr, Castigliano, Maney, 
Mullcr-Breslau, Cross, Oatenfeld, and Southwell. 

In the absence of the facts, one might (piite naturally assume that the 
theory of indeterminate structures is a fairly recent and logical extension 
of a pn'viously developed complete theory of determinate structures. 
Obviously this is not the case. In actuality, the .sequence of solution of the 
basic structural problems was in no way related to their theoretical com¬ 
plexity. Euler, for example, had developed his treatment of long columns 
ahd Navier had analyzed arches, suspension bridges, and eccentrically 
loaded columns before a method of analysis for simple trusses had been 
evolved. Many difficult problems relative to stresses in plates and cylinders, 
indeterminate to a high degree, were solved before the continuous girder 
was sati.sfactorily analyzed. It should be noted., however, that many of the 
early methods were very involved and that new and easier methods have 
since been introduced. 

This brief discussion of the evolution of modern structural theory has 
been prc.sented in the belief that it will broaden the interests, enhance the 
vision, and engender professional pride in the student. Perhaps he has 
found interest, even fn.scinatiun, in the.se historical facts. If this is so, it is 
lioped that he will pur.sue the .subject further and benefit greatly thereby. 
Understanding is most .perfect when based on a knowledge of things as 
they Nvere in the l>eginning. In the words of Aristotle, “He who considers 
things in their first growth and origin . will obtain the clearest view of 
them. ” 



17 


Specific References 

1. Brewster, D., Trans. Roy. Soc. (IjOikIou), pp. 156-178, 1816. 

2. Castiguano, A., “Nuova ttwia intorno all’ cquilibrio dci sistomi elastic!,” 
Trans. Acad. Sn. (Turin), 11, 127-286, 1876. 

3. Castioliano, a., Theoreme de V^quilibre des systimes Slastiques ei ses 
applications. Paris, 1879. {Note: An Kiiglish translation by E. S. Andrews, 
Elastic Stresses in Structures, was published in 1919 by Scott, Greenwood and 
Son, London.) 

4. Clapeyron, Ti. P. E., Comptes Rendus, 45. 1076, 1857. 

5. Coulomb, C. A., “Essai sur une application des regies de maximis et 
minimis 4 quelques problemes de statique, relatifs 4 l’'ireliitecture,” Memoirs de 
Mathimaliqve et de Physique, pp. 343-382, 1776. 

6. Choss, H., “Analysis of Continuous Frames by Distributing Fixed End 
Moments,” Proc. .l»i. Soc. Civ. Engrs., May, 1930. 

7. (hio.ss, H., “Analysis of Flow in Networks of Conduits or Conduetoi-s,” 
BuU. Univ. III. Eng. Exp. Sta , No. 2S(), 1936. 

8. CiJLMANN, C., Die Graphischc Staiik. Zurich, 1866. 

9. Fletcher, B., A History of Architecture on the Cpmparntive Method. 
London: Scribner’s, 1948. 

10. Fraser, C. G., Half Hours with the Great Scientists. New York- Reinhold, 
1948. 

11. Girvin, H. F, -4 Historical Appraisal of Mechanics. Scranton. Interna¬ 
tional, 1948. 

12. Grint|:b, E., Theory of Modem Steel Structures. Vol. 1. New York: 
Macmillan, 1949. 

13. Lame, G., “Lo^*ons sur la theorie matliemali(]ue de relasticitd des corps 
Bolides.” 1852. 

14. Maney, G. A., Studies in Engineering- -Eo. 1. University of Minnesota, 
1915. 

15. Maxwell. J. C., “On the Calculations of the Equilibrium and Stiffness 
of Frames,” Phil. Mag. (4), 27, 294, 1864. 

16. Maxwell, J. C., “On Reciprocal Figures and Diagrams of Forces,” Phil. 
Mag. (4), 27, 250, 1864. 

17. Mohr, O., “Beitrag zur TJieoric der Holz- und Eisen Konstruktionen,” 
Zeitschrift des Architekten und Ingenieur Vereines zu Hannover, 18(>8. 

18. Mohr, 0., “Beitrag zur Theorie des Fachwerks,” Zeitschrift des Architek~ 
tenund Itigeniewr Vereines zu Hannover, 1874-5. 

19. Mohr, 0., “t)ber Geschwindigkeitsplane und Bcschleunigungs plane,” 
ZivUingineur, 1887. 

20. Mohr, 0., “Die Berechuung der Fachwerke mit starren Knotenver- 
bingungen,” ZivUingineur, 1892. 

21. Muller-Breslau, H. F. B., Die Neuren Methoden der Festigkeitslehre 
und der Statik der Baukonstruktionen. Berlin: 1886. 

22. Muller-Breslac, »H. F. B., Die Neuren Methoden der Fesligkeitslehre. 
Lcipwg, 1924. 



18 


A BRIEF HISTORY OF STRUCTURAL THEORY 


[chap. 1 


23. Navier, L. M. H., Resumi des legons donnhs a Verole des Fonts et Chaussies 
sur Vapplication de la michanitjtte a Vetahlissement des constructions et des machines. 
1826. 

24. OsTENFELi), A., Die Dejormationsmethode. lipriiri: Springer, 1926. 

25. Parcel, J. I. and Maney, (1. A., Statically Indeterminate Stresses. New 
York' Wiley, 1936. 

26. Ritter, A., Elemenlare Theoric and Berechnung cisener Dach- und Brucken- 
konstruktionen. Hannover, 1863. 

27. Southwell, R. V., “Stress Calculation in Frameworks by the Method of 
Systematic Relaxation of C^onstraints," Proc..Roy. Soc., A151, 56-95, 1935. 

28. Southwell, R. V., An Introduction to the Theory of Elasticity. London: 
Oxford University Press, 1936. 

29. Southwell, R. V., Relaxation .Methods in Engineering Science — A Treatise 
on Approximate Computation Oxford: Clarendon Press, 1940. 

30. Southwh.l, R. V., Relaxation Methods in Theoreticat Physics. London: 
Oxford University Press, 1946. 

31. We.stergaari), H. M., "One Hundred Fifty Years Advan'-e in Struetural 
Analysis," Trans. Am. Soc. Civ. Engrs., 94, 226-240, 1930. 

32. Whipple, S., Elementary and Practical Treatise on Bridge Building. 
New York: 1847. 


CiENERAL RKFERKNrE.S 

33. Breasted, J. H., A History of the .indent Egyptians. New York: Scrib¬ 
ner’s, 1908. 

34. Breasted, J. IL, The Conquest of Civilization. New York: Harper, 1937. 

35. Briggs, M. S., The Architect in History. Oxford: Clarendon Press, 1927. 

36. Chiera, K., They iVrote on Clay. Chieag*): University of Chicago Press, 
1938. 

37. Fleming, A. P. M. and Brockllhurkt, H. J., .1 History of Engineering. 
London: Block, 1925. 

38. Forbes, R. J., Man the Maker--A History of Technology and Engineering. 
New Yoik; Sehuman, 1950. 

39. Granger, F., Vitrui'ius on .irchitecluri. Cambridge: Cambridge Univer¬ 
sity Press, 1945. 

40. Hart, .1. 1)., The Mechanical Investigations of Leonardo daVinci. London: 
Chapman and Hall, 1925, 

41. Hoskins, C. IL, Studies on the History of Medieval Sdence. Cambridge: 
Harvard University Press, 1924. 

42. Jeans, Sir James, The (Iroicth of Physical Science. New Yoi>k: Macmillan, 
lp48. 

43. Kihha, R. S., WniiiNGTON, S., Darling, A. B., and Kilgour, F. G., 
Engineering in History. New York; MeGraw-Hill, 1956. 

44. Layson, j. F., Famous Engineers in the Ninctcenih Century. London: 
Scott, 1885. 

45. Molitor, D. A.. Kinetic Theory of Engineering Structures. New York: 
McGraw-IliIl. 1911. 



REFEBENCES 


19 


46. Seoqwick, W. T., and Tyler, E. W., A Short History of Science. New 
York: Macmillan, 1939. 

47. Straub, H., A History of CwU Engineering. London; Hill, 1952. 

48. Timoshenko, S. P., History of StrengOt of Materials. New York: McGraw- 
Hill, 1953. 

49. Westeroaard, H. M., Theory of Elasticity and Plasticity. Cambridge: 
Harvard University Press, 1952. 

50. Wolf, A., A History of Science, Technology and Philosophy in the XVlth 
and XVI Centuries. 2nd ed. London: Allen and Unwin, 1950. 

51. Wolf, A., .4 History of Science, Technology and Philosophy in the XVIIM 
Century. 2nd ed. London: Allen and Unwin, 1950. 



CHAPTER 2 


STABILITY AND DETERMINATENESS OF STRUCTURES 

2<->i General. Squire Whipple, as indicated in Chapter 1, published his 
treatise, Bridge Building, in 1847 and as a consequence engineers were able 
for the first time to apply a rational analysis to jointed trusses. All types 
of structures had previously been built with little, if any, regard as to 
whether or not they were determinate, and indeed many of these structures, 
particularly bridges, were highly indeterminate. This is not surprising in 
view of the fact that comparatively little existed in the way of a rational 
theory prior to 1847. 

Whipple’s analysis was one of many notable contributions to structural 
theory published during the last half of the nineteenth century. As a 
result, an aversion to indeterminateness in structures appears to have 
developed in the United States as structural engineers became aware of 
their incompetence in indeterminate structural analysis and of the danger¬ 
ous inade()uacy of the old methods of design. Apparently this antipathy 
had become quite general by the end of the nineteenth century. 

The fact that indeterminate structures are now often used in the United' 
Stales, when they represent the best structural solution to a given problem, 
can oe attributed in large degree to four developments. The first of these 
was the introduction of reinforced concrete in the period from 1900 to 1910. 
Here was a building material, with potential advantages which could not 
be ignored, that naturally produced a continuous, and therefore indeter¬ 
minate, structure. Methods of analysis had, of necessity, to be devised. 
The second development came (luite logically in 1915 with the publication 
of Professor Maney’s presentation of the slope-deflection method. For 
certain types of structures, this was superior to alternate available methods 
of analysis and ser\'ed to stimulate considerable interest in indeterminate 
structures. With the introduction of arc welding of structural steel, 
beginning about 1920, came th»‘ third development. By 1935 welding was 
recognized not only as an excellent method for making connections, but 
also as permitting a new and inspiring flexibility in the design of steel 
structures. Here again was a new type of construction which naturally 
resulted in continuity. Finally, the method of moment distribution, de- 
velopt'd by Professor Cro.ss, was published in 1930. This was received with 
enthusia.sm by the majority of the profession and, since it was easy to 
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iderstand, did much to remove what little remained of the former general 
strust of the indeterminate structure. 

In briefly tracing the evolution of the classification of structures as 
^terminate or indeterminate, it is interesting to observe that such a 
assification was probably impossible before the latter part of the nine- 
enth century because there was apparently no general comprehension as 
» exactly what structural characteristics constitute determinateness or 
:en theoretical stability. Since an understanding of the principles involved 
important, they will be discussed in the following sections of this chapter. 

2-2 Stability. A stable stTvetwre wUl support any conceivable system of 
pplied loads, resisting these loads elastically and immediately upon their 
oplication, the strength of all members and the capacity of all supports being 
msidered infinite. In other words, the stability of a structure depends on 
le number and arrangement of the reaction components and component 
arts, rather than on the strength of the supports and parts of the struc- 
ire. Even though a structure may be stable for a particular load or system 
f loads, unless it is also stable for any other conceivable system of loads, 
is classified as unstable. Quite often an unstable structure will be stable 
ndor a particular system of applied loads, when it is m this condition it is 
lid to lx? in a state of unstable equilibrium. Since a structure, to be classi- 
ed as stable, must be stable under any conceivable system of loads, it is 
dvisable to omit all loads when considering the question of stability and 
eterminateness. Therefore no loads will be shown on the illustrations in 
ctions which follow. 

2-3 Articulated statures and continuous frames. A truss^ or an articu- 
licd striiriurr, is composed of links or bars, assumed to be connected by 
Hclvmless pins at the joints, and arranged so ihat the area enclosed unthin the 
oundaries of the structure is subdivided by the bars into geometrical figures 
hieh arc usually triangles. Since the pins at the joints are assumed to be 
rictionlcss, the bars of an articulated structure are considered, in the 
lajority of cases, to be subjected to axial stresses only. These are called 
primary stresses. Actually, of course, joints are bolted, riveted, or 
'elded. Consequently, the members at a joint are not free to rotate rela- 
ive to one another, as they tend to do, when the structure Reflects under 
>ad. As a result, bending stresses are induced in the bars. These are known 
the secondary stresses (to be discussed in a later section) and, in some 
are important. 

continuous frame is a structure which is dependent, in part, for its 
hility and locul-carrying capacity upon the ability of one or more of its joints 
j resist moment. In other words, one or more joints are more or less rigid, 
"he members of a continuous frame are usually subjected to axial loads, 
fpar, and moment. 
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A structure, whether a continuous frame or articulated, is either stable 
or unstable and either determinate or indeterminate depending upon the 
number and arrangement of internal component parts and external 
reaction components. 

2-4 Determuiatoiess. As to determinateness, structures are conven¬ 
iently divided into two groups, the two-dimensional and the three-dimen¬ 
sional or space frame. This discussion will be confined to the two- 
dimensional problem. An indeiermtnate structure may he defined as one Jar 
which the reaction componerUs and internal stresses cannot be comjdetdy 
determine by the application of the three condition equations for static egui- 
lihrium. These equations, of course, are ZH = 0, ZV = 0, and ZM = 0. 
Indeterminate structures differ in the extent or degree of indeterminate¬ 
ness. The degree of indeterminateness for a given strudure is the number of 
unknowns over and above the number of condition equations available for 
solution. 

It is convenient to consider stability and determinateness as follows: 

(a) With respect to reactions; that is, external stability and deter¬ 
minateness. 

(b) With respect to members; that is, internal stability and deter¬ 
minateness. 

(c) A combination of external and internal conditions; that is, total 
stability and determinateness. 

2-5 External stability and determinateness. Three reaction components 
are necessary, but not always sufiicient, for external tiabUUy of two-dimenr 
sional structures. A fixed support will provide three reaction components, 
consisting of a moment component and two force components, as shown 
in Fig. 2-1 (a). These force components are usually taken as parallel to 
horizontal and vertical axes. A knife-edge or pin support, as in Fig. 2-1 (b), 
will provide two force components but no moment component. As indicated 

“( 1 =^ — £=¥■ 
I I t t I 

(a) (b) (c) 


Figure 2-1 
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in Fig. 2-1 (c), only one force component, normal to the plane of action of 
the rollers, can exist at a roller support. The rollers are considered to be 
capable of providing a reaction acting with either sense in a direction 
normal to the plane. 

If three reaction components act on a two-dimensional structure, the 
arrangement of these components is important. When, for exaiAple, the 
lines of action of the three components are concurrent, the structure is 
externally unstable because, even though complete collapse probably will 
not occur, a small initial rotation about the point of concurrency will be 
possible before elastic restraint is developed. The structure will also be 
unstable if the three reaction components have parallel lines of action. 

If the number of reaction components is less than the number of inde¬ 
pendent condition equations for equilibrium of the structure, then the 
structure will be externally unstable. If the number of reaction components 
exceeds the number of independent condition e(]uations for the equilibrium 
of the structure, then the structure is externally indeterminate to the 
degree by which the number of extenial reaction components exceeds the 
number of condition equations. These condition e(iuations arc ZH = 0, 
ZV — 0, and ZM = 0 applied to the structure as a whole, and, in 
addition, any other equations provided by special features of construction, 
such as internal pins or links. (A link con.sists of a short bar with a pin at 
each end.) 

Whenever a structure is externally determinate and stable, the number 
of reaction components will be equal to the number of different types of 
movement which would be possible if the reaction components were re¬ 
moved. These movements, which may be either of the entire body or 
relative movements of the various parts, must be possible without the 
inducement of internal elastic strains. One condition equation, for the 
evaluation of reaction components, may be written for each type of move¬ 
ment prevented. Thus each pin inserted in a structure in such a position 
as to make possible the relative rotation of parts of the structure will 
provide one additional condition equation for the evaluation of reaction 
components. 



Fiqurr 2-2 

Consider the case of the propped cantilever in Fig. 2-2. There are five 
reaction components, and since three condition equations are available 
from statics for extemRl equilibriuhi, the beam is indeterminate externally 
to the second degree. 
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In Fig. 2-3 there is a beam with pin ends but each end is mounted on 
rollers. The number of independent reaction components is one less than 
the three required for stability and the beam is unstable. 



Fioijhe 2-3 


The continuous frame shown in Fig. 2-4 has six reaction components 
and consequently is externally indeterminate to the third degree. 




Figure 2-5 


In Fig. 2-5, a continuous frame is indicated which is externally indeter¬ 
minate to the sixth degree. 

Figure 2-6 shows a fixed arch >\hieh is externally indeterminate to the 
third degree. 





Figure 2-6 


Figure 2-7 indicates a threi'-hinged arch with four reaction components 
that is externally determinate, since a fourth condition equation for 
e(]uilibrium is available because of the center hinge. The insertion of the 
hinge at the crown makes possible the rotation of either part of the arch 
with respect to the other, unles.s this rotation is prevented by the reaction 



Figure 2-7 
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components; hence the fourth condition equation expressing the fact that 
the moments about the hinge must be zero for the portion of the arch on 
either side of the hinge. 


X 



Consider the articulated structure in I’ig. 2-8. In this case there are six 
reaction components. In addition to the three condition e(|nations express¬ 
ing the e(]uilibnum of the articulated structure as a whole, the pin at joint x 
makes it possible to write a fourth condition e({uation iiidic'ating that the 
njonients of all loads and reactions acting on the portion of the structure 
on either side of the pin must be zero. Conse(juently the structure is 
externally indeterminate to the second degree. 

The beam of l'’ig. 2-9 is externally determinate. There are foui- reaction 
components, but a fourth condition eejuation is provided by the fact that 
SM must ecpial zero about the pin. 


Figurk 2-9 

• 

The structure indicated in Fig. 2-10 has five reaction components. In 
this case, two internal pins exist, one at each end of the link. The addition 
of each pin makes one additional type of mGi.vcment possible if reaction 
components are removed. Two condition etiuations are thenjfore provided 
by the link. Hence a total of five condition ecpiations are available and the 
structure is externally stable and determinate. If rollers were inserted at 
either end support, then only four r(‘action ( omponents would exist and 
tlie structure would be unstable. 




L 

Pin 




Figurk 2-10 
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Actually, as previously indicated, each condition equation expresses a 
condition which must be fulfilled in order to prevent a particular type of 
movement of a part or of the whole structure, such movement occurring 
without elastic resistance to the applied loads. Thus, in Fig. 2-10, the 
satisfaction of the equations ZH = 0, 2F = 0, and 2M = 0 for the 
structure as a whole will respectively ensure that the structure in its 
entirety will neither move horizontally or vertically, nor rotate. In 
addition, the satisfaction of the equation 2M = 0 for the portion of the 
structure on either side of the pins will guarantee that these portions will 
not rotate about the pins. Finally, the satisfaction of ZH = 0 for the 
portion of the structure on either side of the pins will prevent the horizontal 
movement of one portion of the structure relative to the other. Thus five 
independent conditions are set up which must be satisfied simultaneously 
by the reaction components in order to prevent the five possible move¬ 
ments of the structure. Five reaction components are necessary to do this. 
Any fewer than five reaction components will result in instability and any 
more than five will result in indeterminateness, since in this case two or 
more reaction components will cooperate in preventing one of the possible 
movements of the structure. With the condition eejuations available, it 
will be impossible to determine to what extent each of the cooperating 
reaction components prevents this movement. 

If the number of reaction components is e(}ual to the number of condi¬ 
tion equations, the structure will u.sually, but not always, be externally 
determinate and stable. It is posable for the above e({uality between 
reaction components and condition eciuations to exist and still result in a 
structure which is unstable. 

Consider, for example. Fig. 2-11. Four reaction components exist and 
four condition equations are available, these four equations consisting of 
the three equations of static equilibrium applied to the structure as a 
whole and ZM = 0, for either part of the structure, about the center pin. 



Figure 2-11 


When a load is applied, however, a small initial displacement will occur 
which will not be resisted elastically by the structure. Consequently, the 
definition for a stable structure, which specifies that immediate elastic 
restraint will oppose an applied load, is not satisfied. Very often when this 
occurs the structure will collapse. In this case, collapse will not occur, the 
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structure coming to rest in some position as shown by the dotted lines. 
This particular type of instability, then, is classed as geometric instability^ 
a term which has significance in view of the fact that the instability ac¬ 
tually exists because of the geometric arrangement ol the members. If 
the two bars of Fig. 2-11 had originally been placed in the dotted position, 
the structure would have been stable. (The reader is referred to Fife and 
Wilbur (1) for a profound discussion of this type of instability.) 

2-6 Internal stability and determinateness. There is some question as 
to the advisability of considering that a condition of internal determinate¬ 
ness or indeterminateness may exist in a structure. Actually, the fact 
that a given structure is internally determinate or indeterminate is 
largely of academic interest. In the analysis of an indeterminate struc¬ 
ture, the (|uestion of external or internal iiideterminatcness is usually 
incidental; only the degree of total indeterminateness (that is, the sum¬ 
mation of the degrees of external and internal indeterminateness) is of 
primary importanee. Nevertheless, it is felt that a discussion of internal 
indeterminateness is desirable as an approach to a consideration of total 
indeterminatencss. Internal stability or instability, however, and the skill 
to determine which condition exists in a given case, is of considerable 
practical importance. Articulated structures will be considered first in this 
section, followed by a discussion of continuous frames. 

The decision as to whether a given articulated structure is internally 
indeterminate or determinate, and the degree of internal indeterminate¬ 
ness, will depend upon what is considered to (‘onstitute internal determi- 
natenes.s Therefore it is necessary that a clear concept be established as 
to what is meant herein by an internally determinate structure. A structure 
is irdernalbj determinate if, with all reaction componerUs necessary for external 
stability known and acting on the structure, it is possible to determine all 
internal stresses by applications of the three condition equations for static 
equilibrium. 

First, consider the Pratt truss shown in Fig. 2-12. Each joint in the truss 
yields two condition equations, S// = 0 and 2F -- 0, for the determina¬ 
tion of all the unknown forces acting at the joints, including bar stresses 
and reaction components. This rc.sults in the equation 

2j =- 6 + r, 

where j is the number of joints and b is the number of bars. The value of r, 
regardless of the number of reaction components actually made available 
by the various supports of the structure, must be the number of reaction 
components required for external stability and determinateness. In other 
words, since an investigation into internal conditions cannot be completely 
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divorced from a consideration of reaction components, these must be 
assumed consistent with external stability and determinateness since, by 
so doing, any indication of instability or indeterminateness will clearly be 
due to internal conditions. The proper value for r, as indicated in Section 
2-5, will be the number of condition equations available for the evaluation 
of reaction componcints, since this is also the number of reaction compo¬ 
nents necessary for external stability and determinateness. The left-hand 
side of the equation, 2j, represents the number of simultaneous condition 
equations available for the solution of the unknown bar stresses and 
reactions, b -1- r. 

The above eciuation expressing the relationship between the number of 
condition equations available for the solution and the number of bar 
stresses and reactions is usually written as 

b = 2j - r. 

Particular attention is called to the fact that the satisfaction of this equation 
is a necessary condition for internal determinateness and lability of an 
articulated struclurcy hut it is not sufficient. To understand the significance 
of this statement, consider the truss of Fig. 2-12. The number of joints is 
12, the number of bars 21; and, by substituting in the above equation, 

21 = 24 - 3 = 21 

and the truss is stable and determinate, according to this equation. 

Suppose, however, that this truss is changed as shown in Fig. 2-13. The 
number of joints is now 13 and the number of bars 23. Again the condition 
equation is satisfied. It is obvious from an inspection of the structure, 
however, remembering that all joints are considered to be pinned, that 
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collapse will result from the rotation of the top and bottom chord meml>ers 
in the panel where no diagonal exists. It is apparent, therefore, that 
satisfaction of the above equation is not a sufficient condition for internal 
stability of an articulated structure. 

Moreover, it i.s impossible to determine the stresses in the two crossed 
diagonals of Fig. 2-13 by use of the three condition equations for static 
equilibrium. It should he apparent that any vertical shear existing in the 
panel having the two crossed diagonals will be divided (not necessarily 
e<iually) l)etween the two diagonals. In other words, two possible stress 
paths are provided for the stability of the panel, whereas only one is neces¬ 
sary. It is impossible to determine in what proportions this vertical shear 
will be divided between the two diagonals by use of the three condition 
equations for static eiiuilibrium. Hence the structure is internally inde¬ 
terminate to the first degree, in addition to l)eing internally unstable. 
Con.sequently, the given condition ecpiation is sufficient neither for internal 
determinateness nor for internal stability. 

The reader will find- after some experience that in moat cases the question 
of stability and internal indeterminateness of an artienlated structure can most 
easily be settled by inspection and by a consideration of stress paths, and that 
very little attention will have to be given to equations. 

If one desires to use the abo\e condition (‘({nation (its use i.s .sometimes 
a noee.s.sity), then it should be remcmbi‘red that -sitislaction of this equa¬ 
tion means that the structure in question may be, but not necessarily is, 
internally determinate and stable. A final decision that the structure is 
both determinate and stable should be ba.sed upon common .scn.se and 
upon a consideration of stre.ss paths. If the condition e({uation is not 
satisfied, the structure is either internally unstabh' or internally inde¬ 
terminate, or po.s.sibIy both. If b is l(‘.ss than 2j — r, the structure is 
internal^' unstable. If b is larger than 2j — r, the .structure is internally 
indeterminate, usually to the degree indicated by the exce.ss of 6 over 
2j - r. The application of the condition e(|uation will be demonstrated 
with .several problems. 

Consider the .small structure of Fig. 2-14. By inspection it is externally 
indeterminate to the first degree I'or u.se in the equation, b = 7, j ~ 5, 
and r = 3, since it i.s po-ssiblc to remove either horizontal reaction com¬ 
ponent (that is, connect either .sup[>ort to rollers opHTating so that a reac¬ 
tion component either up or down will be available, but no horizontal 
reaction component can exist) and still have stability. Therefore in 
h = 2j ~ r, the re.sult is 

7 = 2 X 5 - 3 = 7 

and the necc.s.sary condition for internal stability and determinateness is 
satisfied. Inspection of the structure shows that it is stable. Therefore, 
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Figurk 2-14 



Figurk 2-15 


if the reaction components (all of which may now be considered to act) ans 
known, it is possible to determine all bar stresses by applying the three 
equations for static equilibrium and this, it will be remembered, in this 
discussion constitutes internal determinateness. 

In the case of the tower of I'ig 2-15, the first tendency is to class it as 
externally indeterminate to the first degree, since four reaction components 
exist. Actually, however, in addition to the three condition equations for 
static equilibrium, applied to the structure as a whole, a fourth condition 
eiiuation is provided by the fact that 2M must equal zero for AB about 
the pin at H. The reaction component H\ will exist when an action, other 
than a vertical force, is applied to AB between A and B. For the purpose 
of the criterion, or condition equation, for internal indeterminateness and 
stability, h = S, j = t), and r — 4 Attention is again called to the fact 
that, when investigating internal indeterminateness and stability, r must 
be the number of reaction (components nece&sary for external stability and 
determinateness In the given case, the reaction //1 is absolutely necessary 
for stability and hence r -- 4. Substitution in b ~ 2j — r gives 

• 

8 2 X (i - 4 = 8 

and the necessary condition equation for internal stability and deter¬ 
minateness is satisfied. Inspection of the structure will establish internal 
stability and determinateness as a fact 

The propped cantilever truss of Fig. 2-10 is externally indeterminate to 
the second degree In this case, 6 = 18 (without the dotted member AB), 
j — 11, and r = 4, since either //j and or ^^2 and //a can be removed 
and the structure will still be stable Substitution in b = 2j ~ r will give 


18 = 22 - 4 = 18. 



2 - 6 ] 


INTERNAL STABILITY AND DETERMINATENESS 







Mi 


This indication of internal stability and determinateness may be verified 
by inspection. Addition of the member AB (indicated by dashed lines) 
will increase b to 21 and j to 12, and therefore 

21 5^ 24 - 4 = 20 

and the structure is internally indeterminate to the first degree. 



Figure 2-17 


If the structure of Fig. 2-16 is modified to that shown in Fig. 2-17, the 
external indeterminateness is increased to the third degree. A count gives 
b = 21, j = 12, and r = li. Substitution in the condition equation will 
result in 

21 = 2 X 12 - 3 

and the indication is internal determinateness and stability, which is 
verified by inspection. 

As an additional example consider Fig. 2-18, a case where the number of 
joints is 6, the number of bars 8, and the number of reaction components 
(necessary for external stability and determinateness) is 4. I’ossible ar- 



Figure 2-18 
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rangements of these 4 reaction components arc shown in Fig. 2-19. Sub¬ 
stitution in the condition equation results in 

8 = 2X6-4 = 8, 

which indicates that the structure is internally determinate and stable, 
and this is confirmed by inspection. 





In the case of the tower of Fig. 2-20, b — 22, j = 12, and r = 4, and 
hence 

22 2 X 12 - 4 20. 

Thus the indication is that the structure is internally indeterminate to the 
second degree, which inspection will corroborate. 



In the case of the continuous truss shown in Fig. 2-21, j is 28, 6 is 53, 
and r is 3, and hence 

53 = 2 X 28 - 3 = 53. 



Fiovre 2-21 
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Internal stability and determinateness are indicated, which is, in fact, 
the case. 

As a final example, a three-hinged structure is shown in Fig. 2-22, where 
j is 23, 5 is 42, and r is 4. Therefore, 


42 = 2 X 23 - 4 = 42 

and the indication is that the structure is internally determinate and stable. 
Inspection will show that this is the case. 



Any dLscussion of int(‘rnal indctcrininiitcne.ss of a continuous frame is 
academic and u.sually without practical .significance. Such a problem can 
be investigated by meaths of a formula. a.s with articulated structures, but 
the situation i.s cinile readily analyzed by in.spection. If a formula is pre¬ 
ferred, it miglit be written as 

D — '.in, 

where D is the degree of internal indeterminateness and the value of n is 
the number of segments of area, Avithin the outline of the frame, which are 
completely enclosed by the frame members. I'hus segments adjacent to 
foundations are not counted. 



A B C D E 


Figurk 2-23 

Consider the continuous beam iti Fig. 2-23. Assuming that all reaction 
components have been determined, it is possible, if the loads on each span 
are known, to determine the internal moments and shears successively at 
B, C, and D merely by the application of the three equations of static 
equilibrium to each individual span. The continuous beam is therefore 
internally determinate, a fact which agrees with the equation, for n 
therein would be zero. 
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Consider next the frame of Fig. 2-24. Assuming that the reaction com¬ 
ponents, that is, moment, thrust, and shear, have been determined at the 
column bases, then by treating the first-story length of each column, 
that is, AE, BF, CG, and DM, as a free body, the internal stresses in these 
members at E, F, G, and H can be determined by the three equations for 
static equilibrium. At joint E then, when considered as a free body, there 
are still six unknowns consisting of moment, thrust, and shear in El and 
EF. The three condition equations for static equilibrium might arbitrarily 
be assigned to the solution of the internal stresses in El, but there are still 
three unknowns at the joint in the stub of the member EF, and thus three 
degrees of internal indeterminateness are contributed by the member EF. 



Once the internal stresses EF (a designation which will be taken to mean 
the moment, thrust, and shear at end E of the member EF, whereas the 
internal stresses FE would have the same significance for end F) are de¬ 
termined, the internal stresses FE can be easily found by statics applied 
to EF as a free body. The internal stresses FB having been previously 
determined, there are again six unknowns at F. Again, if we assign the 
condition equations for static equilibrium to the determination of the 
internal stresses FJ, it is apparent that the member FG contributes three 
degrees of internal indeterminateness. Proceeding to joint G, the internal 
stresses GF and GC may be determined as in the discussion of joint F and 
the member GH contributes thr<»e degrees of indeterminateness. If we con¬ 
sider joint H, the internal stresses HG and HD may be determined as 
before, *vhich leaves the internal stresses HL as unknowns. Since the 
three condition e(}uation8 for equilibrium apply to joint H, no indetermi¬ 
nateness exists at H. Pro(‘eeding to the top level, and using similar reason¬ 
ing, we find that no indeterminateness exists at I or L. This means that the 
internal stresses J / and KL may be found by statics, which is also true for 
the internal stresses JF and KG, and therrfore there are only three un¬ 
knowns, and hence no indeterminateness, at joints J and K. This will be 
found to be true for the top level of any frame. Addition of the degrees 
of internal indeterminateness enumerated above will give.a total of nine; 
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a check by the equation, with n = 3, also indicates internal indetermi- 
nateness of the ninth degree. 

As a final example, consider the frame of Fig. 2-25. A count will give 
n as 22 and the frame is therefore internally indeterminate to the sixty- 
sixth degree. 



2-7 Combined external and internal indetenninateness. The reader 
will presently understand that the question of external or internal inde¬ 
terminateness of a structure, when either is considered without respect to 
the other, is quite academic. This is true because the external and internal 
conditions cannot be divorced from each other in an analysis. In other 
words, if a structure is externally determinate and internally indeterminate, 
the reaction components will usually be evaluated before the bar stresses 
are determined; on the other hand, if a structure is internally determinate 
but externally indeterminate, no solution for the reaction is possible that 
is independent of the bar stresses. Obviously, then, if a structure is both 
externally and internally indeterminate, both reactions and bar stresses 
enter into the solution. 

It will be found that when an indeterminate structure is being analyzed 
by a method which necessitates the solution of simultaneous equations, 
one equation is required for each degree of indeterminateness, regardless 
of whether the determinateness is external or internal. It is therefore 
apparent that, in the final analysis, it is the total indeterminateness of the 
structure which is of interest. For this purpose, the equations previously 
considered must be revised either as to interpretation or as to use. In the 
case of articulated structures, the criterion equation was 

2j = h r. 

The only revision necessary to utilize this equation in checking for total 
indeterminateness is in the significance of r, which should now be entered 
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Since in any design problem the span lengths will normally be fixed, it is 
apparent that the load P will be divided between the two beams in pro¬ 
portion to their moments of inertia, that is, in proportion to their ability 
to resist flexural elastic strain. Consequently, if, during the design pro¬ 
cedure, the ratio of It to Is is changed, the part of P taken by each beam 
wUl change. 

T)ne design procedure, therefore, is to assume the sizes of the two beams, 
perhaps with equal moments of inertia. The part of the load taken by each 
beam is then determined as indicated above and the beams are designed, 
each to support its part of the load. The division of the load is again 
computed, on the basis of the new beam sizes, and the cycle is repeated 
as many times as necessary. 

The procedure just described is the cyclic method of dengn. The initial 
assumptions as to the sizes of component parts of any structure may be 
based on experience, the parts may be designed by neglecting continuity, 
or the analyst may simply guess at the sizes. In any case, the end result will 
be the same. A poor guess will simply require additional work before a 
satisfactory design is achieved; usually three or four cycles will be sufficient. 

Occasionally an alternate method of design may be used. To illustrate, 
Eq. (3-1) indicates that if It and Ib are varied in the same proportion, 
then the part of the load P taken by each beam will be unchanged. There¬ 
fore it is possible, when starting a design, to arbitrarily select the relative 
strengths or stiffnesses of the component parts of an indeterminate struc¬ 
ture. An analysis is made on the basis of these relative stiffnesses and the 
component parts are then designed so that each part is at least adequate 
to resist the stresses obtained from the first analysis, and so that the 
relative stiffnesses are unchanged. Since the relative stiffnesses are not 
changed, the stresses obtained from the first analysis will still be valid. 
The weakness in this procedure is that it is very unlikely that the variation 
in relative stiffnesses of the component parts, as first selected, will be 
consistent with the variation in stress among these parts. Consequently, 
certain parts of the structure are likely to be overdesigned. 

3-4 Notation for deflections. In the analysis of the crossed beams of 
Fig. 3-1, one condition equation was required in addition to those available 
from statics. This additional equation was written to express the fact that 
the vertical centerline deflections of the two beams are equal. In other 
words, it expresses a condition which the deformations of the structure 
must satisfy in order to be consistent with the structural constraints. 
This type of equation, which the author prefers to call a deflection condition 
equation, is essential in the application of one of the most useful methods 
for indeterminate structural analysis—Maxwell's "general method" and 
its variations. If the method is to l)e applied effectively, it is necessary 
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a.s the total number of reaction components. Thus, for the continuous truss 
.shown in Hg 2-21, j is 28, b is 53, and r is 5. Substitution yields 

2 X 28 9 ^ 53 + 5; 

50 ^ 58, 

and the .stnieturo is totally indeterminate to the .seeond degree. 

Th(* e(]uation for checking internal ind<‘terminatenes.s of a continuous 
striKMiire ha.s lH*en given as 

D - 3rt. 


'I'his should be re\ ised to r<‘ad 

I) — 3n -f r o, 

where r is tlie total number of reaction components and 3 repre.sents the 
condition e(|uations supplied by the retiuiremenls for .static (‘({uilibrium of 
the stnn*ture as a whole. C’onscuuently, for the continuous beam shown 
in Fig 2 2‘i. r i.s 7, n is 0, and 

I) - 7 - 3 -- 4. 

In Fig. 2-24, r is 12, n is 3, and 

I) ---3X3 [ 12 3 ^ 18 

In Fig 2 25, r is 27, n is 22, ami 

y> - 3 X 22 ) 27 - 3 = 90. 
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Determine the external and internal conditions of stability and determinate- 
neas for tiie following structures: 


Answers 


2 - 1 . 



External Internal 


Unstable Stable 

Determinate 


2 - 2 . 



Stable 

Determinate 


2-3. 



Stable Stable 

Determinate Indeterminate 

Third decree 




Stable 

Indeterminate 
Sixth degree 


Stable 

Indeterminate 
Third degree 


Stable 

Indeterminate 
Third degree 
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Ambwbbs 


2 - 6 . 


2-7. 



Exterrud 


Stable 

Indeterminate 
First degree 


Stable 

Determinate 



IrUemal 


Stable 

Indeterminate 
Second degree 


Stable 

Indeterminate 
First degree 


2 - 8 . 


Stable 

Determinate 



Stable 

Indeterminate 
Third degree 


2-9. 


Stable Stable 

Indeterminate Indeterminate 

Ninth degree Twelfth degree 
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Answers 


2 - 10 . 


2 - 11 . 


2 12 . 


2-13. 


External 



Stable 

Indeterminate 
'rhird degree 



Stable 

Indeterminat<‘ 
Third degree 



Unstable 



Stable 

Determinate 


Internal 


Stable 

Indeterminate 
Ninth degree 


Stable 

Indeterminate 
'fhird degree 


Stable 

Indeterminate 
First degree 


Stable 

Determinate 
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Answers 


Exiental Internal 


2-14. Stable Stable 

Indeterminate Determinate 
First degree 



2-15. 


Stable Stable 

Determinate Determinate 



2-16. 



Stable 

Indeterminate 
Fifth degree 


Stable 

Indeterminate 
Sixth degree 



Stable 

Determinate 


Stable 

Indeterminate 
First degree 
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Answers 


External Internal 


2-lS. 


Geometrically 
unstable 
Indeterminate 
First degree 



Stable 

Determinate 


Stable 

Indeterminate 
Second degree 



2 - 20 . 



Stable 

Indeterminate 
First degree 


1. Fife, W. M. and Wilbur, J. B., Theory of Indeterminate Structures. New 
York: McGraw-Hill, 1937. 


CHAPTER 3 


BASIC CONCEPTS 

3-1 GeneraL Any treatment of indeterminate structural analysis 
should include some brief discussion of the advantages and disadvantages 
which are, in general, attributed to indeterminate structures. Moreover, 
the reader should understand that indeterminateness in a structure will 
require certain departures, aside from the theory involved, from the 
anal 3 r 8 i 8 -deBign sequence as usually applied to determinate structures. In 
addition, several theoretical principles may be regarded as fundamental to, 
and should therefore be presented before, the development of methods of 
analysis. 

The object of this chapter, therefore, is to discuss those facts and to 
develop those theoretical priiu'iples which, in the opinion of the author, 
are prerequisite to a proper and appreciative understanding of indeter¬ 
minate structural analysis. 

3-2 Determinate vs. indeterminate structures. Probably the first, and 
often the most important basis for the comparison of two or more com¬ 
petitive designs for a given structure will be that of economy. No general 
statement can be made as to the relative economy of determinate and 
indeterminate designs. Since each structure usually constitutes a new 
problem, the aspect of economy will often be decided by the particular site, 
fabrication, or service conditions. Depending upon these conditions, 
either type may be found to be more economical than the other. 

It is probable that an indeterminate structure will be more beautiful 
than an alternate determinate structure. The usual graceful lines of 
an arch, a suspension bridge, or a rigid frame can seldom, if ever, be 
approached in a determinate structure. One disadvantage of the inde¬ 
terminate structure, however, arises from the fact that, since relative 
positions of members and supports cannot be varied without causing 
stresses in all or part of the structure, the effects of temperature changes, 
or settling supports, or errors in fabrication or erection may be significant. 
Consequently, foundation conditions must be good and fabrication and 
erection should be carefully controlled. 

The analysis of an indeterminate structure is, of course, more involved 
than that of a corresponding determinate structure. This cannot be con¬ 
sidered to be a serious disadvantage, however, since analysis usually 
represents a small percentage of the total cost. 

42 



3-3) 


ANALYBIS-DEBIGN FOR INDETERMINATE STRUCTURES 


43 


3.3 Axudysis^esign imcedure for indeterminate structures. The en¬ 
gineering activity on any project may be considered to proceed through 
four different stages: planning, analysis, design, and construction. These 
four stages will be briefly discussed before considering the analysis-design 
procedure as applied to indeterminate struc'tures. 

Planning may be thought of as including all activity dealing with the 
development of an initial idea into a general plan. Different types of struc¬ 
tures often have to be considered as possible optimum sdlutions. Erection 
problems peculiar to each type must, if they exist, lie n‘cognized. Cost 
estimates will be required, and conse(]ucntIy some preliminary analysis 
and design will usually be necessary before a definite structurt* type can be 
selected and before general plans (‘an be prepann). 'rhese plans would, at 
the least, show over-all dimensions and general arrangement of the project. 

The analysis of a stru(*ture would normally be considered to include all 
work dealing with the evaluation of axial stresses, shearing str(‘.sses, or 
bending moments as caus(*d by any action the structure may be retiuired 
to resist. A method of construction or erection may have to be defined 
during this stage because erection stresses, if important, must be computed. 
Sometimes certain parts of a structure are stressed higher during erection 
than at any other time. In structural analysis, “stress” is often considered 
to mean total load rather than load per unit area. Thus the expre.ssions 
"axial stress" and “axial stress component” are taken to mean the total 
axial load in a member; “shearing .stress” and “shearing stress component" 
are considered to mean the total shear in a member; and “flexural str(*ss 
component” may be used to designate the total bending monumt at a 
given section. Load per unit area is identified by “unit stress.” The word 
"load ” is thus reserved to designate actions on the structure such as dead 
load, live load, wind load, or snow load. (The amount of load or stress is 
usually expressed in kilopounds (kips), designated by k, thus, 1 k indicates 
1000 lb.) 

The design stage includes all work concerned with the sizing of the com¬ 
ponent parts of the structure. All parts must be ade(]uate, with maximum 
economy, to resist the stresses as detcrmiiM'd by the analysis The com¬ 
ponent parts of an indetermiifate structure arc usually designed in accord¬ 
ance with the same specifications as apply to determinate structures. 

As previously indicated, becau.se indeterminate structures are sensitive 
to errors in fabrication, errors in location of supports, or settlement of 
foundations, fabrication and field (‘onstruction should be carefully 
controlled. 

The analysis and design stages, in the case of an indeterminate structure, 
are more closely related and interdependent than for a determinate struc¬ 
ture. Stress components at all points of a structure must, of course, be 
known before it can be designed. If the structure is determinate, these 
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stress components, as caused by applied loads, are independent of the 
sizes of the component parts of the structure. For example, if a simple 
beam on a span of 20 ft is loaded at the center with a 5 k concentration, 
the center moment, caused by the concentration, is 25 ft<k, and this 
moment is independent of the size of the beam. Dead load moments will, 
of course, be different for different sized beams. The point to be emphasized, 
however, is that one analysis of a determinate structure is sufficient to 
determine the stresses if the loads are known. 

If, now, the structure is indeterminate, the internal stress components, 
as caused by a given load, will change when the relative resistances of the 
component parts to elastic strains are changed. Consequently, since the 
parts of the structure cannot be designed until the stress components are 
known, and since the stress components cannot be determined until the 
relative strengths or sizes of the various structural parts ar^ determined, 
it is usually necessary to proceed with the analysis and design of inde¬ 
terminate structures simultaneously. 



An example will serve to illustrate the point. Consider the two simple 
beams of Fig. 3-1. These two beams have unequal spans, they cross at 90**, 
and the top beam is just in contact with the bottom beam at the centers 
of the spans. A concentrated vertical load P acts down at the center of 
the top beam. This arrangement is indeterminate to the first degree. One 
condition equation, in addition to those available from statics, is required 
and is written to express the fact that the two beams must deflect equally 
at their centers. Let Pt and Pb represent the parts of P taken by the top 
and bottom beams, respectively. Lt and Lb will indicate the span lengths, 
and It and 1b the moments of inertia, of top and bottom beams. Using 
the expression for center line deflection from mechanics, it is possible to 
write 

PtLt PbLb 

4SEIt 4%EI b 

from which 

Pt ^ 

Pb IbLI' 


(3-1) 
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consequently, different methods of analysis are necessary, depending upon 
whether either one, or both, of the above basic assumptions are correct. 

The various theorems and methods for the analysis of indeterminate 
structures which are dependent for their validity upon the applicability 
of the principle of .superposition constitute what has come to be known as 
the elastic theory. This means that stresses and deformations are computed 
on the basis of the original dimensions and shape of the unloaded structure, 
and it is a.ssumcd that the various consequences of any change in geometry 
due to applied loads are negligible. 

When the first basic assumption of proportionality between stresses and 
strains is invalid, because stresses have entered the plastic range, the struc¬ 
ture must f>e analyzed by the plastic theory. At the time of this writing 
much has been accomplished in developing plastic design in structural steel. 

The deflertton theory includes those methods of analysis that are applica¬ 
ble to structures in which signiheant changes in internal stresses and/or 
rea(‘tions result from changes in geometry as loads are applied. (Stresses 
and strains art' .still a.s.sumed to be proportional.) The essential difference 
betweert the elastic theory and the deflection theory is that in the former 
the stre.sst's and reactions are computed on the basis of the unloaded posi¬ 
tion of the structure, whereas in the latter they are computed from the 
final deflected position. In both theories the structure is considered to be 
elastic. (It ha.s l>een suggested that a better terminology for "elastic theory " 
and “deflection theory” would be "theory of rigid systems” and “theory of 
flexible systems. ”) 



C'onsiderable work has been done with the deflection theory in the 
analysis of suspension bridge's and long-span arches, and, indeed, an arch 
is a good iilu.'ifration of a structure in which stresses may be materially 
affected by deflection.s In Kig. .*1-25 the solid curve represents the axis of 
an undeflccted arch rib, and the dashed-line curve the axis of the deflected 
rib. If the elastic theory is used in the analysis, the positive moment at 
the crown would l>e considered to be reduced by the horizontal reaction H 
acting with a lev’cr arm h^. Actually, however, because oi the deflection. 
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to develop a notation for deflections which will be adequate to express any 
kind of deflection component, of any point on a structure, as caused by 
any type of action on that structure. The following notation will suffice. 



Fiourk 3-2 


('onsider the beam of Fig. .3-2 loaded with a real load P at any point B. 
Linear deflection components of any point on a structure loaded with a 
system of real loads will always be represented by ^ (the Greek capital 
delta)] rotational deflection components will always be represented by $ 
(the Gn'ck lower-case theta). A subscript added to the A or to the 9 will 
designate the particular point on the structure to which the A or the 9 
pertains. 'I'hus, in Fig. 3 2, Ar and Aa indicate vertical linear deflections 
of the points C and B, respectively, while 9a and 9d represent rotational 
deflections of points A and D. Since, in this case, only vertical deflections 
are passible (deflections due to change in length of a member resulting 
from [lending are negligible), only one subscript is necessary to specify 
the linear deflection component represented by a given A. In Fig. 3-3, 
however, tliis is not true. In this case, points A and B have three deflection 
components each, two linear and one angular or rotational. C'onseciuently, 
two subscripts are nec‘es.sary for each A. The tirst designates the point of 
the linear deflection component and the second indicates which component 
is intended. One subscript is still sufficient for the 9 designations, but for 
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reasons which will be discussed later the author prefers to add the m, 
although it may appear at this point to be superfluous. 

Usually the great majority of the deflection components which must be 
evaluated in the solution of any problem are those resulting from the 
application of a unit force or a unit couple (usually 1 k or 1 ft-k). Linear 
deflections resulting from the action of a 1 k force are represented by i 
(lower-case Greek delta); angular or rotational deflections from a 1 k 
force are represented by a' (lower-case Greek alpha prime). Linear deflec¬ 
tions caused by a 1 ft-k couple are represented by S' and angular deflec¬ 
tions by a. Double subscripts are often required to represent deflections 
resulting from the action of a unit load or a unit couple. When two sub¬ 
scripts are used, the first always indicates the point for which the deflection 
component is designated, and the second the point of application of the 
unit load or unit couple causing the deflection. A study of Tig. 3-4 and 
Fig. 3^5 should clarify this system of notation. 


.4 


“jtC 


B 




Fiqure 3-4 



Figure 3-5 


Very often two subscripts are insufficient to identify properly a given 
deflection component. In Fig. 3-6 application oi a unit horizontal force 
at B causes the frame to deflect as shown. Point A moves to A' and B 
to The various deflection components of these points are properly 
labeled in the figure. The vertical deflection component at A, for example, 
as caused by a unit horizontal force at B, is designated by SAvSk- In every 
case the first capital letter of the subscript represents the point of the dis¬ 
placement and the adjacent lower-case letter (v or h) represents the direc¬ 
tion of the designated deflection component (either vertical or horizontal). 
The second capital letter indicates the point of application of the unit 
force or couple, and, if it is a unit force, the last lower-case letter (v or h) 
shows the direction of the unit force (either vertical or horizontal). Note 
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that no lower-case letter is necessary in connection with a capital letter 
to designate the direction of a unit couple or the direction of a rotational 
Jeflection component, but in order to be consistent in notation the lower¬ 
case letter m is often used. For example, the rotational deflection of point 
A due to a unit horizontal force at B is designated as (The reader 

will soon become accustomed to this system of notation and should have 
no difficulty with it.) , 

8-5 Deflection condition equations. Three examples are included in this 
section to illustrate, first, how the above notation is used in writing deflec¬ 
tion condition equations, and second, how these equations are utilized in 
indeterminate structural analysis. These examples should also clearly 
indicate why a thorough knowledge of the various methods for computing 
elastic deflections of structures is important. 

As a beginning, consider the propped cantilever of Fig. 3-7. In this 
case, as in many cases where deflections are utilized directly to effect a 
solution, the structure is first "cut back" so that it is statically determinate 
and stable. The exact manner of reducing an indeterminate structure to 
one which is determinate is immaterial. Any combination of redundant 
reactions and internal stresses may be removed temporarily to render the 
structure determinate. Their evaluation becomes the immediate object 
of the analysis. 

In the given case, the vertical reaction at B is taken as the redundant 



(a) (b) 


Fiouhe 3-7 
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and removed. This having been done, the end B is free to deflect under 
the action of the load, as shown in Fig. 3-8. The load P is now removed 
and a unit vertical load is applied at the point and along the line of action 



Fioube 3-8 


Figure 3-9 


of the redundant reaction, as shown in Fig. 3-9. It is necessary to apply 
a unit load at B because the value of Bb is unknown. Since the principle 
of superposition applies, however, the deflection caused by Bb will be Bb 
times the deflection caused by the 1 k load. Now, since the total deflection 
at B must be zero, the deflection condition equation for this solution is 

Ab 4- Rb • = 0, (3-2) 


which is readily solved after the two deflections Ab and Abb &re known. 

Attention is called to the fact that the 1 k load in Fig. 3-9, and therefore 
Bb itself, was assumed to act down, although structural sense would indi¬ 
cate that it should act jip- Actually, it is immaterial whether this unit 
load is assumed in the correct sense; that is, whether it is assumed to act 
up or down, if it is assumed incorrectly, then the sign of Bb, as determined 
from Eq. (3-2), will be negative. 

Referring again to the propped cantilever of Fig. 3-7, we see that the 
beam could have been "cut back” (as shown in Fig. 3-10) to give an 


Ma 


A 



B 


Figure 3-10 



alternate solution. Under the action of P (in Fig. 3-10), Fig. 3-11 results, 
with 9a as the angular deflection caused by the load P. Applying a unit 
couple at A results in Fig. 3-12. Since in the original structure the total 
rotation at A must be zero (unless the support rotates), the required de¬ 
flection condition equation is 

and the value of Mx may be ^ * B 

determined. Figure 3-12 
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Figure 3-13 
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Figure 3-14 

As a second example, consider Fig. 3-13. This beam will be “cut back” 
as in Fig. .3-14, although any other combination of redundant reactions 
may be removed to reduce it to determinateness. Under the action of P, 
the result is as shown in Fig. 3-15. With 1 k acting down at P, the beam 
deHects as in Fig. 3-lG; with 1 k acting down at C, Fig. 3-17 results. 
Finally, with a unit couple ai'ting at A, the beam deflects as shown in 
Fig. 3-18. 




Figure 3-16 



Figure 3-17 



Figure 3-18 
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In the original structure the total rotational deflection at A is zero and 
the total vertical deflection at B and C is zero. By adding the deflections 
at these points from Figs. 3-15 through 3-18, we obtain the following 
deflection condition equations: 


9a + Bb * oc'ab + Be • a[^c + 

Ab + Bb • 6bb + Be • Shc -f ^/.4 • 9ba ~ ^1* 

Ar + Bb • 6cb "I Be * 6rr + i • 6r.i ~ 

These equations may be solved simultaneously for the rcijuired redundant 

reactions after the various deflection components are evaluated. 




As a final example, consider the rigid frame of l-'ig 3-19 The stnicture 
is "cut back” by removing the support at A. Tiider the action of P, the 
frame will deflect as in Fig. 3-20, and with a unit horizontal force acting 









1 


Fioure 3-22 Figure 3-23 

at A, i''iK. 3' 21 results. Figure 8-22 is obtained by applying a unit vertical 
force at A. I'inally, a unit couple applied at A results in Fig. 3-23. In 
Figs 8 19 through 8-28, the use of M in the rotational deflection designa¬ 
tions is, to Honw* extent, superfluous. It docs, however, maintain the 
double sub.script system and is useful in checking the final equations. 

The re(|uir(Hi deflection condition equations express the fact that the 
three deflection components of point A will be zero. These equations are 

4 IJ ‘ SaH Ah 4 F • 4 Af • ^AhAm ~ 

^Av I ' Sav Ah y • SavAv M • ^\vAm ~ 

6 1„, 4 H • ‘ <^AmAm = 0. 

The simultaneous solution of these e(]uations will yield the desired re¬ 
dundant reaction components. 

The three* foregoing cxample.s. which are actually illustrations of Max¬ 
well's “general methwl” for the analysis of indeterminate structures, as 
modified by Mohr and Muller-Breslau, should have clearly demonstrated 
that it is necessary for the reader to Ijecome thoroughly familiar with the 
various methcxls for computing deflections of loaded structures. 

3-6 Principle of superposition. A brief discussion of the advantages of 
indeterminate structure.s and a few remarks relative to their analysis and 
design have been presented in the preceding sections of this chapter. 
Several theon*tical principles fundamental to indeterminate structural 
analysis will now be introduced. 

Quite logically, since it is the basis of all structural analysis by the elastic 
theory, the first of these is the principle of superposition. This may be 
stated as follows; 
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If ihe dUpla^menU of, and ttreuea at, all points of a Hructure are propor- 
Hanoi to the loads causing them, then the total displacements and stresses 
resulHng from the application of several loads will be the sum of the displace¬ 
ments and stresses caused by these loads when applied separately. In other 
words, if the principle of superposition is to apply, a linear relationship 
must exist, or be assumed to exist, among loads, stresses, and deflections 
(strains). The loads may be either forces, or couples, or both. 

A nonlinear relationship will exist uiider either of two conditions. The 
first of these will occur when the strains in the structural material are not 
proportional to the stresses; that is, when the material does not follow 
Hooke’s law. The second will hold when the geometry of the structure 
changes significantly during the application of luails. 




B'B 


(a) 



Figure 3-24 


As an illustration of this second case, consider Fig. 3-24. A deflected 
beam column is shown in (a) under the action of loads F and P. Center- 
line deflection is represented by a and the horizontal movement of the right 
end B is represented by S. If the axial load is gradually increased to nF, 
where nF*m&y be equal to or less than the critical axial load, the final 
deflections will be a' and S'. In the final position, however, a' ^ na and 
S' 9^ nS. Moreover, the fiber stresses in (b) will rot be n times the fiber 
stresses in (a). The reason is that, as the beam column deflects, the eccen¬ 
tricity of the axial load at any given section of the member will increase. 
Consequently, the increments of moment, caused by succeeding constant 
increments of axial load, will increase as the total axial load and resultant 
deflections increase. Therefore, because of the changing geometiy, a linear 
relationship cannot exist between the axial load and deflections or stresses. 

3-7 ElastiCi Mastic, and deflection theories. It is apparent from the 
discussion in Section 3-0 that two basic assumptions must be either actually 
or practically correct in order to nudee the principle of superposition 
i^>plicable to a given structure. The first of these is the assumption that a 
Un^ rriationship exists between stresses and strains throughout the range 
of working stresses. The second assumption is that the change in the shape 
of the structure as loads are applied may be neglected. There are many 
structures for which one or the other of these assumptions is invalid; 
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the true lever arm for H should be somewhat smaller than hi, and the 
deflection theoiy would use hi in the analysis. In the case of arches, an 
analysis by the elastic theory will give stresses in the arch rib which will 
be lower than those actually existing. In the case of a 950-ft two-hinged 
trial arch designed as a preliminary study for the Rainbow Arch Bridge at 
Niagara Falls, it was found (1) that deflection of the rib increased the 
quarter point moment by 64%, increased the quarter point stress by 29%, 
and decreased the factor of safety from 1 87 to 1.30. In the hingeless arch 
which was actually constructed, the analysis by the deflection theory 
resulted in quarter point moments 18% and quarter point stresses 7% in 
excess of those given by the cldstic theory (4 bibliography which appears 
at the end of this chapter includes a number oi references pertaining to the 
plastic and deflection theories.) 

3-8 The principle of virtual displacements. This principle, originated 
and first used by Johann Bernoulli in 1717, i.s the basis for the method of 
virtual work, the most versatile of the methods available for computing 
the deflections of structures. The word "virtual ” means “being in essence 
or effect, but not in fact.” A virtual displacement denotes a hypothetical 
displacement, either finite or infinitesimal, of a point or system of points on a 
rigid body in equilibrium such that the e(]uations of equilibrium of the body 
are not violated. Virtual velocity is the t(Tm used to designate the projec¬ 
tion of the virtual displacement of the point of application of any particular 
force or couple on the line of action of that particular force or in the plane 
of rotation pf that particular couple. Virtual velocity, therefore, is actually 
a component of linear displacement or a rotational displacement. It is 
always considered that virtual displacements are caused by some action Or 
actions other than the loads which hold the rigid body in equilibrium. Thus 
the loads of the original system move at their full value while the virtual 
displacement takes place. The product of each load and its virtual velocity 
will give the virtual work done by that load during the displacement. 

Figure 3-26 is used to demonstrate the principle of virtual displacements. 
This demonstration, as well as that of the next section, is similar in many 
respects to that of Wilbur and Norris (2). The rigid body shown, within 
which there can be no relative movement oi its parts, is acted upon and 
held in equilibrium by the P system of forces and couples. The various 
forces may be broken into components parallel to the x- and y-axes, as 
shown for Pz. Since static equilibrium exists. 


= 0 , 

ZPi, - 0 , 

23# -f IP, • y + • z = 0. 


(3-5) 

(3-6) 

(3-7) 
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Fl(.iri{| .S 20 

Assiimc that th<' whoir IukIv is ilisplarivi a smuli uinoiint, such as A A', 
without any rotation I'ho two coinpon(>nt> oi this displaccincnt parallel 
to the r- and //-a\(‘s arc di'si^rnatcd as jj- and S„. Siiur the truiislution is 
very Kitmll, it is assumed that the forces arc not (‘hanged in direction or 
magnitude and that the body nanaiiis in (‘(|uilil)rium at all times. The 
work don<‘ h\ I fie /' forces during tin* translation can h(‘ writtcui as 

17 !, Sr t 

Sinc(* Sr and Sy are eonsiani tor all points, this liecomes 

Sr^Pr i 

which, hy l''(|s (■) 5) and {'.i (i). is zero. 

If, now, it is assunu'd that th<‘ rigid Ixsly, w ith 1* forces acting, is rotated 
a small angle a about the origin (> (which (‘oiild be any point), the coin> 
ponent of displacement of any other point parallel to the i-axis will be 
V« and {>arallel to the t/-a\is will be jn The total work done by the com¬ 
ponents of the P forces and the coupk's will be 

i t/ - i/*, • //« t 2 : p „ otr.if f 2:Pr • // b s/y ■.«). 

riiis, by l')(| (;{ 7), is zero. 

Sinee any small di>plaeem(<nt oi I he rigid Ixsly can Ik* represented os 
till* sum of a translation and a lot.tiioii about some point, and .since the 
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total work of tho P system of forces and couples in the case of either trans¬ 
lation or rotation has been shown to be zero, Johann Bernoulli’s' ptiticiple 
of virtual displacement can be stated as follows: 

Given a rigid body held in equilibrium by a system of f(trees and/or couples, 
the total virtual work done by this system of forces and/or couples during a 
virtual displacement is zero. 

A dmple example will serve to illustrate one appli(‘ation of the principle. 

Example 3-1. Using the principle of virtual displaceincMts, find the 
magnitude of Rb for the indicated iH'ani of Fig. 3-27 



li k 

Sk 

A- 

^ 0 4/. 

0 •!/. 

n 


L 

r 1 


Figuio 3-27 


A virtual displacement i.s nnpre.'>scd by causing end H to he raised a 
distanced, and Fig. 3-28 is the n’sult Applying the principle of virtual 
displacements, and recognizing that both tin' (> k and the K k loads will do 
negative virtual work, wc fiiul the p'sult to be 


from which 


Rii ‘A - «(0 4A) - 8(0 7A) - 0, 
Rii - ^ 8.0 k 


The positive sign of the answer iiidii‘at(‘.N that the npwanl sense as.sumed 
in Fig. 3-28 for Rn is correct 



3-9 The principle of virtual work. The principle of virtual displacements 
will now 1)6 used to develop the principle of virtual work. Consider the 
deformable body shown in Fig. 3-29 assumed, for convenience, to be a 
thill slice. This body is in e<iuilibrium under th(‘ action of the single 
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for<*e P and the reactions. Any number of P loads (either forces or couples) 
could have becm shown as acting on the body without complicating the 
demonstration The two segments indicated in Fig. 3-29 are shown as 
free bodies in Fig. 3-30. One of these, as shown in (a), is. an internal 
segment and is stressed on all sides by the reactions of adjacent se^ents. 
The other is on the boundary at the point of application of P, and is there¬ 
fore subjected to the action of P on one side and to intersegmental stresses 
on the other three sides. Internal stresses also exist in each segment, and 
both segments are in equilibrium. 




Figure 3-30 


Now assume a virtual action on the body which will result in a virtual 
deformation of the entire body and all its segments. This action is entirely 
apart from the P system of loads. All intersegmental stresses, all stresses 
within the segments, and the external load P will move through their 
respective virtual displacements with their values unchanged, and thus 
virtual work will result. Let represent the total virtual work done by 
the actions on the boundaries-of one segment. In the case of segment (a), 
these actions are the intersegmental stresses acting on the four sides. In 
the case of segment (b), these actions are the intersegmental stresses acting 
on three sides and the load P on the fourth side. Actually, then, 
represents the virtual work of the extenial forces acting on a segment. 
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In the general rase there will be virtual translation, virtual rotation, 
and virtual deformation (virtual strain) of the segment. Therefore the 
external virtual work or energy of the forces applied to the segment will be 
dissipated in two forms as follows; (1) the virtual work of rotation and 
translation of the segment treated as a rigid body, represented by dw,t, 
and (2) the virtual work of deformation of the segment, that is, the internal 
virtual strain energy of the segment, designated by dii?,. Therefore 

dwe - dwt + dwri, 
but, by the principle of virtual displacements, 


and therefore 


dwr, 0 , 

dWe ~ dWi. 


An integration over the whole body will result in 

W, --- W,, (li-S) 

where represents the total virtual work of the load P and all the 
intersegmental forces, and where IT, represents the internal virtual strain 
energy of the entire body. 

Some additional explanation is necessary for a complete understanding 
of the significance of Wg For every internal surface of a differential 
segment with intersegmental stresses or forces acting upon it, there is an 
opposing surface of an adjacent segment with ecpial but opposite stresses 
acting upon it (see Fig .*{ -i 1) 




Fjoukk 3 31 

Thus it is seen that any po^^itive or negativi' virtual work resulting from 
the intersegmental strchs acting on a suriace of a given differential segment 
is canceled in the final .summation by an ciiual negative or positive virtual 
work due to the same intersegmental .stress on the opposing surface of the 
adjacent differential segment. C’on.sequenlly, the total virtual work result¬ 
ing from the intersegmental .stresses is zero, and the actual value of Wg 
is the virtual work due to the external P load acting on the stnicture. 

In view of the above di.scussion the principle of virtual work can be stated 
as follows: If a deformable strurfurr, in equilibrium and sustaining a given 
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load or system of loads, is subjected to a virtiud deformation as the result of 
some additional action, the external virtual work of the given load or system of 
loads is equal to the internal virtual work of the stresses caused by the given 
load or system of loads. In other words, the external virtual work is ociual 
in magnitude to the internal virtual strain energy. An alternate and 
sometimes preferable statement is simply that the algebraic summation 
of all virtual work done, both external and internal, must be zero. (Total 
external virtual work will be opposite in sign to total internal virtual w'ork.) 

It will l>e recalled from an earlier discussion that virtual displacements 
may be either finite or infinitesimal. In either case, however, they must 
satisfy two conditions. First, the virtual displacements must be such that 
the applied loads will remain, or can be considered to remain, constant 
during the displacement. Second, the virtual displacements must be con¬ 
sistent with the geometry of the structure and its constraints. Actually, 
there are two forms of the principle of virtual work and there are certain 
diffcwnces b<*tween them. If the virtual displacement.^ and/or deforma¬ 
tions ait; infinitesimal, then the principle is used in the infinitesimal form. 
If, on the other hand, displat(‘ments and deformations um' finite (as will 
be the cost* m all applications in this book), the principle is applied in the 
6nite form and with certain conditions imposed A discussion of these two 
different forms follows. 

It can l>e considered that there are three types of forces acting on, and 
in, a body in equilibrium under a system of loads. Thest* arc the external 
loads, the rtmetions, and the internal stresses, all of uhich may do \irtual 
work during a virtual deformation. lx‘t the external loads be represented 
by P, the reactions by /?, the internal stresses by F; and let the infinitesimal 
virtual velocity of each load P be represented by ip; of each reaction /?, by 
ir (in most cast's the reactions do not move and therehire do no work); and 
of each internal stres-s F, by 5/ Then, by the principle of virtual work. 


2:/* • fip 1 2F • «/ + 2/^ • ar = 0, (3-0) 


and this is the infinitesimal form of the principle. Attention is t'alltHi to the 
fat't that no conditions of proportionality have l>een imposed. 

Assume now that the principle of superposition applies to p, /, and r, 
where p, /, and r are finite virtual veloeities. If the initial conditions are 
arbitrarily defined by p = / = r — 0, then for any .subsi'iiucnt condition 
it is possible to write p = Af — Hr, in which .4 and li arc* constants of 
pniportionality Consequi'iitly, Sp — A ‘ &f = B • Sr, and, for any 
specific condition of the structure definc'd by p = Pi.f — fi, a»d r — ri, 
it follows that 


Pi ^ .>1 ' ri 


constant. 


(3-10) 
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Substituting Eq. (3-10) in (3-9) yields 

2P • Pi + IF •/, + ZR • ri = 0, (3-11) 

where pi, fi, and ri are finite virtual velocities of the loads, stresses, and 
reactions subject to the condition that they be consistent with the geometry 
of a structure to which the principle of superposition will apply. Equa¬ 
tion (3-11) is the finite form of the principle of virtual work and in Chap¬ 
ter 4 will be developed into the most versatile method available for 
computing the elastic deflections of structures. 

' 3-10 Maxwell’s theorem of reciprocal deflections. It will be recalled 
from Chapter 1 that in 1804 Clerk Maxwell set forth the theorem of recip¬ 
rocal deflections in connection with his development of the first systematic 
method for the analysis of indeterminate structures. Ilecausc his treat¬ 
ment was very brief, however, and without illustrative practical applica¬ 
tions, the significance of the theorem was not appreciated for som(‘ time. 
In fact it was not until 1880, when Muller-Breslau published his very much 
improved version of the Maxwell-Mohr general method for indeterminate 
structural analysis and in which he called attention to the gn'at. value of 
the reciprocal deflection theorem, that Maxwell’s work r<M‘eive<l proper 
attention. This theorem will now be dtweloped 



Fiqurk 3-32 

In Fig. 3-32, a frame is shown which is loaded with the vertical force Pa r 
applied at A. The resulting deflected structure is indicated by the dashed 
lines. In this figure, Sbhav and SavAv are components of deflections which 
would result if a unit vertical load were to lie appliefl at A. Since the 
principle of superposition applies, there is a linear relationship between 
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Figurk 3-'.'W 

loads and deflections, and thus the final deflections caused by P /{« will be 
times the deflections caused by a unit vertical load at A. 

In Fig. 3-33, the same frame is loaded with a horizontal force Pbk, 
with the resulting deflections indicated. Now, if Pxi> and Pbk are slowly 
and .simultaneously applied, the following equation will he the expresi-ion 
for the total external work of the applied loads; 


IF = \Pav{Pav • ^AvAr + Pah • Sa vBh) 


4 ^PbUPav • ^BhAv 4- PbH * ^BhBh)- 


(3-12) 


Consider that both load.s arc now removed and that Pav is individually 
and slowly applitni to the frame The total work done when Pav comes 
to n\st will l¥* 

iPi, ■ tAvA.. 

If pBh is slowly added to the frame, with Pav in position, point Ji, with 
Pav “riding along," will deflect to give an additional vertical deflection 
component equal to Psh • SAvBh and point R will deflect with an additional 
horizontal deflection component e([ual to Pbk • ^HhBh The additional 
external work will be 


t*Avf*Hh ‘ ^AvBh f h^BH ‘ ^BhBh 

The total external work n'sultmg from this second loading s(‘cjuencc is 
therefore 


The .H'tjuence of loading, however, will not affect the total external work 
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done and therefore Eqs. (3-12) and (3-13) may be e<iuated. This results in 


from which 


^Pa vPah • ^AvBh = ^PbhPav • ^BKAp, 


^AvBk = ishAv- 


(3-14) 


Note that A and B could have been any two points on the frame and that 
any two directions, other than vertical and horizontal, could have been 
used for the lines of action of the forces and the deflection components. 
Therefore, Maxwell’s theorem of reciprocal deflections for the case of two 
forces applied separately to a structure (piiher articulated or a rigid frame) 
may be stated as follows: 

Proposition 1. Any linear deflection component of any point A, resulting 
from the application of a unit force at any other point B, is equal in magnitude 
to the linear deflection component of B (in the direction of the first applied 
force at B) resulting from the appliccUion of a unit force at A applied in the 
direction of the original deflection component of A. 



The reciprocal deflection theorem is valid for rotaticRial deflections as 
well as for combinations of linear and rotational deflections. The latter 
case will now be demonstrated. In Fig. 3-34, is the rotation of B in 

radians, and SavAv is the vertical deflection component at .4, as caused by 
a unit vertical load at A. The total rotation at B and vertical deflection 
component at A will therefore be as indicated in Fig. 3-34. 

In Fig. 3-35 the same frame is loaded with a couple Mb at B. In this 
ease, asmBm is the rotational deflection at B in radians and SUpBrn is the 
vertical deflection at A , both being caused by a unit couple at B. The total 
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Figure 3-35 

rotation at B and vertical deflection component at A will be as shown in 
Fig. 3-35. 

It is now assumed that Pav and Mb arc slowly and simultaneously 
applied. The total external work done by Pav and Mb will be 

^Mb{,PAv ■ ^BtnAv Mb ’ OCBniBm) "I" iPAvi.PAv ‘ ^AvAv Mb * ^AvBm^' 

(3-15) 

Assume that Pav and Mb are removed. With Pav acting alone as in 
Fig. 3-34, the total work done by ^ as it is slowly applied and comes to 
rest will be 

i^Av ' r- 

The couple Mb is now slowly applied to the frame with Pa v remaining in 
action. Point A deflects vertically an additional amount Mb • ^AvBm 
point B rotates Mb • asmBm radians. The additional external work will be 

PavMb • ^^AvBm * *^BmBm 

and the total external work Is 

i^Av ' ^ApAv I- PavMb ’ ^^ArBm ^ i^^B ' ^^BmBm- (3“16) 

Equations (3-15) and (3-16) must be equal, since the sequence of loading 
will not alter the total external work done. If these are equated, the 
result is 

iM bPap' a'BmA » B ' 
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and consequently, 

*BmAv ^AvBn (3~17) 

Maxwell’s theorem of reciprocal deflections for the case of a force and a 
couple applied separately to any structure may therefore be stated as 
follows; 

Proposition 2. Any linear deflection component of any point A, ae 
caused by a unit couple applied at any other point B, is equal in magnitude to 
the rotational deflection of B in radians resulting from the application of a 
unU force at A in the direction of the original linear deflection component of A. 

A similar demonstration could be given for the case of two couples applied 
separately at two different points on a structure. The statement of the 
theorem for this case is: 

Proposition 3. The rotational deflection of any point A on a structure, 
as caused by a unit couple acting at any other point B, is equal in magnitude 
to the rotational deflection of B as caused by a unit couple acting at A . 

The great value of the theorem of reciprocal deflections will not be 
apparent from the above demonstrations. It will be found in succeeding 
chapters, however, that the use of this theorem will result in a considerable 
saving of labor in the solution of problems by the general method. In 
addition, it is the basis for certain types of model analysis. 

3-11 The Maxwell-Betti reciprocal theorem. In 1872 the Italian, 
E. Betti, published a generalized form of the reciprocal theorem. This will 
be used a number of times in the following chapters to derive or to demon¬ 
strate various principles, and because it is of great importance, the reader 
should become thoroughly familiar wil h it 

Consider Fig. S-JifKa). which shows a system of for<“es and a couple, 
designated “System 1," acting on a structure. Figure 3-30(b) indic'ates an 
alternate system of forces and a couple, designated "System 2. ” The forces 
and couple and resulting deflections of System 2 arc capped with a bar to 
distinguish them from System 1 Note that the deflection (‘omponents 
which are designated on the illustrations and are to be usikI in this dis¬ 
cussion are, for each system, “parallel’’ to the for(‘e or couple acting at the 
same point in the other system. The expression “parallel to a couple” 
simply means that a rotational deflection caused by one system is desig¬ 
nated for each point on the striK‘ture at which a couple acts in the other 
system. Compionents of deflections caiLsed by one system, “parallel” to 
the loads of the other system, are said to lie “corresponding deflection 
components. ” Since only corre.sponding deflection components are used in 
this discussion, the lower-case letters ordinarily used to indicate directions 
of-loads and deflection components are omitted from all subscripts. 
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The various deflection components resulting from the action of System 1 
are as follows: 

9a = Pa ’ CiAA + A/b • OfAfi PC ' “aCf 

= Pa ' is A Mb • iaa + Pc • 9bc, (3-18) 

Ao = Pa ' 9cA Mb ’ 9c b ~i~ Pc ’ 9cc- 

The deflection components caused by System 2 are 

^A = ^A • ^aa + Pp ‘ 9ab 4- Pc * 9ac, 

— ^A * «SA + Pb ' «is 4* Pc * «BC» (3-19) 

Ic ~ ^A • 9ca 4" Pb • 9cb + Pc * ^cc- 
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Multiplication of the forces and couples of System 1 by the corresponding 
deflection components caused by System 2 (arbitrarily used as virtual 
velocities for System 1) will give 

(1) (2) (3) 

Pa^a • ^AA + • Sab + • ^ac] 

(4) (5) (0) 

-f Mb[Ma • “BA + Pb • -f- Pc ■ “Rcl 

(7) (8) (9) 

+ Pcl^i^A • ^cA i Pb • ^CB + Pc • (3-20) 

Multiplication of the forces and couples of System 2 by the <'orresponding 
deflection components caused by System 1 (arbitrarily used as virtual 
velocities for System 2) will result in 

(1> (4) (7) 

^a[Pa '* “aA + ^B • “AB 4- Pc • “Acl 

<2) (5) <8) 

+ Pb\Pa • ^BA + Mb ’ + Pc * SbcI 

(3) (6) <0) 

-f PcIPa • Sc A -{-Mb’ S'cb Pc * ^cc]- (3-21) 

The various terms of these equations carry numbers from (1) to (9) above 
them. Applying the reciprocal deflection theorem t4> like-numbered terms 
in these two equations will show them to l>e e(]ual after the multiplications 
indicated by the brackets are performed 

From the two equations above, it is important to note that it is not 
required that all points of load application be loaded in both systems. As 
a matter of fact, any one or more of the points can be loaded in either 
system, and the above equality will exist. For example, if Pa is zero, then 
terms (1), (2), and (3) reduce to zero in both equations. 

A statement of the Maxivell-Betti reciprocal theorem is as follows: Given 
any stable structure with a linear load-deformation reUitianship an which 
arbitrary points have been chosen, at any or all of which points in either of 
two different loading systems forces and/or couples are considered to act, the 
virtual work done by the forces and/or couples of the first system acting through 
the corresponding displacements as caused by the second system will be equal 
to the virtual work done by the forces and/or couples of the second system 
acting trough the corresponding displacements as caused by the first system. 

Reaction components can be included in the system if desired, but if the 
supports are unyielding,- whether or not they arc included is immaterial. 
If, however, a support is considered to yield under the action of either 
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system, then the reaction components (forces or moment) corresponding 
to the deflection components of the yielding support must be considered 
in the alternate system. Internal stress components (thrust, shear, or 
moment) at a given section of a structure may be included in either system 
by 'considering that t!»e structure is cut (the cut structure must be stable) 
at the given section and that the type of restraint imposed by the stress 
component (only one at a given time) is removed from the structure and 
replaced by a pair of corresponding actions (thrust, shear, or moment) on 
the cut ends. 

Two examples will be presented to illustrate possible applications of the 
Maxwell-Betti reciprocal theorem. Unfortunately, to do this, it is neces¬ 
sary to introduce S(*veral concepts prematurely. It is believed, however, 
that the exampltvs will be of considerable assistance in comprehending the 
significance of the theorem, even though the reader may not be fully 
prepared to understand the significance of the examples themselves. This 
understanding must of neces.Hity come later. 

Example ^i-2. Consider the two propped cantilever beams shown in 
Fig. Prove that the moment induced at the fixed end B of Beam 1 

by an impressed unit rotation of end A will be equal to the moment 
induced at the fixed end ..1 of Beam 2 by an impressed unit rotation of 
end B The two beams are identical except for the arrangement of the 
supports. 



* Figure 3-37 


Before proceeding with the solution of the problem, it is necessary to 
explain what is meant by absolute stiffness and by carry-over factor. The 
absolute stiffness of a flexural member is arbitrarily defined as the magnitude 
of the moment necessary to rotate a simply supported end of the flexural 
member through one radian. The opposite end of the member may be 
simply supported, restrained, or fixed. This absolute stiffness is conunonly 
designated by K. 

When the moment K is applied to the simply supported end of a member, 
causing it to rotate, a restraining moment is induced at the opposite end if 
this end is fixed or restrained. If the opposite end is fixed, as in the present 
case, the induced moment will be given by CK^ where C is the carry-over 
factor. 

Returning to the problem, Beam 1 is loaded at end A with the moment 
Kji and Beam 2 is loaded at end B with the moment Kb- The two systems 
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System 1 


Fiqurk 3-38 


System 2 


of forces and couples and the resulting distortions are shown in Fig. 3-38. 
Applying the Maxwell-Betti reciprocal theorem, 

Va(0) + Ffl(0) + KAiO) + CAKAiD 

= F;(0) 4- F^(0) 4- A';,(0) + 

from which 

CaKa = CbKb. (3-22) 


Example 3-3. Find an expression for the horizontal reaction component 
Ha as caused by the load P acting on tlic frame of Fig. 3-39. 



System 1 is obtained directly from the loaded structure as shown in 
Fig. 3-40. System 2 consists of four forces, one vertical and one horizontal 
at each of the frame ends, at A and C. These cause A to move a horizontal 
distance Maxwell-Betti reciprocal theorem, 


^a(A'a,ah) + ^'a(0) - PiA'evAk) + + Vd{0) 

= //:,(0) 4- r^(0) 4- Hi>(0) 4* Vi,(0), 


from which 


Ha 


AcvAH p 

^AkAk‘ ■ 


(3-23) 
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Figure 3-40 


The coefficieiit of P m the above c(|uation is the ratio of two deflections 
which are independent of P. These deflections are caused by the forces of 
System 2, but the forces do not appear in the expression. Consequently, 
any convenient value may be assigned to and the remaining forces of 
the system determined by statics. The resulting deflections of C and A are 
then computed, by methods which will be discussed in Chapter 4, and Ha 
is evaluated. 

An alternate procedure for determining the values of the deflections of 
A and C would be to impress any convenient horizontal deflection at A 
and to measure the resulting vertical deflection of C. It would not be 
practicable, of course, to do this on the structure itself; instead, a model 
can be made and a horizontal deflection impressed on A. The deflection 
of C is then measured on the model. 

The point C can be anywhere between B and D. The value of Ha is 
therefore seen to he proportional to the deflection of any point of applica> 
tion of the load P as cau.sed by the impressed horizontal deflection of A. 
In other words, the deflected shape of member BI) is, to some scale, an 
influence line for Ha for vertical loads on BD. Similarly, it can be shown 
that the deflected curve of AB is an influence line for Ha for horizontal 
loads acting on AB. The above problem is actually a simple demonstra¬ 
tion of the Muller-Breslau principle, mentioned in Chapter 1. 
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CHAPTER 4 


METHODS FOR COMPUTING DEFLECTIONS 

4-1 General. Several examples were presented in Chapter 3 to illustrate 
how clast ie deflections an* used in (‘onditiun e(|uations for the analysis of 
indeterminate struetun's. This parti(‘ular application in itself warrants 
a rather detailed tn'atinent of the \'arioiis methods for computing deflec¬ 
tions. 'J'hen* an*, however, other applications. 

Bridge trusses, f(»r example, should always be cambered so that their 
decks, when supporting full dead load plus part live load, will not deflect 
below a straight line joining the deck emls. Long-span roof trusses should 
be camben*d so that the roof deck will not sag under load. In these cases, 
truss d(*flections must be computed to deti*i'min(' the amount of camber to 
bt* built into the enacted trusses 

Ob.served deflections must constantly be checked against computed 
deflections during the en*ction of many structures. This is especially 
tru«* when the cantih*ver method of erection is u.sed, as, for example, in 
the case of an ;in h spanning a deep chasm. It would lx; quite embarrassing, 
to say the l<‘u.st, after cantilcvermg each half ol the arch out from opposite 
8id<*s to the span center, to find the end of one half lower than the end of 
th<* other To pn*vent such an occurrence the theoR’tical elevations of the 
ends of the two cantilevers must be computed for all stages of ei-ection. 
Weights and po.sition.s of crawler cranes must also be known for each 
stage, and elastic strains in bents and backstays must be considert'd. Any 
appreciable difTerence between ob.serve(l and computed elevations for 
any gi\en point is cause for immediate investigation and correction. 

'I'he erection of the towers of short-span suspension bridges, say with 
mam spans up to 400 ft, is another case where computed deflections are 
es.sential for the propi'r erection of a structure The two columns of each 
tower may be wide-flange sections, their webs being paralk*! to the bridge 
centerline, with a portal connecting the tops of the two columns. The 
main cables, comiiosed of wire strands, will probably be clamped to the 
saddles at the top of th(* tower columns. The bases of these columns will 
likely be pinned so that the tops of the towers are free to move parallel to 
the bridge c(*nterlme, as recjuired by load and temperature changes and 
coaseciiient changes in the length of the backstays, without causing l)end- 
ing stresses in the tower columns. When the tow'ers are erected, they must 
be tilted back, each toward its near anchorage. The strands of the cables 
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are then placed and clamped to the saddles, and as the stiffening truss and 
deck are added, and as the backstays elongate because of increased ten¬ 
sions, theiowers gradually rotate and come to rest in a vertical position. 
In this case the amount of backward tilt of the towers must be computed. 

As indicated by the preceding discussion, the ability to evaluate deflec¬ 
tions is of great importance in the analysis, design, and erection of struc¬ 
tures. Deflections resulting from different actions on different types of 
structures must be determined. No one method of computation is the best 
for all problems; consequently, a number of different methods are dis¬ 
cussed in this chapter. These are preceded by a development of expressions 
for the different types of internal strain energy. 

Part 1. Internal Strain Energy 

4-2 Internal work and deflections. It will be recalled that in 1833 
Clapeyron established the equality between the external work done by the 
loads deflecting a structure and the internal strain energy. This is simply 
written as 

External work = Internal work. (4-1) 

That this equality should exist seems quite obvious, for when loads are 
applied to a sthicture they will do work as their points of application are 
displaced. If the reactions of the structure do not move, then all the 
external work of the applied loads must he dissipated in straining the 
structural material. If the elastic limit is not exceeded, all the external 
work is converted into elastic strain energy, which is recoverable and which 
returns the structure to its original position wht.i the loads are removed. 
If, on the other hand, the elastic limit is exceedetl, some pennanent defor¬ 
mation occurs. As previously indicated, all structures dealt with herein 
are considered to be subjected to elastic strains. 

Equation (4-1) is the basis of one method for finding deflections. As an 
illustration, consider the truss of Fig. 4-1. As the load P is gradually 
applied, the point of application deflects and comes to rest with a total 



Figure 4-1 


74 


METHODS FOR COMPUTING DEFLECTIONS 


[chap. 4 


deflection A. Since the principle of superposition applies, there is a linear 
relationship between load and deflection. The average value of the load 
acting during the deflection, therefore, is P/2, and, consequently, the 
external work is PA/2. Substituting in Eq. (4-1), we obtain 

^ = Internal work. (4-2) 


If an expression can be found for the internal work (strain energy) in 
terms of P and the properties of the various members, the deflection of the 
point of application of P can be found. 

In Fig. 4-1 internal strain energy is the result of axial stresses and elastic 
axial strains. Energy will also be stored internally when a material is sub¬ 
jected to elastic flexural, shearing or torsional strains. ' In the case of 
Fig. 4-2, for example, the deflection A is the result of bending and shearing 
strains. 



Figure 4-2 


The beam of Fig. 4-3 is loaded with a couple which causes a translation 
and a rotation 9 of the point of application of the couple. In this case, 
Eq. (4-1) becomes 


— Intenial work 


(4-3) 



It is obvious from the foregoing that expressions are required for the 
internal strain energy (internal work) resulting from, or necessary to cause, 
the various types of elastic strain. These expressions will be developed in 
the next section. 

4-3 Expressions for internal strain energy. 

(a) Axud loads. Consider the bar of Fig. 4-4 with a constant cross- 
sectional area A and length L. A gradual application of the force will 
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Figure 4-4 


result in a final deflection A. The internal work in a length dx will be equal 
to the average load times the strain in the length dx. This will be 


dW^ =- 


S A 
2 ■ L 


dx 


^ ^ dx ^ dx 
2 ’ AE' L ~ '2AE ’ 


and the total internal work for the entire bar will be 



S^L 
2AE ■ 


(4-4) 



In the case of the truss indicated in Fig. 4-5, if S is the total stress in 
each bar of the truss (the value of S may be different for the various bars) 
due to the load P, then the internal work in each ba,r is, as in Eq. (4-4), 

S^L 

2AE' 

The total internal work for the entire structure will be 

= (4-5) 

and this is the reijuircd expression for internal strain energy resulting from 
elastic axial strain in the members of an articulated structure. 

(b) FUxwe. The beam of Fig.-4-G is considered to be subjected to some 
external action which will cause an internal moment Mx at any section x 
along the beam. As this externa] action is gradually applied, the entire 
member (except at the ends and points of contraflexure, if they exist) is 
caused to flex. As this takes place, the internal work in a length dx of 
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a fiber will be equal to the average force acting on the fiber times the total 
strain in the length dx. The strain in a fiber y distance from the neutral 
axis in the length dz, represented in Fig. 4-6 by Adzy, will be 


—* 


J 


dx 

E 


The final unit stress in this same fiber will be 


Mz • y 

I 

Since the external action is gradually applied, th*e value of the avoage 
load acting on the area dA is 


1 Mz • y • dA 
21 

The internal strain energy in the length dx of the fiber in question is 
therefore 

1 / Mz • 2 / V dA • dx 
2 \ / / E ' 

and the total internal work for all fibers in the length dx will be 


In the length L the total internal strain eneigy will be (omitting the 
subscript x) 
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(4-6) 


Attention is called to the fact that Eq. (4-6) can be applied correctly 
only to members which are initially straight; it is approximately correct 
for those with some initial curvature. However, when a memW has a 
large initial curvature, say with a ratio of radius of centerline curvature to 
depth of section less than 10, application of the ordinary theory of flexure, 
which was used in deriving Eq. (4-6), may result in a substantial error. 
In these cases a more exact treatment, due to Winkler, is required. [This 
is extremely well presented by Pippard and Baker (4).] 

(c) Shear. The expression for internal shearing strain energy will now 
be developed for the simple beam of Fig. 4-7(a), a beam which will be 
assumed to have a rectangular cross section which is constant throughout 
its length. It is also assumed to be subjected to some external action which 
causes a total shear Vx on any section x distance from the left end. This 
total shear Vx is not uniformly distributed over the cross section and thus 
the intensity of the shear on any filler, at a distance y from the neutral 
axis, will be representi*d by Vxy 

dx 


-hi- 



(a) 


b 



(b) (c) 

Figuhk 4-7 


In Fig. 4-7(b) the shearing distortion of the fiber y distance from the 
neutral axis is indicated. The angle of this shearing distortion is very small 
and is designated by o. Consequently, sin a = tan o = a. The expres¬ 
sion for the external work done by while the segment d* is being dis¬ 
torted, and consequently an expression for the internal shearing strain 
energy of the fiber, will be 


dwi ■= i(Vxy dA)ab — dA)a dx, 


( 4 - 7 ) 
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where dA = h dy, and a = v^y/G, where G is the modulus of rigidity. 
When these substitutions are made, the above reduees to 


dWi - 


bvl y 

20 


dx dy 


The shearing intensity is given by 


I’ 


XV 


V£y 
Ib ' 


(4-8) 


(4-9) 


where Qy is the first moment, with respect to the neutral axis, of that 
portion of the beam which is outside the fiber y distance from the neutral 
axis. The moment of inertia of the cross .section, referred to the neutral 
axis, is represented by I, and the value of Qy is given by 

Q. - f- -!()[» + 

Substituting (4-10) in (4-9), and substituting the result in (4-8), we 
obtain 

(4-„) 


This is the internal shearing strahi energy in the fiber y distance from 
the neutral axis ijj the length dx. To obtain the value for the entire seg- 
m(‘nt, E(| (4-11) is integrated over the depth of the beam as follows: 


dw, ~ 


bVidx 

128/26’ 


/ dt2 
-dl2 


id'^ — 4y^fdy = 


bd^ 


V, 


240/26’ 


,75 dx. 


Since the beam cross .section is rectangular, bd’^/12 may be substituted for 
/. with the result that 


dW, - 


1 2V^ rfx 
■ '2 AO 


I'he expression for the internal shearing strain energy for the entire beam 
is obtained by integrating the above eiiuation over the length of the beam, 
with the r(*.sult that 



\.2Vldx 
2 AO 


( 4 - 12 ) 
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This expression applies only to a member with a constant rectangular 
cross section. A more general form is 

where the value of the factor K depends on the shape of the cross section^ 
and, as just demonstrated, for rectangular cross sections with two faces 
parallel to the force plane, its value is 1.2. In a similar manner it can be 
shown that K is 10/9 for circular sections and is (almost) 1 for steel WF 
or I beams. In this last case, A is the area of the web. 

(d) Torsion. The cantilever round shaft of Fig. 4-8 is subjected to a 
twisting action which results in a torque 7’x at any section x along the 




shaft. A segpieni dx in length is shown enlarged. The twisting action being 
gradually applied, the torsional strain energy for the segment will be 

• X, 

where X is the torsional strain in radians of one face of the segment relative 
to the other face. The value of X will be 


TgT ^ 

JG ' r 


where J is the polai moment of inertia of the cross section and G is the 
modulus of rigidity of the material. Consequently, the torsional strain 
energy for the segment will be 


dW, = 


Tldx 
2JG ’ 


and, for the entire member of length L, the total strain energy (omitting 
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the subscript x) will be given by 


W, 



(4-14) 


Attention is called to the fact that if the shaft is of any section other 
than circular, J is not the polar moment of inertia. The proper value to use 
for J in these instances can be calculated (1). It has been established (6) 
that for a rectangular section, with a long-side dimension h and a short- 
side dimension b, the value to be used in place of J is givfn by the expres¬ 
sion C6®h. The values of C, for various ratios of h/b, are shown in the 
accompanying table. 


h/h 

C 

h/h 

C 

h/b 

c 

1 

0.141 

2.5 

0.249 

6 

0.299 

1.2 

0.166 

3 

0.263 

10 

0.312 

1.5 

0.196 

4 

0.281 

00 

0.333 

2 

0.229 

5 

0.291 




If a formula is desired, the following will apply (5): 


^ hb^ 16 
16' 3 




(4-15) 


Part 2. Deflections by Real Work 

4-4 Demonstration of the method. If linear deflection components are 
to l)c computed by real work, Eq. (4-2) applies: 

= Internal work. 

If rotational deflection components are desired, Eq. (4-3) is used: 

^ = Internal work. 

The method is quite limited in application. The unknown in any 
problem will be A or 9, depending on whether linear or rotational deflection 
components are required. If more than one P or more than one M are 
applied simultaneously to a structure, then (usually) more than one un¬ 
known A or 0 will appear on the left side of the equation and a solution is 
impossible. In general, therefore, the method can only be used to find the 
linear deflection component of the point of application of a force in the 
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diiRction of that force, or to find the rotation of the point of application 
of a couple in the plane of that couple. In most cases the force or the couple 
must act alone on the structure. If, however, two equal forces or two equal 
couples act symmetrically on a symmetrical structure, the equation can be 
solved since, by reason of the symmetry, the two deflection components are 
known to be equal. 

Example 4-1. Using the method of real work, find the deflection under 
the load if the beam of Fig. 4-9 is a steel section with a moment of inertia 
of 200 in*. Use E = .30,000 k/in* and neglect shearing strains. 



|l(ik 


B 

i 

.V-0 

15'-0 

1 


20'-() 

I -l 


V 


Fiourk 4-9 

By inspection, Ra — 12 k and Rc — 4 k, and 


Therefore, 


PA ^ [M^dx 
2 J 2EI 


A = 


1 [mUx 
Pj El 


Table 4-1. 


Section 

I = 0 at 

X increasing from 

M (ft-k) 

AB 

A 

A to B 

12x 

CB 

C 

C to B 

4x 


= dx 


(12a:)* dx -f 


Jo 


_ 144x*P , 16 j* 1 * 
” 3 3 Jc 


(4z)* dx 
= 24,000. 


^ 24,000 X 1728 

^ “ 16 X 30,000 X 200 


0.43 in. 


Therefore, 
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Attention is called to the multiplication of the numerator of the answer by 
the number 1728. This, of course, is to change ft^ to in^ so that the units 
of length will be consistent in both numerator and denominator. 


Example 4-2. Using the method of real work, find the vertical deflection 
component of the point of appli(‘ation of the 10 k load of Fig. 4-10. The 
truss is steel and the sectional areas of the various members in square 
inches are circled on the illustration. E = 80,000 k/in^. 



Figure 4-10 
PA _ 

2 ~ ^2AE 


Table 4-2. 


Member 

S (k) 

L (ft) 

A (in"'*) 

A 

B\ 

-5.0 

3 


-125.0 

B2 

-6.67 

4 


-f35.6 

B4 

— 13.33 

4 

5.0 

-1-142.4 

Al 

0 

4 

4.0 

0 

A'i 

-i-6.67 

4 


-f44.4 

12 

-1 8.33 

5 

■■ 

-1-86.7 

23 

-.5.0 

3 

30 

-1-25.0 

34 

\ 8.33 

.5 

4.0 

-1-86.7 

*(45) 

1 _ 

-100 

15 

4.0 

-1-37.5 


-4-483.3 


2 X 488 8 X 12 
10 X 80,()()0 


0.089 in. 


Note that since the truss i.s .syiumetrical, it i.s only necessary to tabulate 
the members and evaluate 'A for half the truss. It is for this reason 
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4-41 

that ^(45) appears in Table 4-2. The summation of the last column in the 
table is multiplied by 2 in order to obtain the value for the entire truss; the 
multiplication by 12 is to obtain an answer in inches. 

Problems 

4-3. Given a simple beam with a span of L ft and with a concentrated vertical 
load of P k acting at the center. The beam is a steel wide-flange section with 
web area of A in*. The modulus of rigidity is G k/in*. Using the method of 
real work, derive the expression for the vertical deflection of the point of appli¬ 
cation of P as caused by the shearing strain. [/Ins.; BPLfAG in.] 

4-4. Find the vertical deflection of the center of the simple beam shown in 
Fig. 4-11 as caused by (a) flexural strains, and (b) shearing strains. The beam 
b a 12WF27 with a moment of inertia of 204 in^, web area = 2.85 in*, E =» 
30,000 k/in* and G = 12,000 k/in*. [Ans.: (a) 0.47 in., (b) 0.02 in.l 



4-6. Find the vertical deflection component of point C (see Fig. 4-12) as 
caused by the 5 k load. Sectional areas of members (in square inches) are circled 
on the illustration. E — 30,000 k/in*. {.Ins ; 0.12 in.) 

4r-6. For the cantilever shown in Fig. 4-13, find: 

(a) The vertical deflection component of point A resulting from the action 
of the 3 k vertical load acting alone. 

(b) The rotational deflection component of point .1 as caused by the 2 ft*k 
couple acting alone. 

Use E = 30,000 k/in*. Neglect shearing strains. [.Ins.: (a) 2.54 in., 
(b) 0.0015 rad.] 
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Part 3. Castigliano’s First Theorem 

4-5 Development and demonstration. In 1870, Alberto Castigliano 
published a notable paper in which his two important theorems were 
presented, the second theorem (to be considered in detail in another 
chapter) appearing as a corollary of the first. Castigliano's first theorem 
is of immediate interest since it provides one of the most important 
methods for determining clastic deflections of structures. It is a method 
which enables the analyst to find any deflection component of any point 
on a structure The deflection (^)inponent may be either rotational or 
linear, in any direction, and causi'd by any system of applied loads. 

The first theorem of Castigliano can be stated as follows: The deflection 
cfmipoueni <tf the point of application of an auction on a structure^ in the direc¬ 
tion of that action, will be obtained by evaluating the first partial derivative of 
the total internal strain energy of the structure with respect to the applied action. 

In this statement an action is taken to mean either a force or a couple. 
Thus a deflection component in the direction of a force will lie along the 
line of action of the force, and a deflection component in the direction of a 
couple will be a rotation in the plane of the couple. 

I'he following demonstration of the first theorem is similar to that pre¬ 
sented by Church (2), but has been somewhat revised. lA*t ir n'present 
the total internal strain energy in the deflected beam of Fig. 4-14 The 



Fiouiii; 4-14 


deflected position is represented by the dashed line. P and Q have been grad¬ 
ually and simultaneously applied and a linear relationship exists between 
thesf' loads and the resulting deflections. Conseciuently, the average value 
of each load during the deflection of the beam will be one-half its final 
value. It has been previously demonstrated that the internal strain energy 
is equal to the external work of the applied loads; therefore it is possible 
to write 


ir = 


I Qy 

2 2 ■ 


(4-16) 


A small additional load dP is now added to P, causing an additional 
deflection of the beam to the position indicated by the dashed line of 
Fig. 4-15. The resulting increment of internal strain energy will be equal 
to the sum of the products obtained by multiplying the additional 
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Fioure 4-15 


deflection ai each point of load by the average load acting throu gh this 
additional d^ection. This is written as 

dW = dA + Qdr 

Neglecting the product of two differentials, the above becomes 

dW = PdA-\^ Qdy. (4-17) 


It is possible to express dW in another way. Apply P dP and Q 
gradually and simultaneously, and let W' represent the total internal 
strain energy in the beam in the final deflected position with all loads 
acting. It is now possible to write 

W = + (A + di) + f (7 + dy). 


and, by neglecting the product of two differentials, 


W' 


PL I Qy . dP L P dA Qdy 
2 2 ' 2 ' 2 "‘ 2 * 


(4-18) 


But, dW =s W' — W and, therefore, from Ecjs. (4-18) and (4-16), 


dW = 


dPA , PdL , Qdy 

—+ -2- + -r’ 


If Eq. (4-17) is substituted in this expression, the result is 


and therefore 




dir = dPL, 


from which 


A = 


dP ’ 


(4-19) 


whidk was to be demonstrated. 
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When solving for a deflection by Castigliano’s first theorem, it should 
be noted that, if the sign of the answer is negative, the actual deflection is 
opposite to the sense of the action with respect to which the derivative is 
taken. I'urthermore, if a deflection component is required for a point 
where no action is applied, or if an action exists at the point but not in the 
direction of tlie desired deflection component, then an imaginaiy action is 
applied at the point and in the desired direction until the partial deriva¬ 
tive of the total internal strain energy has been found. The imaginary 
action is then reduced to zero These points will he illustrated in subse¬ 
quent examples. 

A considerable amount of work may be saved in the computations by 
difTercntiating under the integral. The general expression for deflections 
by Castigliano’s first theorem should be written as a partial derivative, 
since more than one action will usually be applied to the structure. For 
linear deflection components, this expression will be 



If the internal work results from bending, the above expression becomes 


A -- 


a f 

dPj '2EI 


If the indic‘ut<'d ojieration is performed, it is necessary to square the various 
expre.s.sion.s for M (which are often quite lengthy), integrate, and then 
evaluate the partial derivative It is much easier to differentiate under the 
integral sign, which results in 


Similarly, when finding a linear deflection of an articulated structure. 


A = 



(4-22) 


Expressions of similar form apply for deflections resulting from shearing 
or torsional strains. For rotational deflections the left side of the above 
equations will be B, and the partial derivative will be taken with respect to 
a moment acting at the point of the desired rotational deflection. 

Example 4-7. Using Castigliano’s first theorem, find the vertical 
deflection component of the point of application of the 16 k load (see 
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I »0.78pt 5'4) . 15'^ 

20'-0 


Figure 4-16 



fftc = 0 25P 


Fig. 4-16). The steel beam has a moment of inertia of 200 in^ Use 
E 3= 30,000 k/in^ and neglect shearing strains 


Table 4-3. 


Section 

X » 0 at 

X increasing 

\ 

M (ft-k) 

dM 

'dP 

AB 

A 

A to B 

0.75PX 

0.75x 

CB 

C 

C to B 

0.25PX 

0.25x 


0.563Pa:®l® 0.06.3Px®l'® 

"Jo 3 Jo 


0.25Px(0.25x) dx 


-- 1508, 


1508 X 1728 
30,000 X 200 


0.43 in. 


A brief explanation of the multiplication by the number 1728 in^the 
evaluation of the linear deflection component of the above example, and a 
Bimilftr multiplication by 144 in the case of a rotational deflection com¬ 
ponent, is desirable. The expression for a linear deflection component is 



If the proper dimensions are substituted, the result is 


A = (ft-k) 
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Ra 


and it i.s apparent that a multiplication by 1728 is necessary to obtain an 
answer in inches; obviously a multiplication by 144 would give a deflection 
in feet. 

In the ra.se of a rotational deflection component, the correct expression 
would be 



Sub.stituting the correct dimensions, we find that 

and the necessity for a multiplication by 144 is apparent, since the answer 
must be in radians and units must cancel. 

Example 4-'8. I' lnd the vertical deflection component of section B of 
the steel beam shown in Fig 4 -17. The moment of inertia is .'100 in^ Use 
E = ;10,000 k/iu-. 

I |20k ,ik/ft 




A 7^ 

B C 

s 


8'-0 


O'-O 



24'4) 



Fioukk 4-17 


No concentrated force acts at section B, as is required to obtain the 
partial derivative It i.s necessary, therefore, to assume an imaginary 
force P acting at B, as shown in Fig. 4 18. Note that the reactions, 
also indicated in this figure, must l)e expressed in terms of P. Even 


|/* 
R 


17-f-0 07/' 


1 


20k 




8'-0 


O'-O 


24'4) 


/io = 27 -I- 0.33P 


Figure 4-18 


tf the original loading had included a concentrated force at B, this force 
would still be represented by a letter until the partial derivative were 
obtained. The suggested tabular arrangement for moments and partial 
derivatives is as follows: 
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Table 4-4. 


Sec¬ 

tion 

* - 0 
at 

X in¬ 
creasing 

M (ft-k) 

AB 

■ 

.4 to B 

(17+ 0.67P)* - - 
2 

BC 

B 

B to C 

(17 + 0.67P)(8 + *) P* 

2 

DC 

D 

DtoC 

(27 + 0.33P)* - - 
2 


dP 

+0.67* 

-0.33* + j 

+0.33* 


Substituting these values in the expression 



nnd reducing P to zero (the actual value of P in this case), we obtain 
El A (l7* - y) (4-0.67*) dx 

L " y) + y) 

+J^ ( 27 * - y)(4-0..33*)d* 

If we perform the indicated operations, it is possible to solve for A. Note 
that an adjustment must be made for units, specihcally the multiplication 
by 1728, as in Example 4-7. 


Example 4-9. Using Castigliano’s first theorem, find the vertical deflec¬ 
tion component of Li in the indicated truss (see Fig. 4-19) when loaded 
as shown. The areas of the various members are given in Table 4-5. Use 



Je * 62 + 0.75P| 


Figure 4-19 
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Table 4-5. 



■ 

H 

H 

5 


SL 

A 

SL dS 
'a ' dP 

Member 


Real 
loads (k) 

p 

LoUi 

m 

B 

2.50 

-86.7 

-1.25P 

— 1.25 

mm 

+271 

mnim 

16 

H 

2.28 

-85.4 


-0.667 

-194.7 

+130 


16 


2.28 

-85.4 

-0.667P 

-0.667 

-194.7 

+130 


20 

8 

2.50 

-73.4 

-0.417P 

-0.417 

-183.7 

+76 

LqLz 

32 

5 

6.40 

+69.3 

+ I.0P 

+ 1.000 


+443 


32 

5 

6.40 

+58.6 

-\ 0.333P 

. 

+0.333 


+125 

UiLi 

12 

2 

6.00 

m/m 

+ 1.0P 

+ 1.000 

0 

0 

U1L2 

pTiI 

II 

6.67 


~0 417P 

-0.417 

+133.0 

-55 

U2L2 

12 

n 

3.00 

HI 

0 

0 

-96.0 

0 

L2U3 

20 

3 

liia 

+ 33.3 

+0.417P 

+0.417 

-f 222.0 

+93 

U3L3 

12 

2 


0 

0 

0 

0 

0 


Total 

+1213 


Therefore, 


J21^X 12 
30,000 


+0.48 in 


Note that strict attention mii.st be given to the signs of the .stresses in the 
above table. The author prefers to designate a tensile stress with a positive 
sign and a compressive stress with a negative sign. A negative sign for the 
value ill the last column for any member indicates that the elastic strain 
in that particular member tends to cause a deflection of the point in 
question with a sense opposite to that of the force P. Obviously, then, 
a positive answer signifies a deflec¬ 
tion having the same sense as the 
force P. 


Example 4-10. Using Casti- 
gliano’s first theorem, find the hori¬ 
zontal, vertical, and rotational de¬ 
flection components of point A (see 
Fig. 4-20) as caused by the 10 k 
load. Use A’=‘30,000 k/in^ and 
consider any moment causing ten¬ 
sion on the outside of the frame as 
positive. 
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Table 4-6. 


Sec¬ 

tion 

X - 0 

at 

X in¬ 
creasing 

M (ft k) 

BM 

BM 

BM 

10 k 

Pm 

Pv 


BPm 

BPv 

BMa 

AB 

A 

A toB 


■\-Ph-x 

0 

+^A 

+x 

D 

Bi 

BC 

B 

BtoC 


+5P|f + Ph ' X 

0 

+Ma 

+6 +z 

n 

Eil 

CD 

c 

CtoD 


+10Ph 

+PvX 

+Afx 

+10 

□ 

■3 


i:£i 


Ah 



d.x 

7 




(10j-)(5 + x) 


100 ^ 


.'0 


(50)(10)^=-- 435.42, 


. 4 35 42 X 17 28 . ^ . 

■ 30,000 4-2.04 m, 




dx 

200 


- +12.5, 


\ — 

^ “ ni\ i 


1-12.5 X 1728 


30,000 


-- + 0 72 in , 


/';«.4 - 


r5 rlO 

=i„ m +L (“)<') M 


a +3.75 X 144 I nmo 1 
*'• = 30,000 ~ = +0 018 rad. 


Note in the above that, since all real moments and all partial derivatives 
are pasitive, the positive signs have been omitted for the various substitu¬ 
tions behind the integral signs. It is extremely important that any negative 
signs be carried throughout computations of this sort, since the sign of the 
answer indicates the sense of the required deflection component relative 
j the force or couple with respect to which the partial derivative is taken. 
As indicated previously, a positive answer signifies a deflection component 
of the same sens*' as this force or couple. 
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Example 4-11. Given a 4>in. 0 standard pipe bracket (see Fig. 4-21) 
having a 90“ angle at B and located in a horizontal plane. Find the vertical 
deflection component of point A and the rotational deflection component 
of A about the axis of as caused by the 1 k vertical load at A. The 
plane moment of inertia of the pipe is 7.2.3 in* and the polar moment of 
inertia is 14.46 in*. E -■ 30,000 k/in* and G = 12,000 k/in*. 



Fiouri: 4-21 

Table 4-7. 


Sec¬ 

tion 

X = 0 

at 

X in¬ 
creasing 

mn 

T (ft-k) 

dM 

dp 



dT 

BTa 

AB 

A 

.1 to B 

-j X 4 Px 

-\-Ta 

Ax 

0 

0 

41 

BC 

B 

BtoC 

fx-HBx t- Ta 

45 -h 5P 

+X 

41 

4-5 

0 


The expression for the vertical deflection of .1, from Castigliano’s first 
theorem, is 


The temporary load P and moment T,\ are n'duced to their actual value 
of zero in the various terms in Table 4-7 before substituting in the above 
expression. Then'foiv, 


A 


A r 



(!-.»■)( |-.r) (lx 
;i().(X)0'x 7.23 



(-t -j-)(-|-.r) dx f 
30,000 X 7.23 


(+5) ( +5) dx 
12,000 X 14.46 


— t 2.40 in. 
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Similarly, 


Jo 30,000 X 7.23 
= +0.012 rad. 


{Problems 

4-12. Using Castigiiano’s first theorem, find (see Fig. 4-22): 

(a) Vertical deflection component of section C. 

(b) Rotational deflection component of section B. 

I of beam is 200 in* and E is 30,000 k/in^. Consider fllexural strains only. 
[<lns.; (a) 3.64 in., (b) 0.026 rad.] 


1 . 


/////////////////////^^^^ 


lO'-O 


r 

22 

B 


2k/fi 


15'-0 


Figure 4-22 

4-13. Find: 

(a) The honscmtal deflection component of point A due to the 20 k load 
shown in Fig. 4-23. 

(b) The horixontal deflection component of point A due to a force of 1 k 
applied horizontally at A acting toward the left. 

Consider flexural strains only. E — 30,000 k/m*. \An».: (a) 0.88 in. to left, 
(b) 1.59 in. to left.] 


B 


8'-0 
/ = 



1000 in* 



16'-0 


Figure 4-23 
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4-14. Find the rotational deflection component of point .1 on the frame shown 
in Fig. 4-24. Consider fle.xural strains only. E - 30,000 k/in^. [,4ns.; 
0.0096 rad.) 



Figuri, 4-24 Figurk 4-25 


4-15. Find the vertical deflection component of point x (see Fig. 4-25). Use 
E = 10,000 k/in^. Cross-sectional areas of membeis in sipiare inches are indi¬ 
cated in the circles on the illustration. (.'Ins. - 0.24 in.] 

4-16 (liven a 4-m. ^ standard pipe bracket (see Fig. 4-26) having a 90** angle 
at B and C and located in a horizontal plane. Find. 

(a) Th<* vertical deflection component of Z>. 

(b) Th(‘ rotational deflection compionent of T) in the plane normal to the axis 
of CD 

Plane moment of inertia * 7.23 in^, G = 12,000 k, in^, E = 30,000 k/in^. 
[ In.'f (a) 4 61 in., (b) 0.022 rad ] 



Figure 4-26 Figure 4-27 


4-17. Find the three deflection components of point .1 as caused by the loads 
show'n in Fig. 4-27. E = 30.000 k/in^. [.Ins.; horizontal = 2.76 in., vertical — 
6.36 in., S 0.038 rad.) 
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^ ^18. The pipe bracket shown in Fig. 
4r-28 is constructed of 5-in. ^ standard 
pipe for which the plane moment of in-, 
ertia is 15.16 in^. Considering Bexure and 
torsion, find the horisontal, deflection 
component of point £ in a direction par¬ 
allel to the member BC. Members AB, 
BC, and CD are in a horizontal plane, 
and DE is vertical. E » 30,000 k/in^ 
and G = 12,000 k/in*. [rins.’ 4.04 in.] 

4-19. Find the three deflection com¬ 
ponents of point A as caused by the 
10 k load shown in Fig. 4-29. E = 
30,000 k/in^. [.4n«..' horizontal = 0.73 
in., vertical — 18.9 in., B = 0.065 rad.) 

4-20. A steel frame supporting a sign 
20 ft high is subjected to the wind loads 



Figure 4-28 


3k 



Figure 4-29 Figure 4-30 


indicated in Fig. 4-30. Fiild the horizontal deflection of the top of the frame 
resulting from ^ese loads. E = 30,000 k/in^ and cross-sectional areas of mem¬ 
bers are indicated in square inches in the circles on the illustration. [ Ans.: 0.43 in.] 
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Part 4. The Method of Virtual Work 

4-6 General. The principle of virtual work, based on the principle of 
virtual velocities which Johann Bernoulli presented in 1717, constitutes 
the most versatile method available for evaluating elastic deflections of 
structures. Not only is it possible to determine deflections resulting from 
loads of any type, causing any kind of strain in a structure, but it is also 
possible to compute deflections resulting from temperature changes, errors 
in fabrication, or shrinkage of the structural material. These deflections 
may be linear or angular and in any direction. The only restriction is that 
when the principle of virtual work is used in its finite form, as will be the 
case herein, the principle of superposition must apply to the structures 
considered. 

The principle of virtual work was previously stated as follows: If a 
deformable structure, in equilibrium and sustaining a given load or system of 
bmds, is subjected to a virtual deformation as the result of some additional 
action, the e.uernal virtual work of the given load or system of loads is eqiml to 
the internal virtual work of the stresses caused by the given load or system of 
loads. 

As a consetjuence, the basic relation for the method of virtual work is 

lOxternal virtual work = Internal virtual work. (4-23) 

It is only ne<‘e.ssary to exprcs.s the two sides of this c<)uation in a manner 
consistent with the typo of the desirt'd deflection component and the 
internal strains, and then to solve the resulting equation for the deflection 
component. In the pages immediately following, the proper expressions 
for the left side of this eiiuation will be developed for linear and rotational 
deflection components. Kxprt^ssions for the right side will be derived or 
written for axial, flexural, torsional, and shearing .strains. 

4-7 Deflections resulting from axial strains. Assume that it is reiiuired 
to find the vertical deflection (‘omponent A of point .4 as caused by the 
given loads on the tru.ss of Fig 4-31. First, consider that the given loads 
are removed from the tru.ss and that a unit force is applied at point A 
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acting in the direction of the reijuired deflection component. This unit 
force will be 1 k if the real loads ai-e expressed in kilopounds, or 1 lb if the 
real loads are expressed in pounds; and it is, of course, imaginary. (Some 
writers refer to it as a “dummy” unit force; the author prefers to call it a 
“fictitious” force.) The structure is in e(|uilibrium under the action of this 
fictitious unit force and therefore it constitutes the “given load or system 
of loads” in the preceding statement of the principle of virtual work. 
Figure 4-32 shows this fictitious force in position, with the bottom chord 
of the truss, as deflected by the fictitious force, indicated by the dashed 
line. 



The tni.ss is now considered to be subjected to virtual displacements 
which are identical to the deflections resulting from the action of the real 
loads. The obvious procedure is to assume that the real loads arc super¬ 
posed on the tru.ss of‘Fig. 4-32. To repeat, (he resulting deflections are 
considered to he rirtual displacements. Consequently, point A is caused to 
deflect with a virtual vertical component A. The fictitious 1 k will move 
through the distance A with its value unchanged, and, therefore, the 
external virtual work will be 1 X A, which is the proper form for the left 
side of the basic virtual work equation when a linear deflection component 
is required. 

An expression for the internal virtual work must now be written. The 
fictitious bar stresses in the truss, re.sulting from the action of the fictitious 
unit force, will be designated by u. When the real loada are added, the 
fictitious stress u, acting on each member, will move through a distance 
equal to the clastic strain in that member as caused by the real loads. This 
clastic strain is considered to be a virtual displacement of one end of the 
member relative to the other. If the total stress or load in each member 
caused by the real loads is designated by S, the sectional area by A, the 
length by L, and the modulus of elasticity by E, then the clastic strain in 
each member will be SL/AE. ^or example, consider one panel length of 
the bottom chord as a free body. The unit fictitious force having been 
applied to the truss, the ends of the member are acted upon by stresses u 
as shown in Fig. 4-33(a). When the real loads arc superposed, one end of the 
member will move away from the other end a distance SL/AE, as in 
Fig. 4-33(b). The stress m “rides alopg” at its full value. Consequently, 
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SL 

AE 


(*) 


Figurl 4-33 


(b) 


the expression for the internal virtual work for one member will be uSL/AE 
and the total internal virtual work for the entire structure will be given by 
^uSL/AE. Therefore, by the principle of virtual work, 

1 X A = 5] • (4-24) 

Attention is again called to the fact that A is not the total deflection of 
point A, but is, instead, the linear component of this total deflection along 
the line of action of the unit fictitious force. 

To supplement the preceding discussion, several observations will be 
helpful in understanding the application of the method of virtual work to 
articulated structures. 

(a) If a linear deflection component of a point is desired, a unit fictitious 
force must be applied at the point and along the line of the desired deflec¬ 
tion component. The sense along this line, as assumed for this fictitious 
force, is immaterial. If the sign of the answer is positive (in this case, if 
the sign of ZuSL/AE is positive), then the actual deflection is of the same 
sense as the unit fictitious forci*. If the sign is negative, then the actual 
defleclion will lx; opposite. It is apparent, therefore, that it is extremely 
import ant that the proper sign lie placed liefore every value of u and S. 
It i.s iniinaterial whether a positive sign is used to indicate tension or com¬ 
pression, but throughout this book a positive sign before a stress will desig¬ 
nate tension. This seems to be more logical than the alternate negative des¬ 
ignation, since a tensile stress will cause a positive increment, or increase, 
in the length of a member. The final sign of uSL/AE for each member 
is determined by the signs of S and m and by the usual rules of algebra. 

(b) An interesting alternate concept as to the physical significance of 
the fictitious stress u is that of its being a deflection coefficient. When 
multiplied by the change in length (due to any cause whatsoever) of the 
corresponding member, this coefficient u will give the effect (or contribu¬ 
tion) of the change in length of that member on (or to) the required 
deflection component. 

(c) The placing of the unit fictitious loads for various deflections may 
be better understood by reference to the figures which follow. Consider 
Fig. 4-34. If, for any system of applied' loads, it is required to find the 
vertical deflection component of any panel point, say B, then place a unit 
fictitious vertical force at B. If the horizontal deflection component of B 
is required, then place a unit fictitious horizontal force at B. 
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Figure 4-34 


If the rotation of the member is desired, then a unit fictitious couple 
is applied as in Fig. 4-35. Note the value of the forces of the couple. In this 



Figure 4-35 


case the left side of E(j[. (4-24) is written as 1 X where 6 represents the 
rotatior: of member AB 'm radians. The author also prefers to change the u in 
the right side of Eq. (4-24) to the subscript a indicating that the several 
stresses represented by Ua are cau.sed by a unit couple rather than by a unit 
force. If it is necessary to find the rotation of member BC, the unit ficti¬ 
tious couple is applied to BC. However, if the angle between AB and BC is 
desired, thcindividual rotations oi AB and BC can be determined as above 
and the answers combined for the final result, although this will involve 
two complete solutions and considerable labor. A much easier method 
would be to place both unit fictitious couples on the truss at one time, as 
shown in Fig. 4-3fi. In this ca.se, only six members need be considered for 
the solution instead of working throi^gh the entire structure twice. 

It is desirable that the reader compare each method for finding deflec¬ 
tions with alternate methods so that he will know which can be applied 
most effectively to a given problem In thi.s connection it is important to 
realize that the value of in the method of virtual work, is exactly the 
same as the value of dS/tV* m C-astigliano’s first theorem, the latter being 



Figure 4-36 
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merely the rate of change of S with respect to P, or the change per unit 
value of P Obviously this is the stress caused by a unit force and is the 
same as The equality of the two methods is expressed by 


-Ll. — Y' 

^^\dP/AE ~ ^ AE' 


(4-25) 


The reader should consider the relative amounts of work necessary to 
evaluate dS/dP and u in any given problem (it will usually be found that 
there is slightly less labor involved in the solution by virtual work), for 
therein is the only difference between the two methods. Several examples 
arc presented below to demonstrate the application of the method. 

Example 4-21. Using virtual work, find the vertical defleition com¬ 
ponent of point }' in the truss of I'ig. 4-37. The area of each member 
is 10 in^. Use E ^ 30,000 k/in*. 



FiouHh 4-37 


Table 4-8. 


Member 

S (k) 

u (k) 

L(ft) 

SuL 

B2 

-28 

-0.t67 

4 

-f75 

C4 

-35 

-1.333 

4 

4-190 

yll 

0 

0 

4 

0 

AZ 

-f28 

-1-0.667 

4 

-1-75 

B1 

—21 

-0.5 

3 

4-31 

12 

-f35 

-fO.K33 

5 

-fl50 

23 

-21 

-0.5 

3 

-1-31 

34 

-fs 

-1-0.833 

5 

4-30 

i(45) 

-10 

0 

1.S 

0 


-f582 


-1-582 X 2 X 12 
10 X 30,000 


-f0.047 in. 
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EIxample 4-22. A six-panel highway bridge truss having the dimensions 
indicated in Fig. 4-38 is constructed with sidewalks outside the trusses so 
that the bottom chords are shaded. What will l>e the vertical deflection 
component of the bottom chord at the center of the bridge when the 
temperature of the bottom chord is 40“!'' below that of the top chord, 
endposts, and webs? (Temperature coefficient of expansion of steel is 
0.00000C5 per degree l'\) 



The expression for deflection may now he wriKt'ii as 

1 X A - I'a • liL , 

where dL is the temperature change in the length of eac‘h menilKM 


Table 4-t) 


Member 

L (ft) 

40 X O.OOOOOtiS/. 

= dL 

V (k) 

u dL 

4 

35 

f 0.00910 

+0.625 

+0.00568 

5 

21 

-f0.0054(i 

+0.75 

+0.00409 

6 

21 

+0.0054G 

+ 1.13 

+0.00616 

7 

0* 

0 

0 

0 

8 

35 

+0.00910 

-0.625 

-0.00568 

9 

28 

+0.00728 

+0.5 

+0.00364 

10 

35 

+0.00910 

-0.625 

-0.00568 

11 

0 

0 

0 

0 


+0.00821 


^ + 2 X 0.(K)821 X 12 = +0.20 in. (up). 
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Example 4-23. It is desired to provide 3 in. of camber at the center of 
the truss shown in Fig. 4-39 by fabricating the endposts and top chord mem¬ 
bers additionally long. How mQoh should the length of each endpost and 
each panel of the top chord be increased? 


\/ 

_ J 



f a 


\ 

\ 

0 of 27'-< 

I -- 2L 

I I k (fictitious) 

= J62'-0 


Figure 4-39 


Assume that each endpost and each section of top chord is increased 
0.1 ill. 


Table 4-10. 


Member 

u 

dL 

u dL 

1 

40.625 

+0.1 

+0.0625 

2 

+0 750 

+0.1 

+0.0750 

3 

+1.125 

+0.1 

+0.1125 


+0.2500 


= 2 X 0.250 = -fO.50 in. 


The required increase of length for each section will be 


Q n 

X 0.1 = 0.60 in. 

0.5U 


If we use the practical value of 0.625 in., the theoretical camber will be 


6.25 X 0.50 = 3.125 in. 


Problems 

4-24. Find the vertical deflection component of point E (see Fig. 4-40). 
Sectional areas of members are indicated. E = 30,000 k/in*. [An$.: 0.082 in.) 
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4-25. Find the rotation, in seconds, of the lower chord member 2-3 resulting 
from the dead load stresses shown in Fig. 4-41. Sectional areas are indicated. 
E •= 30,000 k/in®. [vlns.: 79 sec.] 



4-26. Determine the vertical deflection component of point B (see Fig. 4-42) 
as caused by the 100 k load at B. Sectional areas of the members m square 
inches are shown on the illustration. E = 30,000 k/in^. [/ins. -0.17 in.] 

4-27. Find the horizontal deflection component of the right end of the struc¬ 
ture in Fig. 4-43. All members have sectional areas of 3 in^. E = 30,000 k/in^. 
[.4ns.; 1.48 in. to right.] 




Figure 4-42 


Figurl 4-43 
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4-28. It is required to build a single-lane bridge over a canyon for a road to 
a new mine. Conditions at the site, equipment, and materials available lead to a 
solution as indicated in Fig: 4-44(a). Members AB and JSC are 1-in. diameter 
wire strands with a sectional area of 0.577 in. and a modulus of elasticity of 
24,000 k/in^. Two sets of strands are to be used, one in the vertical plane of 
each side of the roadway, and two adjustable members BD, one for each set of 
strands, support the ends of the simple trusses at the span center. Ends C of the 
two strands are connt'cted to the top of a stetd tower. Each strand works against 
a vertical truss having dimimsions and member sectional areas as shown in 
auxiliary Fig. 4-44(b). E for the towei-s is 30,000 k/in^. The maximum load 
which will be permitted over the bridges will increase the stress in each member 
BD by 20 k. Neglecting the elastic strain in BD, what is the theoretical amount 
that D should be placed above E and F so that D will not deflect below their 
level during the passage of the maximum load? What is the maximum horizontal 
deflection component of [,Ins.; vertical « 7.91 in., horizontal = 1.62 in.] 



4-8 Deflections resulting from flexural strains. It has been established 
that whenever a linear deflection component is to be computed by the 
method of virtual work, a unit fu’titious force is applied at the point, and 
in the direction, of the desired deflection. In this case the external-virtual 
work is cxpn'hsed as 1 X A. If a rotational deflection component is required, 
a unit fictitious couple is applied at the point, and in the plane, of the 
re(iuired deflection and, in this second case, the external virtual work is 
written as 1 X 

Actually, of course, the type of internal strain in a structure will not 
alTect the form of the expression for the external virtual work. Conse¬ 
quently, the above expressions for external virtual work will apply in all 
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cases, regardless of whether the internal strain is axial, flexural, torsional, 
or shearing. Therefore, in order to extend the method of virtual work to 
compute deflections resulting from strains other than axial, it is only 
necessary to develop the correct expressions for internal virtual work for 
these other types of strains. The proper expression for internal virtual 
work resulting from flexural strains will now bo developed. 



Consider the simple beam shown in I'ig. 4-45. Assume that as the result 
of any conceivable system of real loads (tlie real loads are not shown in the 
figure), each section along the beam x di.stance from the left end is sub¬ 
jected to an internal moment M h’or the purpose of this discussion assume 
that it is desired to find the vertical deflection component of point A as 
caused by the real loads. Since a linear deflection is desired, a unit fictitious 
vertical force is applied at A as shown. 

For the time being, assume that the real loads are removed from the 
beam and that the 1 k fictitious force acts alone. Kach section x along the 
beam is subjected to an internal fictitious moment m* caused by this unit 
fictitious force. Virtual displacements arc now impressed on the beam by 
replacing the real loads, and the internal fictitious moment on one face of 
the differential segment is caused to rotate through some virtual angle j9, 
relative to the other face, because of the flexural strain resulting from the 
application of the real loads. The internal virtual work for a length dx 
is then 

• / 3 ,. 

It is necessary to evaluate in terms of the real loads and the properties 
of the beam. Under the action of these real loads the unit stress in the 
fiber y distance from the neutral axis is 
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and the unit strain in this fiber will be 

Unit stress jy Mg * y 
E ~ E~ El ' 

Consequently, the total strain (represented by Adxy), or increment of 

length, of this fiber in a length dx is then 

# 

Adxp — “ dx. 


Since the angle is small, the rotation of the right face of the segment 
relative to the left face will be 


and therefore 


fix = tan fix 


AdtXy 

y 


__ Mg • y dx _ Mg dx 
El y El 


(4-26) 


(The derivation of this important expression for the flexural strain in a 
length dx of a member as caused by a moment Mg should be remembered, 
for it will be used in future derivations.) 

If the value of fig from Eq. (4-26) is substituted in the previously de¬ 
rived expression for the internal virtual work in a segment of length dx, 
the result is 

Mg dx 


To complete the derivation of the expression for the internal virtual work 
resulting from flexural strains in the total length L, we integrate the 
above and obtain 



mM dx 

~w 


(The subscripts x are omitted from M and m in this final expression, the 
significance of these terms being apparent without them.) 

If a linear deflection component resulting from flexure is desired, the 
basic equation is therefore 

1XA=/=|^- (4-27) 


If a rotational deflection component is required, the equation is 

1 X » =/ 


(4-28) 
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where M is the internal moment at section x as caused by the real loads, 
m is the internal moment at section x as caused by a unit fictitious force, 
and is the internal moment at section x resulting from a unit fictitious 
couple. It is suggested that the subscript a be used whenever m is caused 
by a unit fictitious couple, since, in certain cases, this procedure will serve 
to avoid considerable confusion. 

Example 4-29. Find the vertical deflection of the center of the beam 
of Fig. 4-46, using the method of virtual work. Use E = .'10,000 k/in® 



Figure 4-46 


Table 4 - 11 . 


j = 0 

Section . x incrcasiag M (ft k) m (ft-k) 

AB A A to B -f- 5 j- -(- O.ox 

BC B 5 to C -1 2Ti + 5x i- 2..5 -t- 0 . 5 j 


EA =/ 

500 Jo 
/•* 

500 Jo 

EA = 2.50, 


(40.5x)(+5x) dr } ~ \ 0.5r)(+25 + 5i) dx 

+2 5x* rfo- 1 4 +62.5 rf. + 4 4 25x dr 

‘700 Jo 


-f 25x dx 


‘700 Jo ’ 


A = 2-^>^^'» = 0.14in. 

30,000 
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Example 4-30. Using the method of virtual work, find the horizontal, 
verti<*al, and rotational deflection eomponetits of point A (see Fig. 4-47) 
as caused by the 10 k load. Consider that any internal moment resulting 
in tension on the oulside of the frame is positive and assume the necessary 
unit fletitious forces and the unit fictitious couple to act in the directions 
indicated. (Note that these fictitious l(>adK have all been assumed with 
senses opposite to the obvious deflection components and, therefore, all 
answers should be negative ) 



Flu UHL 4 47 


T.vhle 4 12. 


Sec¬ 

tion 

1 r - () 

! at 

\ .... \ 

\ crcahing 

j 

M (ft-k) 

1 I 

mh (ft-k) 

1. 

VI j, (ft-k) 

(ft-k) 

Mi 

.1 

A io B 

0 

—X 

0 

— 1 

liC 


BtoC 

-} lOx 

-5 — X 

0 

—1 

CD 

C 

\ r to D 

f 50 

-10 

—x j 

— 1 
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E Aa 


-/ 


(-x)(+50) dx 
200 


= -12.5, 


^At 


-12.5 X 1728 


i>A=j 


30,000 


mjd dx 

El 


= -0.72 in., 


1*5 /* 10 

—Too— +./„ —— 


- - - 3.75. 




The negative answers in the ahove equation.s iiulieuto that t in* defleetion 
components are opposite in sense to the a.s.sumed fietitions loads. Note that 
this is an alternate solution foj Kxainple 4 10 Tin* two .solutions should 
be carefully compared. 

Example 4-31 Using virtual work, find the horizontal, verti<‘al, and 
rotational deflection components ol point A (see Tig 4-48), Consider that 
tension on the out.side of tin* frame is positive and assume fictitious actions 
as indicated. /:/— .30,000 k/in “. 



Figure 4-48 
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Table 4-13. 


Sec¬ 

tion 

X = 0 

at 

X in¬ 
creasing 

M (ft-k) 

mh (ft-k) 

m« (ft-k) 

(ft-k) 

AB 

A 

A to B 

0 

+0.8x 

+0.6X 

+1 

BC 

B 

BtoC 

+0.8x 

+8 + 0.8x 

+6 + 0.6x 

+l 

CD 

C 

CtoD 

+8 

+ 16 

+12 + X 

+1 

DE 

D 

Dto E 

+8 + 2x 

+ 16 

+22 + X 

+1 




/ nihM dx 
I 


flO 

^ I 

Jo 


200 


r 

Jo 


8j)(+0- 8x) dx ^ I ( f 16)(4-8) dx 


400 


. /■'°(flt))(}8 i-2x)dx 

-400-= +13.07, 


^Ah 


+ 13.07 X 1728 
30,000 


+0.75 in., 




/ m^JM dx 
I 



(+6 + 0.6x)(+0.8a:) dx 
'200 



(+12 + x)(+8) dx 
400 



(+22 + x)(48 + 2x)dx 
400 


+17.97, 




+17.97 X 1 728 
30,000 


+1.03 in., 
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EBa 


+ 

Ba = 


/m^M 

I 

/: 


('4"l)("j-0.8ar) dx 

200 




r 


(+l)(4-8) dx 

400 


(+l)(-h8 -h 2x) dx 


400 

-1-0.85 X 144 
30,000 


= -1-0.85, 

= -f-0.0041 rad. 


Problems 

'^4-32. Find the vertical, horizontal, and rotational deflection components of 
point A (see Fig. 4-49). Consider fli'xural .stram.s only. E = 30,000 k/in*. 
[.Ins.: = 0.96 in , A, 4 a = 0.29 in., B.\ — 0.0096 rad, clockwise.] 


/ = 100 in* 



lO'-O 


Fic.uhe 4-49 


4-33. 21WF62 bc.ani support.s the loads indicated in Fig. 4-50. If the beam 

is cut at the center support and c(insidered a.s two simple spans, what will be the 
angular opening between the ends of the two .spans at the center support? / of 
the beam is 1327 in'^ and E is 30,000 k.'in^. |.lns.: 0.0039 rad.] 


lO'-O 

2k/ft |20k 

B 

15'-0 2o'-0 



Figuhk 4-50 
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4-34. Find (from Fig. 4-51): 

(a) The rotational dcflcetion component of B due to a 1 k force acting down 
at A. 

(b) The vortical deflection component of A due to a counterclockwise couple 
of 1 ft'k acting at B. 

(c) The horizontal deflection component of C due to a 1 k force acting down 
at A. 

Consider flexural strains only. K — 30,000 k/in^. ( (a) 1.44 X 10~® rad, 

(b) 1.44 X lO-’ ft, (c) 0.024 ft ] 



Fiuuiti: 4-51 Figure 4-52 


4-35. Find (fioiu Fin 1-52) 

(a) The horizontal defleetion comi)onent 
of point .1 due to the load shown. 

(b) The horizontal deflection component 
of point A due to 1 k ujiplied horizontally 
at A. 

Consider flexural .strains. FJ * 30,000 k/in^. 
(.Ins.. (a)0:88 in., (b) 1.59 in ) 

4-36. Find the vertical, horizontal, and 
rotational deflection eompoift'nts of point .1 
(see Fig. 4- 53) as caused by the 10 k load 
shown. Also, find the horizontal deflection 
at A as caused by a Ik load acting to the 
light at A. |.4ii^.; ~ 1.56 in. down, 

» 0.14 in. light, B i >= 0.013 rad, bAhAh 
- 0.31 in. right.] 



Figure 4-53 
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4-37. Find the vertical, horizuntal, and rntutioiml deflection components of 
point A (see Fig. 4-54) as caused by flexural strains. E = 30,000 k/in*. / is 
100 in^. (-4n«.; Aa. “ 0.29 m. up, = 1 01 in. right, Ba ~ 0.0030 rad, 
counterclockwise.] ' 



Fig nut. 4 54 


4-38. Find the vertical, Iionzontal, and rotational deflection components of 
point .4 (sec Fig 4-55) t’on.Mder flexuial strains only. E — 30,000 k/in^. /is 
200 in'*. (.lns..AA. = 1 10 in down. Aw, = 0..53 in right, 0a - 0.0049 rad, 
counterclockwise ] 



FiGi'Ki, 4 5.5 


4 39 Given .a prestrc.sseil concrete beam with a constant moment of inertia / 
tliroughout its length. The coin|)ressor elt'ments are placed in a parabolic curve 
with an eccentricity at the beam ends of y. 


I Center line 
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The equation of the parabola, referred to the left end of the cable, is 


z 


^0 

/>2 


{Lx — x^). 


Find the expression for the upward deflection at the center of the beam span as 
caused by the prestressing. Assume that the horizontal component of the com¬ 
pressor elements I* is constant throughout the length of the beam. The cable 
eccentricity at the center line is y 4 zq. [Ans.. {PL^/SEI) (fz© + y). 


4-9 Deflections resulting from flexure of nonpiismatic members. The 
flexural deflection problems considered thus far, with the exception of 
Example 4-29, have dealt with members, or frames composed of members, 
with constant moments of inertia. Members having a constant moment 
of inertia are known as prismatic memhers 'J’he reinforced beam of Ex¬ 
ample 4-29, although nonprismatic, does have; constant momentB of inertia 
throughout definite segments of its length. Any flexural deflection, either 
linear or rotational, of any point on the beam may be found by methods 
similar to those illustrated in that example. 

Prismatic members will be the only type found or designed in many 
structures, although, in some cases, nonprismatic members are preferable 
to prismatic, from the standpoint of either economy or appearance or both. 
Modern methods of analysis of indeterminate structures, which enable the 
designer to analyze frames composed of nonprismatic members with accu¬ 
racy and speed, and modern methods of fabrication, have had the effect 
of greatly increasing the us(‘ of nonprismatic members. 

The summation of the effects of liending throughout the length of a 
nonprismatic member may quite often be managed in two ways. The first, 
when possible, is by direct integration The second way consists of dividing 
the memlier into a number of segments and considering that the two 
variables, moment of inertia and bending moment, will have the same 
values throughout the length of each segment as they have at the center 
of that segment. Example 4-40, which follows, will illustrate both methods. 
A preliminary di.scussion of one point in that example will be of value. 
The statement of Example 4-40 specifies that the uncracked section shall 
be used for determining the various moments of inertia. This is customary 
in the analysis of reinforced concrete structures and simply means that the 
effect of the reinforcing steel i|^iieglected and the concrete is not considered 
to crack on the tension side. 

Example 4 -40. The reinforced concrete cantilever beam shown in 
Fig. 4-57 is of liOOO lb concrete. The width is 1 ft and the depths vary as 
indicated. E — 3000 k/in^^ Using the method of virtual work, find the 
deflection of point B as caused by the 10 k load. Use the uncracked section 
for I. 
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Solve in the following ways: 

(a) Direct integration. 

(b) Using segments 2 ft long. 

(c) Using segments 3 ft long. 

(d) Using segments 4.5 ft long. 

(e) Using segments 6 ft long. 

(a) The dimensions of the beam are such that if x is expressed inr feet, 
the depth at any section x is 10 + x inches, therefore, 


A = 



mAf dx 
El 


12 f (4-*)(+10x) dx _ 10 f x^ dx 
“T^jo (10 + x)« ~ E Jo (10 + x)3' 



X* dx 
(10 4- x)3 


is in the form 


/ 


x"dx 
(a + x)"* 


Let y = o + I, n = 2. Then x == y — a, m = 3; dx = dy, a — 10. 
Therefore, 


/. 


18 


X* dx 


0 (10 + x)3 


=/. 


18 


(y - a)^dy 


f3 


0 y 

18 rlH 






(y* - 2ay + a') ^ 


= [log.» + f-^J” ^ 

r 2a a' 1* 

= [log. (« + X) + ^ - 

Ti OQ .20 1001 r, . 20 

_ [^log* 28 + 2g jgggJ [log* 10 + jQ 


lOOl 

200j 


10 in 


MKTHOD.s KOK COMIMiTINt, f 1 IONS 




\ ()7n OCMUI 

0 ISO, 


2 (KK) 


0.500] 


10 / 0 ISO ^ 17JS 
:i<KN) 


I 0 IS II 



Ki<;i HI 1 ~iS 


E inM A I ^ 

/•; / ^ h 


( 2 10 I 


^ h 1 </' I J 
I'mmi I It 


E 


Si'Kincnl 

J (tt) 

__ 

i 

1 ' 

_ 

,1 It) 

• 1 (III 1 

J' 

t 

1 ! 

I 

1 

1 

1 I 

1 :i;!i 

0 (M)()7.'i 

•> 

.1 

0 

14 

2 I't: 

(1 00111 

A 


2.'i 

l.'i 

*5 .M ■> 

0 00712 

— - 1 - ■ 

-- - 


--- 

- -- 

—-- " —- 

4 

7 

to 

17 

4.9 i;i 

0 00997 

5 

0 

81 

19 

»• S,'>9 

0 01182 

ti 

n 

121 

21 

9 2til 

ooi:«)7 

wm 

1 

i;i 

ItiO 

2.1 

i2,l<»7 

ooi:i9i 

S 

I*) 

22.') 

2.') 

1 .">,f>2.‘i 

001411 

0 

1: 1 2SU 1 27 

240 X 0 000 III X 144 
;i(KK) 

19 nvl 

0.IS in 

0 01470 

U 09011) 


I’urt.s (c), (<l), and (<*) arc sohcd in tlic luannci illustrated for part (b). 
The results ot thi' \arious solutions are shown in Tahle 4 15 


’r \iu L 4 15. 


Inti'Kration 

1 

9 SennuMits 

G 

1 038 

1.03S 

1 039 



1.041 


3 

1.04S 
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It is apparent for the above niemhor and loading that satisfactory deflec¬ 
tions may be obtained with a relatively small number of segments. This 
would not necessarily be true for other shapes of memliers and for other 
types of loads. However, if the segments are taken relatively short, the 
deflections thus obtained will be in elosr agreement with those which result 
from direct integration. Deflections of nonprismatic members are often 
obtained by the segment method rath<‘r than by direct integration, since, 
in many cases, it is impossible to integrate exactly the expressions for 
deflection. 


PnOBLKMS 

4-41. A leinforccd coinii*t(‘-siah hig}n\:i\ is tn have a luiigitudinal 

sfction (see Fig 4-59) which will hold tliuiughmit the cntiio 24 ft of roadway 
width. What will be the u])ward ilcflcction of jjoiiit’' C and C' as caused by a line 
loud of 4 k per ft of width of roadway at the ccntci of the span’' !•' is 3000 k in-. 
Determine the deflect ion by 

(a) Integration. 

(b) Segments 3 ft long in ciaitei span [ds-s la) 0 5.") in , (h) 0 55 in ) 



Fjorni 1 59 


4-42, A feiinplc picstiesscil coiicictr hi-ain is irctangulai in si'etion and 1 ft 
wide, and the eh'vation is as indicated in 1- ig J GO. 'I'lie tension m the compressor 
elements is 350 k. E is 6000 k'iu- Dcteiminc 

(a) The vcitical deflection at beam renter due to the weight of the beam. Tse 
the segment method with segments 5 ft long Assume the concrete to weigh 
150 Ih/ff'*. 

(b) The vertical deflection at beam centei resulting Irom jirestiessing, ne¬ 
glecting dead load. Use direct integration [dns..* (a) 1.19 in. down, (b) 1.19 
in. up.] 



80'-0 


Figure 4-60 
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4-10 Deflections resulting from shearing strains. In a manner similar 
to that already demonstrated for articulated structures and for flexural 
deflections, it can be shown that the internal virtual work of shear in a 
member of length L is 



vV dx 
AG 


where V is the shear resulting from the real load system, v is the shear 
resulting from the fictitious load, and A is the area of the cross section of 
the member, except in the case of WF or I steel beams, where A is the area 
of the web. As previously explained in the discussion of shearing internal 
work, /C is a form factor. 

Attention is called to the fact that in the case of most beams encountered 
in practi(‘e, the defle(‘tion due to shearing strains is relatively small com¬ 
pared to that resulting from flexural strains. Table 4-16 shows the ratio 
of shearing strain deflections to flexural strain deflections as computed for 
a 12WF27 steel beam. 


Table 4-16. 


1 

span to depth 
ratio 

1 

(\)ncentrated load 
at eentcT 

Uniform load 

5 

0.60 

0.48 

10 

0.15 

0.12 

15 

0.07 

0.05 

20 

0 04 

0.03 


Problems 

4-43. Vsing virtual work, find the vertical deflection of the free end of the 
cantdever (sec Fig. 4 (>1) rchultinp fiom (a) flexure, and (h) shear E = 
30,000 k in'®, G — 12,000 k/iir*®. - 597 in^, an<l web urea = 5.27 in^. 

1/1/i.s.; (a) 1.08 ni.. (b) 0 03 in.! 

|10 k 

j 12WF72 I 

t 15'-0 I 

Figimu: 4-61 

4-44. Using Mitual woik, finil the vertical deflection at the center of the 
10WF4r) beam lesiiltiii!; from (a) flexuie, and (b) shear. Cross-sectional area of 
web = 3.5 iii=®, 7 = 249 m‘, E = 30.000 k m^, and G = 12,000 k W. (.Ins.; 
(a) 0.38 in., (b) 0.01 in ] 



4-11] 


DEFLECTIONS RESULTING FROM TORSIONAL STRAINS 


119 



Figurk 4-62 


4-11 Deflections resulting from torsional strains. The expression for 
the interna] virtual work resulting from torsional strains will now be 
derived. Assume that the unit fictitious torque i is first applied to the free 
end of the cantilever in Fig. 4-63. All internal .sections will be subjected 



Figure 4-63 

to this torque. The real torque T is now superimposed on the free end of 
the cantilever and, as a result, the shaft is strained throughout its length. 
Consider the segment dx in length. The face of the segment nearer the 
free end will, as the result of the action of the torque T, rotate through X 
radians relative to the face nearer the fixed end. The fictitious torque t 
already acting on the near face will “ride” through X radians at its full 
value and, consequently, the internal virtual work in the segment will be 
It is now necessary to evaluate X. Under the action, of T, the unit shear¬ 
ing stress on the surface of the shaft is 

Tr 

T’ 

where J is the polar moment of inertia of the shaft cross section. The 
torsional shearing strain, represented by y, on the surface of the shaft in a 
length dx is 

V —— ■ dx = . dx 

y - g ax jQ ox 
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and the value of X becomes 

_ Tr dx _ T dx 
^ ~ JG r ~ JG ‘ 


The internal virtual work in a length dx is therefore 


and in length L is 


t\ = t- 


Tdx 
JG ' 



iTdx 
JG ■ 


I'or ( loss sections other than circular the remarks of Section 4-3(d) relative 
to the values of./ apply. 

Ex \MPLK 4 l.'i (liven a 4-in standard pipe bracket (see Fig. 4-64) having 
a 90“ angle at li and (', and locate{l in a horizontal plane. Find the vertical 
deflection (*onipoiu‘nt of A and the rotation of end A of segment AB about 
the axis of AH, a.s caused hy a vertical load of 2 k applied at A. The plane 
moment ot inertia of the pipe is 7 2‘J in^ and the polar moment of inertia 
is 14 It) in'* (/ -- 12,(KM)k'in“ aiul E — 30,(KX) k/in^ Use the method 
of virtual \v»>rk 



T.mjle 4-17. 


I Seu- 
! nu'iit 

j = 0 

at 

i m- 

fM'iisinp, 

M 

Ut-k) 

T 

tft-k) 

m 

tft-k) 

(ft-k)' 

i 

(ft-k) 

(ft-k) 

Mi 

.1 

1 to It 


0 

4-Jr 

0 

0 

4-1 

liV 

H 

li toC 


+ 2 

-fx 

+1 

+1 

0 

i vn 

r 

(’ to J) 

-} 2 4- 2j- 

i-4 

+ 1 + X 

0 

+2 

+1 
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4-11] PROBLEMS 

In Table 4-17, for any section x in the respt!('ti\’c segments; 

(i) M is the plane bending moment caused by the 2 k load 

(ii) T is the tonjuc, or polar moment, resulting from the 2 k load. 

(iii) m is the plane bending moment due to the 1 k fictitious force. 

(iv) Wa is the plane bending moment rt'sulting from the 1 ft-k fictitious 
couple. 

(v) t is the torque due to the 1 k fictitious force 

(vi) is the torque caused by the 1 ft k fi(‘titiuus couple 


The expression for vertical deflection is 


1 



mM dx . f 
~E1 ~ 


trdx 
GJ ’ 


I 



1_ 

'GJ 



J a 


(-1 .r)(+2.r) dx -| / (+.<)( i 2.r) dx 


f 


\ (-jl ! x;(-f2 


Iv 4 j 
Jo 


(fl)(4 2)dr-4 / (-h2)(|4)dx 


1 ^ 



48 X 1728 , 28 X 1728 

ad.otio X 7.2:i ' i 2 , 0 () 0 'x iTh) 


4 0 (>(» ill 


For rotation, 


1 X 9 


f niaM dx f taT d.i 

J El GJ 


_ /"(fl)0 2x)r/r /■'(+!)(_ 

■ Ei ' ~ ' Jo " G, 


|4)d£ 

7 


4 X 144 , 12 X 144 _ , 

«,•« 4 1 I -II! j'O.Old rad. 


:10,000 X 7 23 12,000 X 14.40 


Problems 

4-*46. Using virtual work, find the vertical deflection component of point D 
(see Fig. 4-65) as caused by the 0.2 k vertical loati at D. Points .1, B, and C are 
in one vertical plane; point® B, C, and D arc in one horizontal plane. Consider 
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flexure and torsion. The bracket is of 3-in. diameter standard pipe with a plane 
moment of inertia of 3 in'* and area of 2.23 in*. E - 30,000.k/in* and G = 
12,000 k/in*. [Ana.: 0.92 in. down.] 



Rkview Problems 

4-47 Fiml the horizontal deflection component of A (see Fin 4 (>0) due to 
the 2 k load at .4, hv using the methods of 
(:i) Kcai work 

(b) ru.stighanu’.s hi.st theorem. 

(e) Virtual work 

Considei fle\uiill strains only E = 30.(XK) k, in- li4/is 0.19 in J 



FiGUKI 1 -Ot) 


lO'-O 


-^ 2 k 


:i k/fi 


B 

20-0 


^ ) 10 ft 


FrouRt. 4-07 


4"48. Find the vertu'al and lutational deflection components of point C on the 
cantilever of Fig. 4 <?7 by 

(a) ('astigliuno’s hrst theorem. 

(b) Virtual work 

Consider flexural strains only. I = .5000 in*. E = 30,000 k/in-. [.4ns.; 

— 0.69 in., 6c = 0 00.38 rad, clockwise] 

4- 49. Find the vertical deflection component of point 1) (see Fig. 4-68) by: 

(a) Real nork. 

(b) Viitual work 

(c) ('astigliano’s first theorem. 

Consider fle.xural strains only. E = 30.000 k/iii*. [Ans.. 2.88 in ] 
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B 

}/=200in< 


e 


g 


1 

/ = 100 m‘ 


^ 2k| 

lio^o 

lO'-O 1 


iD 


Figuri: 4-68 

4-50. Fiml the vertical deflection component of point .4 (see Fig. 4-69) by 
virtual work. Neglect shearing strains in the beam. E = 80.000 k/in^. 

1.21 in.) 



4-51. The support for a monorail hoist is cantilevered as shown in Fig. 4-70 
and suitable lattTal bracing is provided. Find the vertical deflection component 
of point A by virtual work. Consider that the .splice to tlie left of B will not 
transmit moment. The cross-sectional areas of tlie various members are noted 
on the illustration. E ~ 30.000 k/in^. [Ins I 22 in.] 



4-52. Find the vertical deflection component of points *4 and A' (see Fig. 4-71) 
when these points are simultaneously loaded with vertical downward forces of 
2 k each. The member CDE is a 10WF21 steel beam with a moment of inertia 
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of 10(i iii^ and 4 of 0.19 in'*. The members ABC and A'B'C* are 5-in. 0 standard 
weight i)ipe with a plane moment of inertia of 15.16 in^. Seetional areas for the 
truss ineinbets, in square inches, aie shown on the iliustiation. Use a valueior 
E of 30,000 k/in^, and for G of 12,000 k/in^. Consider axial, flexural, and 
torsional strain.s. [Arts.: 6.24 in ] 



J’kjcrk 4-71 

4-12 Maxwell’s theorem of reciprocal deflections. Maxwell’s reciprocal 
defUrtinii theorem was develofied in the form of three propositions in 
Section 3 10. Interesting and easily understood alt.ernale demonstrations 
are poasibUs however, by the method of virtual work and it is advisable 
that thesi* be considered at this point. 

Proposition 1, for tlic <‘aat» of two unit force.s applied separately to a 
striu'ture, has In'en stated as follows' Any linear deflection component of any 
point A, resulting from the application of a unit force at any other point B, 
IS equai in magnitude, to the linear deflection component of B {in the direction 
of the first applied force, at B) resulting from the application of a unit force 
at A applied in the direction of the original deflection component of A. The 
alt(‘rnate di'iuonst ration will be developed in connection with Fig. 4-72, 
where A and li may lx* any two points. 

Pioposition 1, for the tw’o structures sliow'n in Fig 4-72(a) and (b), 
can be cxprcsswl as 

hAvHh — hnkAv 
This m.i\ 1 h* piovcd a.s follows- 

m M d.r _ j w.i, ■ ninh • d.i‘ 

EJ J EJ 


S.l . HI, 
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1 k (fictitioua) 


' \B 


B 




•1 k (real) 



A' 


1 


1 k (real) 



k (fu'titioua) 


V--' 


(a) 


Figuhk 4-72 


(b) 


where muk is the moment at any section caused l)y the Ik real force at 
li in Fig 4-72(a). and is due to the 1 k fictitious force at A Also, 


^ntiAv 



wi.i,, • ffc 

El 


where m i ,, now represents the moment at any section due to the J k leal 
vertical force at A in Fig 4-72{h), and muk is the moment tvsuiting from 
the 1 k fictitious force at B. Comparison of the two integrals shows (hat 


5.iti/iA — ^nh.xv 

Proposition 2, covering the case of a fiirce and a (Muplc apjilicd sep¬ 
arately at an}' two difTerent points on a structure, has been stated as 
follows. Any linear lieflcction rompom'nt of any point A, as caused by a unit 
couple applied at any other point B, is equal in magnitude to the rotitional 
deflection of B in radians rrsuiting from tlu application of a unit force at A 
in the direction of the original linear deflection component of A Assuming 
for the purpose ol the demoiislration that a veitical deflection com])oneut 
is to he considered at A, this proposition is t‘\pressed as 


S 1 (fim rx'fiui {, 


(As previously nulicaled, the low<‘r-ease in following B in the subscript is 
redundaht, but the author oiten prefers to use it in order to maintain the 
four-letter subscript system.) Imagine that a unit real couple is applied 
at B, in Fig 4 /2 (a), in place of the unit real load shown 'rhen the 
expression for i*' 


/ m M d.c f dx 

~Ei^ "y Ef 


where m,aBm is the moment at any section due to the unit real couple at /?, 
and m,\ i is the moment at any section as caused l>y the unit fictitious 



120 


METHODS FOR COMPUTING DEFLECTIONS 


[chap. 4 


vertical load at A. Now, in Fig. 4-72(b), consider that the unit fictitious 
horizontal force at J3 is replaced by a unit fictitious couple. The value of 
^BmAv ‘s given by 

/ mMdx I m^BrninAvdj: 

El ~J El 

iiiid comiKirison of the above expression with that for Sj indicates that 

^ AvHm — OiJim li' 

I‘'or the case of the two unit couples applied separately to any two points 
of a structure, Proposition 3 has been previously stated as follows; The 
rotational deftrcUon of any point A on a structure, as caused by a unit couple 
acting at any other point B, is equal in magnitude to the rotational deflection 
of B as caused by a unit couple acting at A. The above proposition is ex- 
pres.sed by 

OCAmBm ~ 


and tliat this relationship is true can ea.sily he proved by virtual work, 
using methods similar to those used in verifying the first two propositions. 

.\ttention is called to the fact that, although a frame composed of 
memlxTs which are primarily fl(‘xural was used in the above demonstra¬ 
tions. the resulting relationships could have been pro\ed just as easily 
with an articulated structure or for deflections resulting from shearing 
or torsional strains. 

I’hc.se propositions are extremely important, for not only do they serve 
to reihice the amount of work involved in analyzing many indeterminate 
structures, but also they are the basis for various methods of model 
analysis Since they will be used repeatedly in subse<|uent problems, 
the n'adcT .sJiould be certain that he thoroughly understands them. 

Part 5. Moment Areas and Elastic Weights 

4-13 General. The moment-area method and the method of elastic 
weights, both useful for finding slopes and deflections of flexural members, 
an* rather clo.sely related Each method comprises two principles or 
propositions The two propositions considered first frame the moment- 
urea method and are due to Professor t’harles E (ireene of the I’niversity 
of Michigan, who introduced them in 187.3. The last two propottitions 
const it ut<‘ the nu'thod «»f elastic weights, more commonly known as the 
conjugate beam method, and were announced in an outstanding pajier (3) 
pn'siMited by Otto Mohr in lSti8 It was in this same paper that Mohr 
disrus.sed the representation ol the elastic curve as a string polygon. 
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In general, the conjugate beam method is of much greater practical 
importance than the moment-area method. Occasionally, however, a 
problem or demonstration will be encountered in which moment areas 
can be applied to better advantage. 

4f-14 The moment-area method. Proposition 1: The difference in 
slope between, any two sections of a loaded flexural member is equal to the area 
of the M/Ef diagram between these two sections. 



Figure 4-73 


As a first, and quite simple, demonstration of the above proposition, 
consider the cantilever beam of Fig 4-73. Assume that the whole beam is 
rigid, except for the differential slice dx. Under the action of Mb, the l)eam 
Avill deflect as in Fig. 4-74. 



Figure 4-74 


It has been previously demonstrated (Eq 4-26) that 


de 


M dx 
El 


where M is the internal moment in the differential slice as caused by any 
system of applied loads Th^ bending moment diagram will be of the 
shape indicated in Fig 4-75. If each ordinate is made Mb/E l, it is ob- 

M, 

El 



Figure 4-75 

vious that d9 will equal the area of the indicated differential slice. Actually 
the whole beam is elastic, and thus each differential slice will contribute 
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a d$. If we wish to determine the difference in Aslope between any two 
points, as A and ft, the value of 9 will be 



Mb d.r 


This is the area of the M/El diagram between points A and ft. 

I’lioposiTioN 2. The tangential denafutn of point B on a loaded flexural 
member, from a tangent to the deflection enrre at point A, is equal to the mo¬ 
ment the area of the M /El diagram between A and ft about li. 

Knr a lieiiionstration ol this proposition we lefer again to Fig 1-74. It 
IS appnr<‘nt that the flexural sfrairi in the differejifial slice dx will result in 
:i .small deflection dA at li, and this deflection will be 


dJi .r do 


Mh dx 
~El 


If, tin’ll, it i.s reijuimi to find the deflection of ft relative to *1, it can be 
found by summing all the values of rfA as contributed by all the differen¬ 
tial slices. This would obviously be the summation of the moments of all 
the difl'erential slices of the M/El diagram about ft, or, m other words, the 
moment of the entire M/El diagram betwe en .1 and ft about ft. 

Kx \MPLE 4-5:i. The stetd beam sho\Mi m Fig 4-7t) has a moment of 
inertia of 200 in'* and an E of .10,000 k/in^. Fsing the moment-area method, 
find. 


(a) The difference in slope* between A' and )’ 

(b) The deflection of A' from a tangent at F 



Fioi'iii 4 7(3 
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(a) The area i>f the M/ill diagram hetween .Y and 1' i8 


1 

f:i 




205 

El 


(''Fiango in sltijM* botwepn A' and Y is 


205 X 144 
;M),(KK) X 2(K) 


0 (HM02 rad 


(1)4 To obtain the moment of the M HI liiagiain iH tween ]' and X 
a4)Oijt A', it is ro)i\eni<*nf to divide the diagram into leetangli's and lii- 
angles as show n in I 'lg -4 70 


Ax ' X ‘i X :i 5 1 

4Htl 7 

U 


tS0 7 172S 

dO.lKH) * 2(M) 


0 ! 4 


40 X 2 « I 


X •> X * 


ibi'iiii.r Ms 

4-54 Using the niona'iit-aii'a iiietliod, tnnl (iiom T'lg i 77) 

(a) The differeiiee m sl()p<'hi t wceil A amt 4 

(b) The defleetion of A fioiii a taMgeiit at, 4 

E — 30,000 It 'iii^ and / - 2(K4 m* | 1/is- (a) 0 0')57 ia<!, (b) 0.27 in 






J »■ n 


P’loi III t 77 



4-15 The conjugate beam method. I’jopositions .3 and 4, upon whieh 
the conjugalc Ixani mcUnx! is based. xmII now lie developed For a demon¬ 
stration of Proposition .J, eon.-nh'r the •'imple beam of Fig. 4-78, loaded so 
as to produec the liending moment diagram indicated. If the entire beam, 
with the exception of the segnu'iit //i. is considered to be rigid, then the 
flexural strain in the .segment r/r will result in the deflected beam shown 
in (b). 
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Now, 


and 


d9A + deB = de = 


Mg dx 
El ’ 


X • dSA = y • ddB, d$A = ~ dSB- 

3^ 


Substituting Eq. (4-30) in (4-29), 


— d^B "b dBa — 

X 


Mg dx 
El ' 


and 


( X \ Mg dx X Mx dx 
X + y/ El “■ L ■ El 


ddA -- 


y Mg dx 
L ■ El 


(4-29) 

(4-30) 


(4-31) 


(4-32) 


But Eq. (4-31) would be the right-hand reaction of a simple beam (called 
the conjitgate beam) loaded with the elastic weight Mgdx/EI and Eq. 
(4-32) would be the left-hand reaction. If the entire beam b considered 
to be elastic, then the resulting ^lope at the right end would be 
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= r^ 

Jo L 


X Mx dx 
0 L* El 


and, at the left end, 




= /' 


L — X M, dx 


L 


El 


(4-33) 


(4-34) 


But Ef|S (4-33) and (4-34) are, respectively, the right and left reactions 
for a simple conjugate beam loaded with the entire M/EI diagram. 
Therefore the slopes at the ends of the real beam are the reactions (that is, 
the shears) at the corresponding ends of the conjugate beam. Moreover, 
the slope at any other section of the real beam will be the end slope 
minus the jflexural strain from that end to the section in question. By 
Proposition 1, however, this flexural strain is given by the area of the M/EI 
diagram, which is the load on the conjugate beam, between these two 
points. That is, the slope at any section of the real beam is equal to either 
end reaction of the conjugate beam minus the elastic load between that 
end and the section in question. 1'his, obviou.sly, would be the shear in 
the conjugate beam at the section. Therefore, Proposition 3 is stated as 
follows: 

The slope at any section of a loaded beam, relative to the original axis of the 
beam, is equal to the shear in the conjugate beam at the corresponding section. 



Fiourk 4-79 


The beam of Fig. 4-79, which will be used to develop Proposition 4, is 
loaded with a system of loads causing the bending moment diagram in¬ 
dicated in (a). The deflected beam is shown in (b), and we wish to find the 
deflection de. From the figure, 
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which i.s equal to Xd‘9A minus the moment of the M/EI diagram from A 
to C about C. But, since Ba is the left reaction of the conjugate beam, the 
above expression for de is obviously the internal moment at section C of 
the conjugate beam. I'herefore, Proposition 4 is stated as: 

Tlir defleclion at a girrn sretim of a loaded beam, relative to its original 
position, IS eqval to the bending inoim nt at the corresponding section of the 
conjngatf beam. 

4-16 Relationships between the real beam and the conjugate beam. 

J’rop().sition8 3 and 4 having been demonstrated, it is now possible to estab¬ 
lish c<*rtain definite relationships between the conjugate beam and the 
real beam. Several of these relationships, which are obvious from the 
.statements of the propositions, are as follows: 

(a) The span of the conjugate beam is equal to the span of the leal beam. 

(b) 'Fhe load of the (>onjugate beam is the M/EI diagram of the real 
beam 

(c) Th(‘ shear at any .section of the conjugateibeam is ecpial to the slope 
of the corresponding .section of the real beam. 

(d) 'Fhe moment at any section of the conjugate beam is equal to the 
defle<*tion at the corresponding .section of the real beam. 

In addition to the above, the conjugate beam must be supported in a 
manner (-(Uisistent with the constraints of the real beam. The proper sup- 
jnnts for the c(uijugate beam can be easily deduced from relationships 
(c) and (d) a.s stated above lor example, if the real beam has a fixed 
support twhich means no rotation or deflection of the beam at the sup- 
])ort), tlu' corresponding section of the conjugate beam cannot have any 
shear or moment acting on it Consequently, this end of the conjugate 
beam is entirely free and unsupported On the other hand, if one end of 
the n‘al beam is free, as, for example, the free end of a cantilever, it will 
have both .slope and vertical deflection when the beam is loaded. The 
i-orresfionding en<l <)[ the conjugate beam will therefore be fixed, .since it 
must ba\e both .shear and moment acting on it. In other words, if the 
real beam is a cantilever, the conjugate beam is also a cantilever, but with 
the (i\ed Hupfiort on the opposite end If the support at the end of the 
re.d b«*am i.s simple 'ihat is, no moment re.straint is provided), then this 
end ot tin* real beam will rot.'ite but will not deflect under load. The sup- 
j)oit at the coro’spouflmg section of the conjugate beam mu.st provide 
slie.-ir. but no monn'Ut. ainl consisiuently it will also be a .simple .support. 

Tin* foregoing discussion of types of support for the conjugate beam at 
ptfiiitv coTresjxuidiiig to the tnd't ()f the real beam (the r('al beam may be 
^■llln•r a ‘.ingle span or continuous anil of tw'o or more si)ans) can best lx* 
sunimaii. < d !)s. Ill'Fable 1 IS 
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Table 4-18 


Real boam support 
at end 

Free end of cantilever 

Simple 

Fixed 


Conjugate beam support 
at corresponding end 

Fixed 

Simple 

Free end of eantilevr 


Real beam Conjugate beam 



Fiounr 4 SO 


In Fig. 4-80, the loaded real lM‘:im.s, and the eorn'sponding conjugate 
beams, will serve to illustrate the above di-seii.^sion. It is important to 
note here that the M/El diagrams have been drawn on the side of the 
conjugate iM'am corresponding to the cornpres.sion side of the real beam. 
The M/El load is ahvays considenMl to push against the conjugate beam, 
whether it be up or down If these rules are followed, then the real beam, 
at any section, will deflect toward the tension side of the conjugate beam 
at the corresponding s<‘ction. 

If the real b<‘ani is continuous, jus in I'ig 4 81, then the conjugate beam 



P, 

b 


(•) k/ft 
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(d) 


A 


iiinx 


3.33 X 8.16* _ 8.16 
El ' 2EI 3“ 


003 X 172^ = n 17 • 

"■ :M,0()0 X 200 

lOxAMPLE 4 r>(» rsiiiR the conjugate beam method, find (see Fig. 4-86): 
(a) 'I'hf deflection at li 

(}>) T!i(‘ section of nmxiinuin dt'flection in the span. 

E moo k/in=^ 


I 


4 k 


_r 

I - 300 111 ^ B 
9'-0 


/ = 200 in« 
9'-0 
27 ' 4 ) 


Q / = 100 m* 

O'-O 




Figuuk 4-86 


The loaded conjugate beam is represented by Fig. 4-87 

Pab 4 X 18 X 9 24 



(a) As.suniing u l>u.sic moment of inertia of 100 in^, the relative moments 
of inertia of the three segments of the beam, from left to right, are 3, 2, 
and 1. The MfKl diagram is subdivided into triangles and a rectangle, as 
indicated in Fig. 4-87, and the values of Wi through W 4 arc computed 
below: 


Wi - 12 X f X i = 18, 
IFa = 12 X I X i = 27, 


IF 2 = 12 X 9 X i = 54, 
1^4 = 24 X I = 108. 
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These values act through the centroids of their respective M/El triangle 
or rectangle. Each reaction of the conjugate beam is found by taking 
moments about the other reaction. The results are 

Ra = 77, R'u -- 130. 

The deflection of B on the real beam is found by computing the moment 
at B' in the conjugate beam: 

Ab = (77 X 9 18 X 3) ^ 2.7G m 

4{XX) X 100 

(b) The section of maximum deflection in the real beam will correspond 
to the section of maximum moment in the conjugate beam, and this, of 
course, will lie at the section of zero sh<‘ar in the conjugate beam. The 
shear at B' will be 77-18 — GO. By inspection, therefore, the section of 
zero shear will be lietween B' and C' 'I'he load diagram for the conjugate 
beam between these points, adjusted for the relative moment of inertia of 
the section, is shown in Fig. 4-88. 



Kiourk 4 88 

The area of the M/El diagram from B' to any point .r to the light of 
B' (between B' and C") is 




Since the shear at B' is 59, the required equation for locating the section 
of zero shear is 


and 



0 . 


X - 7.07 ft. 


The section of maximum deflection is IG.O? ft to the right of A. 
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Example 4-57. Using the conjugate beam method, find (see Fig. 4-89): 

(a) The deflection of F. 

(b) The deflection of B. 

(c) The .slope at B. 

(d) The slope at C 

E ^ :i(),000 k/in®. 



The conjugate heaiii, with ordinatt's adjusted for the different moments 
of iixTtia, is shown in Fig 4 -89. Note that E has been omitted in these 
ordinate.s for ronvenience, but that it is introduced in the final evaluation 
of eiM-h answer When they are con.stant, it i.s most convenient to tem¬ 
porarily omit both E and I in this same manner. 

(a) ---- [ 2.0 X ~ -f 1 0 X y] + 0.8 X y = 20.2f>, 

, 20-2« X 1728 

*307000 1 17 in. 


(b) E^b - 


2.0xf = f, 


40 X 1728 _ o -7 
3 X .'lO.OCid ^ 


<c) EBh - 2 0. 


_ 2.0 X 144 

" " ■ : i 6',()00 


O.OOiK) rad. 
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(d) The shear on the pin at D' is 


[2.0xf+1.0x^]l = 20 


and the shear to the right of C' will be 


2.0 - 1.0 = 10 . 




The conjugate beam method provide.s a means for evaluating redundant 
moments in continuous beams. Usually, however, it is not a preferred 
method of analysis for thi.s t 3 ’^pe of problem Nevertheless, .since it occa¬ 
sionally may be found u.seful when a continuous beam is nonprismatic, this 
kind of application will be demoiust rated in Example 4-58. A preliminary 
discussion of one point is in order, how’cver, before proceeding with the 
example. When a continuous beam is to be analyzed by the conjugate 
beam method, the internal moments at supports are always selectt'd as the 
redundants Each redundant moment necessitates the writing of one 
condition equation Particular attention is called to the fact that each 
condition equation, although written to directly express a particular re¬ 
quirement for e(piilibnum of the whole or a part of the conjugate beam, 
at the .same time indirectly expresses a retjuirement for the geometrical 
coherence of the nvil beam 

Exvmple 4-.58 I sing the conjugate beam method, find (sec Fig. 4-90): 

(a) The moment.s at .1 and B. 

(b) The .section of maximum deflection in /fU 

(c) The maximum deflection m BC 

1 = 200 in^ and E = .‘10,000 k/in'-'. 







, 5'-0 

L 5'-0 


1 

1 KT-O 

r 1 

1 

15'-0 1 

r 

1 ' '1 


Figure 4-90 
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The beam under discussion is indeterminate to the second degree and 
the redundant moments are Ma and Mb- It is suggested that redundant 
moments always be assumed as positive; that is, that they be assumed 
with senses to cause compression on the top side of the beam. This has 
been done in loading the conjugate beam of Fig. 4~91. Note that since E 
and I are constant, they have been omitted from the loading. 



(a) Since two unknowns exist, two equations are required, each express¬ 
ing a necessary condition for the equilibrium of a part, or of all, of the 
conjugate l)(‘am. Perhaps the must obvious of these in the beam of Fig. 
4 -91 is the reijuirement that the sum of the first moments of all the elastic 
loads on the span A'E' about B' must be zero. In other words, XMq, = 0. 
This, from the conjugate beam of Fig. 4-91, is written as 

5Ma X ^ X + 125 X = 0, 


from which 


2Ma a- Mb + 37.5 = 0. 


(4-35) 


The second condition equation is, in the author’s opinion, most con¬ 
veniently written to express the requirement that the pin at when 
considered as a free body, must be in equilibrium. That is, 2F = 0 for 
the pin. This is expressed as 


5Ma + bMs H 125 + 


150 X 25/3 + 7.5Mb X 10 
15 


from which 


Ma + 2Mb + 41.7 = 0. 


(4-36) 


The simultaneous solution of Eqs. (4-35) and (4-36) will result in 


Ma = -11.1 ft k and Mb = - 15.3 ft k. 
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The complete load on the conjugate beam, omitting El, can now be repre¬ 
sented as shown in Fig. 4-92. 



(b) The section of maximum deflection in the spun HC of the real l)cam 
will coincide wdth the section of 2 fero shear in BV'. In order to locate this 
section of zero shear, it is first necessary to solve for This is nuKst 
conveniently done by considering Mb (in Fig 4-91) to have its correct 
sign and magnitude and then to take moments about B" When this is 
done, the resulting eciuation, assuming is up, is 

loff; I- 7.0 X 15 3 X 5 - 150 X = 0, 


from which 


R'r 


f28o 


This reaction is shown in Fig. 4-92, as well as the value ot the ordinate' of 
the M diagram at any section .i from T'. I'he expression for the sheai at 
any section distance .r from ('' is then written, and this, when equated to 
zero and solvc'd for r, will locate the .section of zero shear in the .span B'C. 
This expression is 

2 

28 50 - 0 98 ^ - 0, 


from winch 


.r — 7.05 ft. 


(c) In accordance* with the above, the section*of maximum deflection 
in span BC is 7.05 ft to the left of C If we take moments about the 
corresponding .section of the conjugate lieain, the result is 

= 28.50 X 7.05 - 0.98 X ^ X = 1^5, 

145 X 1728 


= 0.04 in. 
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Problems 

4-59. Using the conjugate beam method, find (see Fig. 4-93): 

(a) The deflection at B. 

(b) The section of maximum deflection in the span. 

E = 30,000 k/in2. [Am.: (a) 0.46 in , (b) 16.98 ft to right of .1.] 



Figuhi: 4-93 


4-60. Using the conjugate beam method, find (see Fig 4-94) 

(a) The di'flection of B and C. t 

(b) The ({(‘flection of E. 

(c) The slope at B. 

(d) Tlie slope at 1). 

E » ,30.000 k/in-. Mns (a) 0.48 in , (]))0.15 in., (c) 0.006 rad, (d) 0 007 rad.] 



5-0 .->'4) I 5'-0 I j'-O 


FlOUUi 4-94 

4 61 Using the conjugate Ihmiu method, find (see Fig 4 95) 

(a) The moment at B. 

(b) The distance fiimi I to the section of maximum deflection, 
tc) Th(> \alue of the maximum. d(‘fleition. 

E - 30.000 k in- amf / - 172 s m* [4ns (a) 74 8 ft-k, (6)11.1 ft, 
ic) 0.51 in J 

A 

2.1'-0 



Fioi’Ri 4- 05 
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ism 

4r-62. Find the moment at A, in the prismatic fixed end beam shown in 
Fig. 4-96, by the conjugate beam method. [Aru.: —Pah*///'■*.] 


Figurk 4-90 


4-63. Using the conjugate beam method as required, find (see Fig 4-97). 

(a) The moments at .1 and B. 

(b) The distance from C to the point of maximum deflection in BC 

(c) The maximum deflection in span BC. 

(d) The slope at B. 

I *= 500 in* and E = 30,000 k/in*. [.Ins.- (a) M.\ * 1H.75 ft-k, Ma ~ 
-37.6 ft-k, (b) 14 14 ft, (c) 0.41 in., (d) 0.0018 lad.) 

IlOk 


20'-0 


C 


li'-O 


iO'-U 


Figuri 4-97 


Part 6. The Conjugate Structure 

4-17 General. The conjugate .structure i.s an extension of the method of 
elastiq weights into two diinension.s The method, as hereafter set forth, 
was developed independently by the author in 1940. (The principles are so 
simple, however, that others have probably originated similar applications.) 
In the evaluation of deflections of single-story rigid frames, either single 
or multi-span, the method ks extremely u.seful. 

4-18 Development of die method. C'onsider the frame of l-'ig 4-98 If 
all of the frame is considered to Ih' entirely rigid, except the .segment dr, 
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Figujik 4- 9H 


then, under tlie action of the load P, the flexural strain in the segment will 
he 



Fiorni 4-90 


where M is the moment on th(‘ segment caused by P The frame will then 
assume the shape shown in Fig 4 -09 It is apparent that 
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and that 


Bsi} — dS — 


M (ix 

.1-6 • 


^Bh 


VbdB ^ i/b 


Mdx 

El 


d0B de 


M dx 
A7~ 


Now consider a structure which is identical with the given frame as to 
the lengths of its members and their rtdative positions. This alternate 
structure, hereafter called the conjugate structure, is located in a horizontal 
plane and the end corresponding to the point A is fixed. Figure 4-100 



Figuki 4- 100 


results If the flexural strain in the segment is considered as a vertical load 
acting on the conjugate structure at a point corresponding to the position 
of the st'gment in the original strin'tiire (as shown in Fig 4-100), then, 
taking moments at A, 

.1/ y A do -- f „ 


jr Ua dd //„ 

Also, 

Shear at *1 - dd — 


M dx 
El 


- a 


.111, 


M di 

Ef 


Uh 
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Taking moments about B, 


A/ y —“ Xlt * ^9 —— hff 


Mg = yi, - dB = ish- 


Also, 


Shear ni B =- dB — dSs. 


Now, if the frame is considered to be elastic throughout, the conjugate 
structure will be as shown in Fig. 4-101. Note that when the M/EI 
diagram is of a shape such that the centroid is known, the whole load 
(area of M/EI diagram) can b(^ considered to act through this centroid 
when taking ihoments 

Pa* 



Having demonstrated how the conjugate structure is proportioned and 
used, we will now formulate a group of governing principles. Principles 
(9), (10), and (11) will be found to be somewhat involved, but fortunately, 
since the senses of deflections and rotations can usually be determined by 
inspection, it is seldom necessary to use these. The principles are: 

(1) The conjugate structure, for a given real structure, is identical to the 
real structure with regard to the lengths of the members and their relative 
position. 

(2) The conjugate structure is positioned in a horizontal plane. 

(3) Two different concepts as to the exact manner of loading the conju¬ 
gate structure are tenable. The first of these conceives of a conjuf^te struc¬ 
ture composed of members represented by lines and loaded with an M/EI 
diagram in exactly the same manner as the conjugate beam. Thus, in a 
length dx along a member, the load is M dx/EI. The alternate concept 
considers that the members of the conjugate structure have p definite 
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width. This width, at any section, is equal to the value of l//iV for the 
real structure at the corresponding section. Con.seciuently, in a length dx 
along a member, the area is given by dx/El. Thi.s is called an elastic area 
and it represents the elastic flexural strain at the corresponding section of 
the real structure, in a length dx, as caused by a unit moment. The in¬ 
tensity of load on this elastic area is the value of the bending moment at 
this same section of the real structure. Thus, as before, the load on the 
conjugate structure in a length dx along a member is given by M dxJEI. 
This is recognized as the elastic flexural strain at the corresponding 
section of the real structure in the length dx. Consequently, the load on 
the conjugate .structure (or the conjugate beam) is ofte»i designated as 
an elastic load. It is apparent that the conjugate structure (or the con¬ 
jugate beam) is actually loaded with the flexural strains of the real 
•structure. 

(4) If the flexural strain at a given section of the real stmeture is such 
as to cause tension on the outside fibers, then this flexural strain is repre¬ 
sented as a downward load on the conjugate .structure. If compression 
exists on the outside fibers of the real structure, the load on the correspond¬ 
ing section of the conjugate structure is up. 

(5) The conjugate stnicture, under the action of the flexural strains of 
the real structure as loads, and the consequent reactions of the conjugate 
structure, must satisfy three equilibrium condition equations: 

2ii/, = 0, zMy = 0. sy 3= 0. 

The .r- and y-axes are as shown in I’ig. 4-100. 

(G) The shear at any section of the conjugate .structure is the slope of 
the corresponding section of the real .structure. 

(7) The internal moment on any section of the conjugate structure is the 
deflection of the corre.sponding section of the real structure in a direction 
perpendicular to the lever arm u.sed to find any particular moment. 

(8) The end of the conjugate structure corresponding to the end of the 
real structure that deflects always has a fixed support. 

(9) If a section be passed through any point of the'conjugate structure 
and if the portion of the conjugate .structure to the right of the section 
tends to move down with respect to the part to the left of the section, then 
the rotation of the corresponding point of the real structure is counter¬ 
clockwise. Diagonal sections are pa.ssed from upper right to lo%ver left 
through right-hand vertical members, and from upper left to low'er right 
through leh-hand vertical members. 

(10) If the moment at any point on a horizontal or inclined member of 
the coiijiigats-structure, about an axis through that point parallel to the 
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y-y-axis, results in tension in the member top fibers normal to this axis, 
then the vertical deflection of the corresponding point on the real structure 
is down. 

(11) If tlie moment at any point on a vertical or inclined member of the 
conjugate structure, about an axis through that point parallel to the 
.r-r-axis, results in tension in the member top fibers normal to this axis, 
and if the supported end of the member has an algebraically larger 
y-coordinate than the unsupported end, then the horizontal deflection 
component of the corresponding point of the real structure is toward the 
right, provided the fixed support of the conjugate structure is to the right, 
but towanl the left if the fixed support of the conjugate structure is to the 
left. If, how('ver, the supported end of the conjugate structure member 
has an algebraically smaller y-coordinate than the unsupported end, then 
tension in the member top fibers as described above will signify a hori¬ 
zontal defl<*ction component of the corresponding point on the real struc¬ 
ture to the left if the conjugate structure fixed support is to the right, and 
a d(‘flection to the right when the conjugate structure fixed support is to 
the left. 

This last principle will be clarified by reference to Fig. 4-102. Figure 
4-102(a) shows a real structure and Fig. 4-102(b) shows the correspond¬ 
ing conjugate structure. The supported end of AB in the conjugate struc¬ 
ture is at B, and the supported end of BC is at C, and therefore each mem¬ 
ber has a supported end with a y-coordinate algebraically larger than the 


(' 



(u) 

Figurk 4-102(a) 
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Fiourk 4-102(b) 


unsupported end. Consequently, the tension on the top fibers normal to 
the x-axis, which under the given loading will exist throughout AB and 
BC, signifies a horizontal defleetion component to the right for all corre¬ 
sponding points oi AB and BC on the real structure. The member CD 
on the conjugate structure, houever, with its supported end at D, falls 
into the opposite classification, for which tension on (he top side indicates 
(in this case) a horizontal deflection component of corn:sponding points 
on the real structure toward the left. It is probable that some point along 
CD of the real structure will have zero horizontal deflection. The corre¬ 
sponding point on the conjugate structure will be the point at which the 
moment of the dastic loads, about -an axis parallel to the x-z-axis and 
through the point, will be zero. All sections l)etwecn this point and C 
will have compression on the top fibers of the conjugate structure, and 
corresponding sections of the real structure will deflect to the right; 
while all sections l>etween this point and D will have tension on the top 
fibers, and corresponding sections of the real structure will deflect to the 
left. 

Note particularly that the sign conventions outlined in Principles (9), 
(10), and (11) will apply only if the sign convention of (4) is adopted. 
Attention is again cc.lled to the fact that in most cases it will be 
unnecessary to use Principles (9), (10), and (11), since the senses 
of the various deflection component.s can usually be determined by in¬ 
spection. 
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4-19 Demonstration of the method. Several examples will serve to 
demonstrate the application of the method. 

Example 4-C4. Find the horizontal, vertical, and rotational deflection 
components of point A (see Fig. 4-10.3) as caused by the 10 k load. 
E = 30,(XX) k/in^. (This is the same problem as in Examples 4-10 and 
4-30. The three methods of solution should be carefully compared.) 



The conjugate structure would he represented by Fig. 4-104: 


50 X 10 



EAah = 1.25 X S..33 f 2.5 X 10 = .35.41, 




aiul this deflection must be down, from Principle (10). 

EOa = 1.25 + 25 8.75, 


8.75 X 144 

:i0.000 


0.018 rad. 


The above rotation must be counterclockwise, from Principle (§). 


Example 4-65. Using the conjugate structure, find the horizontal, 
vertical, and rotational deflection '‘omponents of point A (see Fig. 4-105). 
E = 30^000 k/in^. (This is an alternate solution for the problem of 
Example 4-81.) 



Figure 4-105 


The conjugate stnicturc is represented by Fig. 4-106: 
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20X 10 



0.25 


/I’Aifc - 0.2 X ^ + 0.2 X IG f 0.2 X 1C + 0.25 X IC = 13.07, 

O 


^ 13.07 X 1728 . u* rn • • I 

A.ia = - — = O./D 111. to the right [Principle ( 11 )], 

A’A.i,. = 0.2 X 10 + 0.2 X 17 + 0.2 X 27 + 0.25 X ^ = 17.97, 

O 

. 17.97 X 1728 , . , fo ■ • 1 nmi 

A.ir -=-,‘joTO-""" 

K9a = 0.2 + 0.2 H 0.2 4 0.25 = 0.85, 

0.4 — = 0 0041 rad counterclockwise [Principle (9)]. 

•fUjUUII 

Example 4-GG. Using the conjugate structure, find the vertical, hori¬ 
zontal, and rotational deflection components of point A (see Fig. 4-107) 
as caused h}' the 10 k load Also, find the horizontal deflection component 
of point A as caused by a 1 k load acting to the right at A. E = 30,000 k/in®. 
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(a) 



Figuhe 4-107 
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E^av =--- 0.25 X 8.33 -f- 2.5 v: 10 -- 27.08, 


. _ 27.08 X 172« . . , 

B ' * 30 000 ” •'*^0 jji, tlowii. 


E^Ah --- 0.25 X 10 =- 2 5, 


, 25 X 1728 . 

'-u^ocio" 


E0^ --- 2.5 1- 0.25 -- 2.75, 


'7\ X 144 

-- ** •}() ()()q““ ~ 0.013 lad c‘ouiifpn*k)<-kwise. 


I'or ji 1 k load iictiog horizontally to the right at A, the conjugato stnu*- 
ture would he repreyonted by Fig 4-108: 



EBah-^ 0.25 X «.()7 4- 0.2 X 10 -|- 2 X 0.125 X (5.07 


5.34, 


Ba), — 0.31 in. to the right 
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Example 4-67. Using the conjugate structure, find (see Fig. 4-109): 

(a) The horizontal deflection of point A caused by the 20 k loud 

(b) The' horizontal deflection of *4 caused by 1 k applied horizontally at* 
A acting toward the left. 



lo'-o I 

(:i) (I.) 


FiG(iKi A- 100 


(a) III this ease point .1 has no vrTlind deflection conipoiient, and thus, 
eveir though this end of the (‘onjugate .structure must lx* fixed, the moment 
about the //-axis through .1 must be zero This can be aceompli.shed only 
by applying an external load Od at the free end of the conjugate structure 
to give i).l/ = 0. A.ssuming &/> as down on the conjugate structure 

(a.s it obviously would have to lx*), the im{ nation is 


Therefore, 


0 01X8 = 0. 

$ 1 , = ()..‘ 12 , 


and this value of 0/>, if multiplied by 141 and divided by /i ='*.30,000 k/in*, 
will give the .slope of the right-hand leg Note that this value of 0/> does 
not enter into the solution for A.i/,, .since its y lever arm is zero. If, how'- 
ever, the frame had une(|ual legs, it would have appeared in the e(|uation 
for ^Ah 

KA.i,, - 0.04 X 24 = 1.3 38, 


1.') 38 X 1728 noo • . 1 

^Ah ^ —;jb(j6()— 
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(b) On X 10 - 0.384 X 8 - 0.57G X 16 = 0. 

dj} =■ 0.7C8, 

^ 0.384 X 24 -f 2 X 0.57G X IG =- 27.G3, 

, 27.63 X 1728 , „ . 

= 30 000“— *”■ “■ 

Example 4-08. Eor the concrete culvert section shown in Fig. 4-111, 
consider that a cut is made at A. Using the conjugale structure, and 
considering that end A oi AD is fixed in the real structure after cutting, 
find the three deflection components of end A of AB. Consider a length 
of culvert of 1 ft perpendicular to the paper. Ee =• 3000 k/in*. 





4^201 


APPLICATION TO IfULTI-SPAN FSAMBS 


157 



/-^--/ 


Figure 4-112 


EAAh = 300 X 3 + 166.7 X 6 = 1900, 

^ 1900 X 1728 -o ■ * 1 n 

= 3000 X 1728 = “•«* *®'‘- 

9% Qrt 

EAi^ = 125 X “ + 300 X 10 4 166.7 X ^ = 5291, 
• 3 4 


Aav 


5291 X 1728 
3000 X J728 


1.76 in. down, 


EBa = 125 4 300 4- 166.7 = 591.7, 

Ba = = 0.010 rad counterclockwise. 

^ 3000 X 1728 


4-20 Application to multi-span frames. As previously indicated, the 
conjugate structure is useful in Onding deflections of multi-epan single¬ 
story rigid frames after they have l)een reduced to statically determinate 
and stable structures by removal of redundant reaction components. 
Suppose, for example, that we wish to find the stresses in the frame of 
Fig. 4-113. If the solution is to be effected by the general method (dis¬ 
cussed in Section 3-5 and to be further discussed in detail in Chapter 5), 
the first step is to reduce the structure to determinateness by removing 
reaction components. As previously explained, this can be done by re- 
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Figure 4-113 


moving any combination of reaction components desired, so long as the 
final structure is determinate and stable. Assume that in the given case 
both reaction components are removed at C and the horizontal component 
is removed at B. The result is shown in Fig, 4-114, with the dashed lines 
indii'ating how the frame will deflect under the action of the load P. A 
number of other deflection components of B and C under certain other 
loads an* neccasary for a complete solution of the probk'in by the general 
method, but the immediate obji'ct of this discussion is to explain how 
the conjugati* structure can be list'd to find (he deflection components 
indicated m Fig. 4-114. 


I/* 

I 



As a beginning, the conjugate structure forlhc span AB is as shown in 
Fig. 4-115. The horizontal deflection components of B and I), and the 
rotational deflection component of D, may be found from this structure. 
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The conjugate structure for span BC is shown in Tig. 4-1 l(i. This is 
loaded at its unsupported end D with the rotation and horisontal deflec¬ 
tion of D, as determined from the conjugate structure in Fig. 4-115. The 
rotation of i) is properly represented as a concentrated load, and the 
horizontal displacement of Z) as a couple about an axis through D parallel 
to the x-x axis. The required vertical and horizontal deflection com¬ 
ponents of C may be readily found from Fig. 4-116. In a similar manner, 
deflection components resulting from any system of applied loads on a 
frame with any number of spans may be determined. The application of 
the method to a two-span rigid frame is demonstrated in the example which 
follows. 

Example 4-69. In order to analyze a two-span rigid frame by the 
general method, reaction components have been removed to reduce the 
actual structure to that shown in Fig. 4-117. One step in the solutioQ 
requires that a 1 k horizontal load be applied at A and that the resulting 
deflection components, vertical and horizontal at A, and horizontal at F, 



Figure 4-117 
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be determined. Assuming that I is 400 in^ and that E is 30,000 k/in^, 
evaluate these deflection components. The conjugate structure for the 
span FJ, with elastic loads, is shown in Fig. 4-118. The upward reaction 



Figurf 4-118 


at J is found by taking moments about a jy-axis through F. This having 
been evaluated as 1.398, then, we find E'hohAh by taking moments about 
an x-axid through D as follows: 


E • = 1.398 X 15 + 2 X 0.27Q X 6.67 

+ 2 X 0.838 X 5 - 0.281 X 5 

= 31.7 (relative value), 


^DhAh — 


31.7 X 1728 
30,000 


1.83 in., 


E- 6d = shear at D = 1.117 (relative value). 
Taking moments about an .r>axi8 through F, 
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Attention is railed to the fact that in a complete analysis by the general 
method, there would l>c no particular advantage in using absolute values 
for deflections. Relative values are ordinarily used in the condition equa¬ 
tions, which are solved simultaneously to evaluate the redundant reactions. 

In the above example it was possible to consider each portion of the 
elastic load, that is, each triangle or rectangle, as a single elastic force act¬ 
ing through its centroid. This, however, cannot be done if the members 
of the frame are nonprismatic. In this latter case, it is necessary to divide 
the frame into segments, assuming that the values for M and 1 which exist 
at the center of each segment will hold throughout the entire length of 
that segment. 


Problems 

4-70. By the conjugate structure, find (see Fig. 4-120) • 

(a) The horizontal deflection component of .-1. 

(b) The rotation of D. 

(c) The rotational deflection component of A . 

(d) The horizontal deflection component of C. 

= 30,000 k/in2 [.In*.: (a) 4.35 in., (b) 0.0086 rad, (c) 0.0095 rad, 
(d) 2.07 in.l 



4-71. For the cantilever shown in Fig. 4-121 find: 

(a) The vertical deflection component of point A as caused by the 3 k vertical 
load acting alone. 

(b) The rotational deflection component of point .-1 resulting from the action 
of the 2 ft’k couple acting alone. 

Use E = 30,000 k/in®. [.Ins.; (a) 2.54 in., (b) 0.0015 rad.l 
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4r-72. Find the three deflection components of point A (see Fig. 4-122) using 
the conjugate structure. E « 30,000 k/in^. [i4ns.;A;4* = 9.3in.,AA« =» 36.4 in., 
Sa 0.089 rad.] 



Figure 4-122 


4-73. Find the horizontal deflection component of point A (see Fig. 4-123) 
as caused by the 10 k concentrated load at span center. The various moments of 
inertia are indicated on the members of the frame. E == 30,000 k/in^. [.4n«..' 
29.1 in.] 



Figure 4-123 


4-74. Find the vertical and horizontal deflection components of point A and 
the horizontal deflection component of point F of the frame of Fig. 4-117, as 
caused by a vertical load of 1 k acting down at A. [Ans..* Aa 9 A» 6.85 in., 
^AhA* * 5.14 in., AphAv ~ 2.57 in.] 
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Part 7. The WiUiot-Mohr Diagram 


4-21 General. The Williot-Mohr diagram provides an excellent inetliod 
for (leterinining the absolute displacements of the joints of articulated 
structures. The Fixmch engineer Williot developed the original idea in 
1877; ho\v(*ver, when list'd alone, his diagram is of limited value. The 
ileflt'ctions obtained by its use iiill be absolutt' only if the graphical con¬ 
struction is referred to a structural member which ri'inains fixed in direc¬ 
tion with at least one end fivetl in location during tleflection. Wlicn all 
members of a structure move, that is, either translate* or rotate* or both, 
then the Williot diagram will give relative' dellee*tions 

In 1887 Profe'Ksor Ottei Mohr, of Dre'selen, having realizc'd the pote'ntial 
value oi the Willieit diagram, as we'll as its partie*ular shortcomings, 
pulilislu'd his rotation diagram. This, e-eimbine'el with the weirk of Willieit, 
jneiviele's a me-thod wliieh is uiu'(]uale‘<l as a means for de'termining the 
alesolute displa(*eme'nts of the jeiints of artie*ulateel structures 

4-22 The Williot diagram. .\s a be'ginnmg, e*onsieli'r the small cantili'ver 
tinss show n fnll-.si/e in I'lg -1 121(a) .X'-suine* that the* .strne-tural material 
will be'huve e'lasti(*ally in spite of \(‘ry large strains, anel consider that e'ae*h 
ine'inber, e‘\e*e‘pt h<\ is straine>el one' unit, eine* unit be*ing e'eiual to one-tenth 
the* length eif the pane*] The strain foi e*ach nu'inber is written in units on 
the ske'teh eif the truss, a peisitive* sign inelieating a strain e*au.sing an in- 
iTi'ase* 111 length of the me'inber. 

We* wish te) find the de'fle'etions of all jiane*! jioints re'siilting freim the* 
inelie’ate'el .strains In the e-ase* eif the .small trie's iineli*r consiele'ration, this 
e*an e'asily be elone as shown in I'ig. -l-12Ub) Starting with the* points 
a' anel e/', elrawn in their true positieins, the ne'w lex-atiein ot c, that is, v', 
must be' elete'rinme'il first This is be‘e*anse it is the' only jeant tie*d dire‘e*tly 
to the* li.V'el peiints a anel r/ by lwe> membe'rs, nv (2) anel f/c (•}) '^I’he* nie'inbe'r 
av is first elrawn from ei' in its eiriginal ehre'ction anel le'iigth, anel the peisi- 
tive strain eif one unit is then aeleieel tei the original length of the member 
(this IS shown in Fig l-124(b) and labi'le*el “2” tei leli'iitiiy the* strain with 
its me'inbe'r). The new lucatiein of e (that is, r') must be on the are' through 
which the enel e' e>t the strame'el ine'iiiber nv, which might now be de'sig- 
iiate'el oV', will pass when the me'inbe'r is rofate'el about a' as a e'enter. A 
similar operation is tbe*n j5(*rloriiu*el with the member e/e. I’rom <V the 
member efc is elrawn in its original elire*e*tie)n anel le'iigth, anel the le'iigth is 
then de'crease'el by the amount eit the* e*onipre'ssive strain, labe*le*el in 
this e’U.se. The straineel nu'inla'i* tVv' is then rotate'el about e/' as a e*e'nter .so 
that r' .strike's an are'. Obviou.sly, the* corre’e't locatiein of e' will be* at the 
inter.sectie)n of the two arcs. 
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Haviiij^ l<><-ut(‘d wv ran now locate b\ iaasrnurh as this point is tied 
to o and r by the t^\o nirmbrrs ah (1) and 6r (4). We pror(M‘d as before, 
the ineinb(‘r ah l)eing drawn from a' in its original dm'ction and length, 
tln‘ strain 1 add(‘d, ami an arc swung Then the member eh is drawn from 
r' in its original direction and length, the compn'ssivc strain 4 is subtracted 
iroin the length, and an are is swung to intersect the are previously formed 
l»y rotating a'h' 'Fhe intersection of the two ares is the location of h\ 
Siinilarlv, and tluii c'. are located If the unstrained truss of Tig 
4 121(aJ IS superimpos'd on the deflecteil stru<‘ture of 4-124 (b), with a 
on n' and d on d', the absolute displacement of each joint can be measured 
directly. 

I’he above construction is perfectly satisfactory for the assumed small 
truss Obviously, howi'ver, a full-scale construction as demonstrated 
above would be im]>ractical for an actual structure. The strains in an 
actual structur<' are very small, and angles of rotation are so small that 
the angles and theii sines and tangents are eijual Hence a full-scale 
con.striiction would be of little value 

Williot jierceived that if exactly the same operations as jneviously 
described are performed in the .same seijuence, but on the basis of the 
ongmul lengths of all members Ixnng zero, then exactly the same informa¬ 
tion may ix* obtained from the resulting diagram. In addition, since no 
consideration need lie given to the actual .size of the structure, the analyst 
is free to clioo.se the scale of the graphical construction so as to magnify 
the strains, witli resulting increa.se in accuracy. 

Tor an illustration of the Williot construction, refer again to Tig. 
4' 124(a) Consider that, with point a held in position, the lengths of all 
members are reduceil to zero This brings all panel points, including d, 
into coincidence with o, and this point of coincidence, labeled x in Tig. 
4-12t(c), is th<‘ starting point of the Williot diagram. Each deflected 
panel point must be located by means of the .strains in two members 
intersecting at that panel point-and hav'ing their other ends at points 
which are already located. Joints a and d are fixed in position, and there¬ 
fore the deflei’ted position of c (that is, r') must first be determined, fol¬ 
lowed by h', /', and c', in that order. 

In order to locate e' in Tig. 4-124(c), draw the strain labeled “2” 
from the .starting point in the proper amount (note that the .scale of the 
strains has been doubled in 4-124(c) to giv’e a larger diagram) and parallel 
to member 2 Since a tensile strain is indicated for this menilier, e in the 
structure will move away from a, and therefore strain 2 is drawn down and 
to the right. Member '.i has a compression strain, and consequently e 
moves to the left relative to d. Strain 3 is therefore drawn to the left from 
the starting point. 

Reference to Tig-. 4-r24(b) shows that the strains 2 and 3 appear in the 
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same relative positions therein as in 4-124(c). .In Fig. 4-124(b), after 
strains 2 and 3 had been drawn, the next step was to swing arcs with the 
ends of the strained members 2 and 3, and the intersection of these arcs 
located e' in that figure. In the Williot construction, however, these arcs 
are assumed to be straight lines which are perpendicular to the original 
directions of members 2 and 3. Obviously this is a poor assumption for 
the truss under discussion, because of the very large strains, but in the 
usual practical problem it is entirely valid. Consequently, in Fig. 4-124(c) 
the arcs of 4-124(b) are replaced by perpendicular lines drawn at the ends 
of strains 2 and 3, and the intersection of these perpendiculars locates 
Note that the strains 2 and 3 and the arcs of 4-124(b) are in the same 
relative positions as the strains 2 and 3 and the perpendiculars of 
4-124(c). In (c), however, the scale has been chosen to magnify the strains 
in order to give greater accuracy. In 4-124(b) such a magnification is 
impossible without a corresponding increase in the draAvn lengths of the 
members. 

The pasition of c' having been determined in Fig. 4-124 (c), the next 
step is to draw the strains 1 and 4 from a and e' in the proper magnitude 
and direction. For example, because of the compressive strain in member 
4, the joint b will move down with respect to c, and therefore strain 4 is 
drawn down from c\ The strain in member 1 is tensile arid 6 will move 
to the right relative to a Consequently, strain 1 is drawn to the right from 
point a in 4-124 (c). The intersection of perpendiculars drawn through 
the ends of Jtheso strains in 4-124(c) will locate 6'. 

Points f' and c' are similarly found. Note that in locating c', since no 
strain exists in member 5, no strain 5 is drawn from 6' in Fig. 4-124(c). 
In spite of this, however, a line is drawn from the end of this zero strain 
(actually b') in a direction perpendicular to member 5. This, of course, 
corresponds to the arc which was swung with the end of the unstrained 
member 5 in 4-124(b). 

The deflections obtained from the Williot diagram arc always relative 
to an assumed fixed point which is located at one end of a member as¬ 
sumed fixed in direction If the point and the member are in fact fixed in 
location and direction, then the deflections are relative to an actual fixed 
point and direction, and arc absolute. 

In most cases, when the deflections obtained by the Williot diagram are 
relative, they are of little practical value. There are certain cases, how¬ 
ever, in which relative deflections are useful. For example, if the deflections 
of the joints of a symmetrical truss that is loaded symmetrically are 
required, and if the Williot diagram is referred to a center vertical member 
(if such does not exist, one may be assumed), then the resulting deflections, 
even though relative, will give the desired information. Relative deflections 
are also used in secondary stress problems. 
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l’'xAMi‘Lr, 4-7.'). riijcl tli(* vertical doflcetion of panel points c and d (.sec 
rig. 4-12.')) hy the Williot diugruin. Strains an* inarkod on the truss 
ineinbers, with a positive .sign indicating a tcn.silc strain. Con.sidcr that 
panel point <1 i.s the fi.xed iioint. The meinher dc \iill not rotate during 
deflection of the truss. 




riGuiiL 4-125 
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Example 4-7C. A camber of C in. is required at the center of the truss 
of Fig. 4-126. What increase in each top chord panel length and each end- 
post will be necessary to obtain this camber? Scale for truss 


0 10 20 .JO ft 

u t s I u n m 



Figuri: 4-1 2G 


A solution will first be complettKl to find the caml>er resulting from an 
increase of one-quarter inch in the length of each top chord member and 
each endpost. Then, by direct proportion, the required increase for a G in. 
camber will be determined. Tlie member cr will not rotate and point e is 
taken as the Axed point. 


0 25f , r --- i 



a' 


AL = 6 X = 0.71 in. (use 0.75 in.), 

0 75 

Actual camber = X 6 = 6.3G in. 
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Ex.\mple 4-77. rind the vertical and horizontal deflection components 
of joint a in the Iru.ss of hig. 4-128, as caused by the application of the 
indicated loa<ls. K — 29,000 k/in® 



I'lncni 4 12H 
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All stresses having been found, the strains in the truss members are 
computed by SL/AE. The value of A is 3 in* for all members. The re¬ 
sulting strains are marked on the members, a positive sign indicating a 
tensile strain. The Williot diagram is drawn as shown in Fig, 4-129. The 
line “dg" is taken as the line fixed in direction (as it actuall}' is) and joint 
d is taken as the fixed point. 


Problems 

4-78. What would be the sag at the center of the truss shown m Fig. 4-130 if 
all members of the lower chord were fabricated 0.25 in. too long? Assume point e 
as fixed in location and member er as fixed in direction Suggested scales: truss, 
1 in. = 30 ft; strains, 1 in. - 0.50 in. [/Ins.: 1.40 in ] 

II t s r o n m 



Figure 4-130 


4-79. Find the horizontal and vertical deflection components ol panel point 4 
for the dead load strains indicated in Fig. 4-131. Stiains are symmi'trieul. 
Assume joint 4 as fixed in location and member (74 as fixed in direction. Sug¬ 
gested scales; truss, 1 in. =- 30 ft; strains, 1 in = 0.10 in. [An«.; vertical = 
0.41 in., horizontal = 0.09 in.] 



Figure 4-131 
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4-80. An aerial conveyor tower is strained 
as indicated in Fig. 4-132. Find the hori¬ 
zontal and vertical deflection components of 
point A . The line between D and E is fixed 
in direction and length. Suggested scales: 
tower, 1 in. = 6 ft; strains, 1 in. = 0.2 in. 
I.4n.s.; horizontal = 0.74 in., vertical = 0.03 


Figurf. 4-132 


4-23 The Mohr rotation diagram. As indicated in Section 4-22, if the 
construction of the Williot diagram can be referred to a nontranslating 
end of a nonrotating member in a deflecting articulated .structure, then 
the deflections obtained from the Williot diagram will be absolute. In 
many deflecting articulated .structures, however, no such joint and mem¬ 
ber will exist. Consequently, the joint displacements obtained from the 
Williot coiKstruction will be relative to some joint and member which are 
not, in fact, fixed in position and direction. In most cases these relative 
displacenient.s, w’ith the exceptions noted in Section 4-22, are of little 
value. 

Actually, of course, the Williot diagram can be constructed with re- 
siH'ct to any assumed fixed joint located at one end of an assumed non¬ 
rotating member. For example, consider the solid-line truss of Fig. 
4-133(a). Thi.s is the same small cantilever truss, drawn full-scale, as 
shown in Fig. 4-124(a). In this case, however, the displacements of the 
truss joints are to be determined on the assumption that joint c will 
remain fixed in position and that member cf will not rotate. The distorted 
truss, indicated by long and short dashed lines in Fig. 4-133(b), is developed 
by following exactly the same pro(*edure as previously explained in con¬ 
nection with Fig. 4-124(b), except that the construction is now started 
with the joint marked c'. Starting with c', the sequence in which the joints 
are located in Fig. 4-133(b) is/', h', r', o', and d*. If the unstrained truss 
is superimposed on the strained truss, with a on a' and d on d', then the 
distance from each double-primed to the primed letter is the magnitude of 
the deflection of that joint. The unstrained truss is indicated by dot-and- 
dash lines in Fig. 4-133(b). The direction of each displacement, however, 
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(hJ 

Fiourk 4-1 3:1 


is in error by the angle between a'd* and the vertical In other words, the 
correct direction of each displacement would be obtained by rotating the 
entire figure in a clockwise direction until a'd' were vertical. This error, 
although very considerable in the construction used for this demonstra¬ 
tion, becomes insignificant if the same operation is performed with an 
actual structure. The strains in the truss members have been taken to be 
extremely large, about 0.10, so as to demonstrate satisfactorily the various 
steps in the graphical construction, and these very large strains result in 
the above error. In an actual steel truss the strains would probably not 
exceed 0.0007. 
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A full-scale construction such as shown in Fig 4-Fi.‘i(b) is practically 
impossible for an actual structure. The same information regarding the 
displacements of all joints (relative to c as fi.\ed in locution and member r/ 
as fixed in direction) may Ik' readily obtained, however, by the Williot 
diagram 'Khe solid lines m T'ig. 4-b{'i(c) show this diagram [the scale has 
bf'eii douldcd as compaml to 4 I.‘W(b)] but the information which may 
be obtained from it is (jinte useless The difficulty is due to the fa<‘f that 
the con.struction ha.s been based on ial.se a.s.sumptions, and conseinientl)' 
the indieated joint di.splacements an* not consistent with the constraints. 
The Williot diagram cannot lie rotated; obMously, then, the only alterna¬ 
tive is to rotate th<‘ unstrained structure so that its consrraints (reactions) 
are consistent ^\lth th(' indicated joint disjilacemeiits of the Williot dia¬ 
gram This, of course, was done in Fig 1 ].‘».'J{b) m tin' full-scale con¬ 
struction I’he Mohr rotation iliagrani ai'i'onipli.shes the same thing. 

To understand ^\hy the .Mohr con.struction will give the displacement 
of joints as cau.seil liy rotation of the structure, consider h'lg 4 l.‘l.'»(a) 
'i'he dot-dash truss has been rotate<i about a to th<' .sanx' pii.'^ition as in 
Fig l-l.'{d(b) Note, howeiei, that b" and r" are shown diM'clly above b 
and f, respectively, instead of being on arcs passing through b and c w'ith 
a as a c(‘nt(‘r 'Phis is be<-ause m the ca.se ol an actual structuK' the angle 
of rotation is ('xtremely .small, and, ioi all praetn‘al puipost'.s, llieK* i.s no 
hori/onlal displacement of b and r during the rotation Snnilaily, there is 
no veitical displacement of d 

.Ml joint displacements ar<‘ proportional to th<‘ length oi the radial lino 
from the joint to the center of rotation Since th(> angle ol rotation is very 
small, each joint displacement will occur in a direction pciiiendicular to 
th(' radial line to the joint If, now, in I’lg 4 FJ.ba) the li'iiglh^* of all 
members are reduced to zero, all joints ol the unrotated tiu'-" become 
coincident with a In addition, all lines of joint disjilacemeMi. mu'Ii as di/", 
cc", <r", etc , are pulled in to originate at the joint and eenter of lotation 
a These lines an* .shown in I'lg 4 l.‘).‘5{a), all drawn fioni a It the lines 
b"/". and h"c” are drawn (.showirin 1 Iddta) as .short dashed lines), 
the re.sult will Im' a scale drawing of the original truss, but lotated IK)” ironi 
its oiiginal position This small-scale drawing is the Mohr mtolion ihaqram. 

In order to be of practical value the rotation diagiain must be super- 
iniposi'd on the Williot diagram It must show the effects of a rotation of 
the niistraineil .sfructui-e about a pinned n*action joint, and this joint i« 
designated as the centi'r of rotation y in the Mohr diagram This rotation 
brings the other reaction joint into a po.sition so that the indicated abso¬ 
lute di.splaceiiient ol this other reaction joint (the di.stance from the double- 
primed to tln' .single-primed letter for that joint) will be consistent with 
the eon.straint iin]>osed by that reaction. In the case of the cantilever 
truss undiT di.scus.sioii, the structure is rotated about the center of rota- 
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tion 2 / a' in Fig. 4-133(b) so as to bring joint d into coincidence with d^ 
Therefore, a" and d" of the Mohr diagram coincide with a' and d' in Fig. 
4-133(c). The remainder of the rotation diagram is readily constructed 
by drawing each member of the Mohr truss perpendicular to the corre¬ 
sponding member of the original structure. The absolute deflection of any 
joint (except for the errors due to large strairis, as previously discussed) 
will be the distance from any double-primed letter to the corresponding 
single-primed letter. 

The above demonstration illustrates the fundamentals of the rotation 
diagram. It does not, however, indicate that two necessary principles are 
available for locating the position of the rotated reaction so os to make it 
consistent with the Williot diagram. It has been established that in the 
Mohr diagram the di.stance from the center of rotation y to any double- 
primed joint designation is the displacement of that joint due to rotation. 
This displacement will always be perpendicular to the direction of the radial 
line, in the original structure, from the center of rotation to the joint. 
Consequently, the first principle is as follow’s: 

The rotated constraint {reaction) will always he located in the Mohr dia-^ 
gram on a line drawn through the center of rotation y of the Mohr diagram in a 
direction perpendindar to the straight line joining the two extenor constraint 
{reactions) of the original structure. 

in addition to the above, the fact has also been established that after 
the Mohr rotation diagram has been superimposed on the Williot diagram, 
the line from any double-primed joint designation (in the Mohr diagram) 
to the corresponding single-primed joint designation (in the Williot dia¬ 
gram) is, in both magnitude and direction, the absolute displacement of 
the joint. C'onsequently, a line between the double-primed and single- 
primed designation for the joint at the rotated reaction must be in the 
direction of the constrained motion (if motion exists) of that joint as the 
structure deflects. If, for example, one end of a truss is on rollers, then this 
end will move along the plane of the rollers as the truss deflects under load. 
Therefore the statement of the second principle is as follows: 

The double-primed designation {in the Mohr diagram) for the joint of the 
striwture at which the rotated reaction acts will always be located on a line 
drawn through the single-primed designation {in the Willifd diagram) of the 
same joint, this line being parallel to the constrained motion of this joint as the 
structure deflects. The joints d' and d" coincide in the Williot-Mohr dia¬ 
gram of Fig. 4-133(c) because in this case there is no actual movement of 
joint d during the deflection of the structure. In other words, the line dd'* 
is of zero length. 

The application of these two principles will be demonstrated in the 
examples which follow. 
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Kxvmple 4-81. Find the vertical and horizontal deflection components 
of joints h and d in the truss indicated in FiR, 4-134. Strains in inches arc 
marked on the members. As.sume that joint a is fixed in location and 
that member ab is fixed in direction. 



Figcui. 4-134 



0 ()82 in 
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Note that h*' is located as follows: a vertical line is drawn through 
a' = y, in accordance with the first principle previously discussed. A hori¬ 
zontal line is drawn through h% in accordance with the second principle. 
The intersection of these two lines locates fc". 

Example 4-82. Find the vertical and horizontal deflection components 
of joint b (see Fig. 4-135) and the deflection of joint a resulting from the 
indicated strains. Assume that joint a is fixed in location and that member 
ab is fixed in direction. 



Figuh.^ 4-135 
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Problems 

1 -0 04Gin 

4-83. Find the horizontal and 
verth’al deflection componentv of 
point B in Fig. 4-136 Stiains are 
indicated on the members. Con¬ 
sider point A as flxed in location 
and member AB as fixed in direc- j 
tion. |/Ins.. A/i* = 0.04 in., = 

0.17 in.) 

Figure 4-136 

4-84. Deti'iinine icactions and stress»e.s graphically for the truss shown in 
Fig. 4-137 aiul compute stiaiiis in all memb<*r8, using E = 30,000 k/in^. Con¬ 
struct the Williot-Mohr diagram. Use point a a.s the fixed point and ai!> as a 
line fixed in ilirectioii. Determine thi' absolute displacement of c along the plane 
of rolleis and :ilso th(' vertical and horizontal components of the deflection of 
points. \Am Ab/, = 0.00-f in., Abv = 0.031 in., Ac = 0.022 in ] 

10 k 


FiGiuiK t-137 

4-8."). Deteiniine i(‘action.s and 
sties.ses foi the truss of Fig. 4-138. 
C'oni])ute th(' straims in all mem¬ 
bers, u.sing /*’ = 30.000 k in*. The 
cross-sectional ar<*as of the several 
tiuss members (in in*) are circlrtl 
tni the .sketch. Use point a as the 
fixed point Jiml ab as the member 
fixed III direction. Determine the 
dis])lacement of joint a and the 
horizontal and vertical deflection 
comjionents of joint r. [y4ns.: Aa = 
0..54 in., Arb = 0.11 in., Ac, 
0..64 in.) 






lO'-O lO'-O 


Fiouhi 4-138 
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Part 8. Elastic Weights Applied to Articulated Structures 

4-24 General. The concept of clastic weights was introduced in connec¬ 
tion with discussions of the conjugate beam and the conjugate stnicture. 
The structures considered therein were composed entirely of flexural 
members. Elastic weights can also be used for computing deflections of 
articulated structures. 

It will be recalled that the angle change (flexural strain) in a flexural 
member for a length ds is given by M ds/El. It will also be recalled that 
it is often convenient to divide a structure into segments having a finite 
length and to compute the angle change for each segment as M AS/EI. 
This angle change for each segment is then assumed to be concentrated at 
the center of the segment and to act as a con cent rated load at that point 
on the conjugate beam or the conjugate structure. 

In the case of articulated structures, which are analysed as though 
pinned at the joints, the angle changes actually arc concentrated at the 
joints. Consider, for example, the truss of Fig. 4-13{)(a). When the truss 
is loaded, the various members are strained. Conseciuently, the internal 
angles of the various triangles in the structure will change. Suppose we 
wish to find the resulting vertical deflection components of the bottom 
chord. It is first necessary to compute the total angle change at each 
bottom chord panel point, and thc.si' total angle (‘hanges an' then applied 
as concentrations on a conjugate beam, as .shown in Fig. 4-I.'J9(b) The 
bending moment at any section along this loaded (‘onjugate beam will be 
the vertical deflection component of the corresponding point on the truss 
bottom chord. Obviously, the only new feature in the problem under 
consideration is the method for e\'aiuuting the angle changes at the* bot¬ 
tom chord panel point> This method ^^ill be developed in the section 
which follows. 



Figuhi. 4 -lyt) 
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4-25 Ang^e changes in articulated structures. Consider the triangle 
1-2-3 in Fig. 4-140. It is required to find the changes in the three internal 
angle.s resulting from a change in length of the three sides. Initial values 
of the internal angles arc designated by .4, B, and C, and the original 
lengths of the opposing sides by a, &, and c. 



Figuri: 4-140 


As.sume that the side a is increased in length by the increment Aa, 
shown in Fig. 4-140 as the length 2-4, an exten.sion of the side a (1-2). 
The new position of joint 2, shown as point 5 in the figure, is obtained by 
drawing 4-5 perpendicular to 1-4, and 2-5 perpendicular to 2-3. The 
new position of joint 2 must be at the intersection of these two perpendic¬ 
ulars. The angle changes resulting from Aa are easily computed from Fig. 
4-140 as follows: Since Aa is very small compared to g. 




1-2 


Aa cot C 

- ■= —fa cotC 

a 


where €„ is the unit strain in the member a. Also, 


2_5 _ Aa _ _ 

2-3 6sin(’ fc.sinC 



but a — (2-0) -f- (0-1) = Pa (cote -f cot B) and thus 


5A = 4 e«(cotC -t- cotB). 
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Since the sum of the internal angles of the triangle must remain a constant 
value, 

6C = —(5B + 6A) = —Co cot 

Similarly, the angle changes caused by an inci-easc a 6 in the length of h 
are found to be 

iC = — €fcC0ti4, SA = — eftCotC, SB = +«6(cotC' cot i4). 

In like manner, for an increase Ac in the length of c, the resulting angle 
changes are: 

SA = — SB = —er cot ^4, SC ~ -I Cf (cot ^4 -f ro\B). 

Adding the three changes for each angle, we find the total angle changes 
are 

AA = (ta — tb) cote -f- (e„ — Cr) cot B, 

AB = (tb — (a) cotr + (tfc - cot A, (1-37) 

AC — (ec — tb) cot A I- (tr — tfl) cot B. 

Note that each term in the above expressions consists t)f parentheses 

enclosing the unit strain for the side opposite the angle of the computed 
change minus the unit strain for an adjacent side, and that eac*h enclosure 
is multiplied by the cotangent of the included angle. 

Example 4-86. Find the vertical deflection of points c and d of the 
truss of Fig. 4-141. Unit strains, multiplied by lO""^, are indicated on the 
various members. (This is the same as Example 4-75.) 



Figurc 4-141 
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The angle changes are computed by Eq. (4-37): 

Aocb = (€ab ~ «ac) COt COb + (Cafc — efcc) COt obc 

= (-0.400 - 0.533) 1 + (-0.400 - 0.533) 1 
^ 1.866 X 10“® rad, 

Adcb — {fbd — <cd) cot 6tfc + ^fbd — *fce) cot d6c 

-- (+0.533' - 0 533) 1 + (0.533 - 0.533) 1 = 0, 

and therefore 

Ac = Ag = -1.866 X 10“® rad, 

Abde = («fce — *bd) cot ebd + (c^, — €ed) cot bed 

= (-0.400 - 0.533) 0.816 + (-0.400 - 0.533) 0.102 
= -0.856 X 10“^ rad. 

Abdc = 0 (same substitutions as for Adcb), 

A/dc = —0.856 X 10“® rad, 

and therefore 

Ad == -1.712 X 10~®rad. 

The angle changes at c, d, and g are applied as concentrated loads on a 
conjugate beam (see Fig. 4-142): 


1 866 1 712 1 866 



Figure 4-142 


Deflection at c = 2.722 X 10“® X 240 = 0.65 in., 

Deflection at d = 2.722 X 10“® X 480 - 1.866 X 10“^ X 240 = 0.85 in. 

This method i.s particularly valuable in determining the necessary in¬ 
crease in the fabricated length of the top chord members of a truss in order 
to obtain a desired camber. Deflection components of articulated struc¬ 
tures in both the horizmtal and vertical directions may easily be found 
by applying angle changes as loads on a conjugate structure. 
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THE GENERAL METHOD 

5-1 General. The* “gtMiiTal method” for aiialyzinj; iiidoterminale htruc- 
turos, also known as the method of conniulcnt distorliomt or amtostent dm- 
placemen I it, is credited to Clerk ATaxwell, Otto Mohi, and Hemneh Miillcr- 
BrCtslau. It was Maxwell who, in 1804, first introdneed the method and 
called it a "general method ” His development was based on C’lapi'yron’s 
statement of the e(|uality between the external work of the* loads ap]>lied 
to a structure aiul the resulting internal strain ein'rgy. At the same time 
h(‘ developed his theorem of reciprocal dejlcclions As pre\ioiisly iiidieated, 
however, his presentation tvas devoid of any illustrations and was so ab¬ 
stract that It attracted little attention. 

In 1874, without any knowledge cif Maxwell’s previous w'ork, Otto 
Mohr developed the same method. His deri\ation was difTerent, however, 
for he used the eoneept of virtual w'ork Mohr also pre.sented various 
e\ain[)les illustrating the applanation of the method, including the eflfects 
of temperature variation 

In 1881), Heinrich Muller-1 Jreslau published his variation of the previ¬ 
ous work of Maxwell and Mohr The condition (Miuutions for geometrical 
coherence of a structure, as written by ]\lull(*r-Hre.slau, aiv obtained by 
superpoisition of tli.splaeement.s as cau.sed by the applied loads and in- 
di\idual redundant stre.sses and reacti(.>iis. The coefficients of these re¬ 
dundant stres.seK and reactions are the defl(*ctions due to unit stres.ses and 
ri'actions, and the.se deflections may be found by any method desired. The 
Mullei-Hre.slau vensioii of the general method will be applied to subse- 
(luent illustrative problems. 

.\s previou.sly explained in Section ii-5, the first .step in the application 
of the general methotl, as herein described, is to remove the redundant 
stre.s.ses and/or reaction components and, by so doing, to reduce or “cut 
back’’ the structure to a condition of determinateness and stability. Any 
combination of redundant stre.sses and/or reaction components may be 
removed. Deflection condition eijuations are then written, one for each 
point of applicatii'u of a r(‘dundant stre.ss or reaction component. The 
left .side of each ('(luation is a .summation of all deflection components (as 
caused by all real loads ami mlundant stresses and/or reaction com¬ 
ponents aiding on the structure) of the point of application, and in the 
direction, of one of the redundant stresses or reaction components. The 
right side of the eiiuation is the predetermined value for the sum of these 
deflection components, and is usually zero When solved simultaneously, 
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these equations will give the magnitudes and senses of the redundant 
stresses and/or reaction components. The method is quite easy to under¬ 
stand and can be most effectively demonstrated by a series of illustrative 
problems. 

5-2 Analysis of beams. The general method is not usually selected as a 
method for analyzing continuous beams if the moment of inertia is con¬ 
stant throughout individual spans, since a solution by moment distribu¬ 
tion is somewhat easier. If, however, the individual spans have varying 
moments of inertia, the general method is unsurpassed as a means of 
analysis, unless tabulated information is available regarding the stiffness 
and carry-over factors of the various spans. If this standard information 
is available, a solution by moment distribution is to be preferred. 

If the general method is to be used, the various deflection components 
may be e^-aluated either by virtual work or by the conjugate beam. Often 
the beam is divided into segments, as demonstrated for the method of 
virtual work in Example 4-40. 

Example 5-1. Determine the reaction at for the beam indicated in 
Fig. 5-1. Obtain the necessary deflection components by: 

(a) Virtual work, assuming no settlement of the support at B. 

(b) Conjugate beam, assuming a settlement in the support at B of 
0.25 in Assume that I = 200 in'* and that E = 30,000 k/in*. 



Figure 5-1 

Since the reaction at B is required, it is taken as the redundant and the 
support at B is removed. The resulting statically determinate and stable 
beam is shown in its deflected position in Fig. 5-2. If the real loads are 



Figure 5-2 
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considered to bo removed, and a single force of 1 k applied at B, the de- 
flectcd beam of Fig. 5-3 results. This illustration of the deflected beam 
might well be called the Ra deflection diagram, because the deflection of 



n 

Figure 5-3 


point B as caused by Rh will be Rb-^bb- 

(a) Since no settlement of the .support at B has been indicated in the 
example statement, the net deflection of B will be zero. Consequently, 
the deflection (’ondition Cfjuation will be 

I Ru'^bb ~ 0 

In order to find the valuer of ^b and 5bb by virtual work, it i.s con¬ 
venient to use a tabular arrangement for the moment expressions. In 
Table 5-1, ms is the moment as caused l>v a unit load acting down at 
B. This unit load is used as both a real load and a fictitious load. M 
is the moment caused by the applied loads. A moment causing tension on 
the top fibers is considered to he positive. 


Table 5-1. 


Section 

X s= 0 at 

X increasing 

M (ft-k) 

mB (ft-k) 

BC 

B 

B to C 


+x 

CA 

C 

C to A 

+(3 + x)“+2. 

+3 + X 


EIAb = J maM dx = J (-fx) 


dx 


f 


+ / [+3 + x] 

'o L 


+(3 4- xf 


+ 2x 


j di = 


+1625, 


KIBbs = f ”^Bdx = x^dx + (Z + xfdx^ + 333 . 3 . 
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The positive signs of these two deflections signify that both have the same 
sense as the unit load acting at B; that is, both are downward. The sense 
of any assumed unit load at any point must be i'onsidered to be the pos¬ 
itive sense for deflections and redundant reaction components in the 
same line of action at that point. 

Substituting in the deflection condition eciualion, after multiplying each 
term by El, yields 

1G25 + 333.3 Bn = 0, 

from which 


Rb = -4.88 k. 

The negative sign indicates that the true sense of is opposite to that 
of the unit fictitious load assumed at B; that is, Rb acts with an upward 
sense. 

(b) The conjugate beam for the simplified real beam, that is, with the 
support at B removed, is shown in Fig. 5-4(a) and (b). 



10 

2 


10 ft-k 


i 

j _ 


: - - 

1 20/3 




(b) 


Fjgubi: 5-4 
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From Fig. 5-4(a), 


El = 49 X 


^ X 7,5 = 1625, 

•5 u 




10)25 X 1728 


2(K) X 30,000 


X = 0.47 in. down. 


I'roiu Fig. 5-4(1)), 


El hitn = 


hnn ~ 


20 

50 X = 333.3, 

li 


333.3 X 1728 
200' X'30,0(X) 


= 0.096 in. down 


Tho.se vulut'H agn'o with tho.se previously found by virtual work Since 
the example .statemenl specified a .settlement of 0.25 in. at B, the condition 
ecpiation w ill he 

0.47 + 0.090 = 0.25, 


0 

^ “ O'^ -2.3 k. 

This reaction, as before, will be up. 

Example 5-2. Determine the magnitude and direction of the reactions 
at H and C (see Fig 5-5) by the general method Use the conjugate beam 
to fiinl the nece.ssary deflection components The moment of inertia is 
constant. 


C 



\ 


10 k 






5'-0 

JO'-O 

10 

'-0 


Figure 5-5 

The reactions at B and C are taken as the redundants, and conse¬ 
quently the necessary deflection condition equations are 

-f RbSbb "f Rc^bc — 0| 

f Rb^cb + Rc^cc = 0. 
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The supports at B and C having been removed, the deflected beam will be 
as shown in Fig. 5-6; the conjugate beam is shown in Fig. 5-7. 



From this conjugate beam, if we take moments at B' and C', respectively, 
£;/Afi = 500x^ + 500 X 5 = 5833, 

Ac = 150 X ^ X 15 = 16,900. 

Since, with the conjugate beam sign convention used herein, the deflec¬ 
tion of the real beam is always toward the tension side of the conjugate 
beam, both these deflections will be down. 

The 10 k load is now considered to be removed from the simplified real 
beam of Fig. 5-6 and a load of 1 k is assumed to be applied at B acting 
along the line of action of Rb- Although it is not necessary to do so, the 
author prefers to assume this unit load to have the same sense as the de¬ 
flection caused by the real load. The deflected structure is shown in 
Fig. 5-8, and the conjugate beam in Fig. 5-9. 



Figure 5-8 
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If we take moments at B' and C', respectively, 

JS;/ aBB = 50 X ^ = 333, 
icB = 50 X ^ = 833. 

These deflections are down. 

The unit load is next moved to C and the deflected beam is shown in 
Fig. 5-10. 



The conjugate beam is represented by Fig. 5-11. 



Moments at B' and C', respectively, will give 

El Bbc = 100 X 5 + 50 X ^ = 833, 
El Sec = 20 X X ^ = 2667. 
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Note that hcB — iac, wh\ch is in accordance with Maxwell’s theorem of 
reciprocal deflections. (This theorem should be used as a check on com¬ 
puted deflection components whenever possible.) 

Attention is called to the fact that the various deflection components 
must be substituted in the deflection condition equations with strict regard 
to signs. In this example all unit forces have been assumed with a down¬ 
ward sense, and downward deflections must therefore be considered as 
positive. 

Substitution of the various deflection components in the deflection 
condition equations wUl result in 

5833 + mRB + B33Rc = 0, 

16,900 -I- 833Rb + 2667Rc = 0. 

It is important to note that in writing these equations the assumption 
has necessarily been made that the redundants Rb and Rc act with the 
same sense as the unit loads assumed to act at B and C. These unit loads 
were assumed to act down. Simultaneous solution of the above equations 
will result in 


Rb = —7.53 k and Rc = —3.99 k. 

The negative signs of these answers indicate that the true sense of the re¬ 
actions is opposite to the sense of the unit loads assumed at B and C. In 
other words, Rb and Rc actually act up. 

Example 5-3. From Fig. 5-12, find and Ra directly by the general 
method. Use the method of virtual work to find the necessary deflection 
components. The moment of inertia is constant. 

|l0k 

.1 

lO'-O __lOM)__ 



Figure 5-12 


The example statement indicates that Ma and Ra are to be taken as 
the redundant reaction components. Accordingly, the support at A is 
removed. The "cut-back” structure is shown as a solid line in Fig. 5-13. 
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9.t 



Fiourk 5-13 


This arrangement appears to violate the rule that the cut-back structure 
must be stable, but actually, of course, the beam is stable for vertical 
loads. No indeterminateness exists so far as the horizontal reaction com¬ 
ponent at A is concerned. Therefore any inclined loads may be broken 
into vertical and horizontal components, and only the vertical com¬ 
ponents need be considered as loads on the cut-back beam of Fig. 5-13. 
Under the action of the 10 k load, the beam will deflect as shown by the 
dashed line in that figure. The 10 k load is then removed and a 1 k force 
is considered to act vertically at A. This force may be considered to act 
either up or down. The author indicated in the discussion of Example 
5-2 that his preference, when assuming the sense of a unit force or couple, 
is to assume it to have the same sense as the corresponding deflection of 
its point of application as caused by the real load. In order to demonstrate 
that the opposite procedure can be used equally well, the ] k force will be 



Figure 5-14 


iined to act down at A. The “Ra diagram” is shown in Fig. 5-14. 
ounterclockwise unit couple is assumed to act alone at A, the "Ai 
gram” will be as show'ii in Fig. 5-15. 



«11 


Figuri. 5-15 
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Tho deflection condition equations must express the fact that the net 
vertical deflection component and the net rotational deflection component 
of A must be zero. These equations Avill be 


“f S'aa = 0, 

f Raoaa f AIaoiaa — 0. 

It is necessary to evaluate the various deflection components in the above 
equations and the example statement has specified virtual work as the 
method to be used in this case The ^ut-back beam, with the various 
loads for which individual moment expressions must be written, is shown 


I tt 



|l0k 

^ (' 
Figuku 5-16 


in Fig. 5-l() Note that in writing these moment expressions, it is essen¬ 
tial that some arbitrary sign convention be adopted. In this case, any 
moment which will result in comjiri'ssion on the top side of the beam will 
be considered positive. Ilowevei, the opposite conv^ention could have been 
adopted without changing the results As a matter of fact, the convention 
can be reversed from section to section so long as the signs for all moments 
within each section are goveriu'd by the particular sign convention adopted 
for that section. 

In Talile 5-2, M is the moment cau.scd by the real 10 k load, mAv is 
the moment duo to the J k vertical load (either real or fictitious) at A, 
and m tw is the moment resulting from the action of the 1 ft-k couple 
(either real or fictitious) at .1, 


T \ ni.K 5-2 


Section 

r = 0 at 

z incieasing 

.]f 

_ 

rriAv 

rfUm 

AB 

.1 

1 to B 

0 

— X 

-1 

BI) 

B 

B to D 

-For 

-I-I - 10 

+ - - 1 
10 

CD 

C 

C to D 

-j-Sr 

— X 

X 

~ ib 
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By virtual work, 


-/ 


El Aa = I rriAv^I dx 


= I (t.c - I0)(4-5.r) (/.r +- I ( -?)(-f5i) J.r = -625, 
Jo Jo 


-/ 


EIBa = f dx 


- /. (♦ hi - is) <+“ * ■ 

=/ 


El Saa = (mAv) dx 




10 /-5 

2 


/. 


(-rydx+ / (- 1.1 - 10)^rf.r-f 


/<- 


xfdx 


= I 666.7, 


f 


EIoaa = / (rntm) rfr 


/„ +/„ (+ fo - +/„ (- 


Hi 34, 


AV 5.4.1 = EIoa \ ^ I(m \t){mAm) dx 


L 


1(1 ^5 / V ^ 

l-.r)(-lW/r r a i - »0) - IJdx 
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Substituting in the deflection condition equations yields 
-625 + 666.7/2^ + 83.3-iMA = 0, 
—62.5 + 83.34 + 13.34M^ = 0 

Simultaneous solution gives 


Ra = +1.6 fc and AI i — —5.3ft’k 


The positive sign for Ra indicates that it has the same sense as the unit 
load assumed to act at A, that is, a downward sense. If the unit load at A 
had been assumed with an upward sense, then the sign of the answer for 
Ra would have been negative and the indicated true sense of Ra still 
would have been down. The negative answer for AI a indicates a true sense 
opposite to that assumed for the unit couple at A , that is, the true sense 
is clockwise. 

Example 5-4. Find the internal moment at B (see Fig. 5-17) by the 
general method. Use the conjugate beam to find the necessary deflection 
components. The moment of inertia is constant. 







2 k/ft 






5'-0 I lO'-O 

15'-0 


lO'-O 


Figure 5-17 

Since Ads has been specified as the redundant, the cut-back structure 
will consist of two simple beams, as shown in Fig. 5-18. These beams will 



Figure 5-18 


deflect as indicated by the dashed lines. The conjugate beam for this 
arrangement is shown in Fig. 5-19: 
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i:i9n --- 100 X X § X f X X 10 = 127.8. 


If the real loads arc removed and unit couples arc simultaneously applied 
to the B ends of the two simple spans, they will deflect as shown in 







Figuhk 5-20 


Fig. 5-20. The conjugate beam is shown in Fig. 3-21, and from this con¬ 
jugate beam, 


1 ftk 1 ft-k 



Blaaa = §l¥ X 1 + ^ X 1] = 8.33. 


In the actual structure no relative rotational deflection actually exists 
between the two spans. Consequently, the deflection condition equation is 


9b + B’CtBR — 0 . 
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Substitution in this equation, after multiplying all terms by L'/, yields 


from Avhich 


127.8 + 8.33Mb = 0, 
Mb = — 15.3ft*k. 


Problems 

5-5. Find the reaction at C (see Fig. 5-22) using the general method. Deter¬ 
mine the various deflection components b)' virtual work, and then cheek by the 
conjugate beam. [.Ins.; 6.3 k up.) 


10 k 



Figure 5-22 


5-6. Detennine the value of the reaction at B in Fig. 5-23. (.Ins.; 3.5 k up.] 



Figure 5- 2.3 


5-7. Find the reaction at C in Fig. 5-24. [.Ins.; 3 5 k up.) 



Figuri; 5-24 


5-8. In the beam of Fig. 5-24 evaluate the external moment at A directly by 
the general method. [.4ns..* 35 ft*k counterclockwi.se.} 
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5-9. In Fig. 5-25, evaluate the reaction at A by the general method. [Am.: 
4.4 k up.l 


ftk 



jlOk 

B 





Figure 5-25 


5-10. Find momiMits at A and B (see Fig. 5-26) by the general method. Use 
the conjugate beam method to find necessary deflection components. 1 is con¬ 
stant. [Ans.; Afyt = —21.6 ft*k, = —16.9ft-k.l 



8'-0 



16'-0 


20'-0 


Figure 5-26 


5-11. Given the fixed end beam AB of Fig. 5-27, with a constant moment of 
inertia. The moment Af is applied as indicated. Using the general method, 
determine the expressions for the exterior end moments at A and B. [Ana.: M a “ 
{Mh/L^){2a — h) clockwise, Mb = (Ma/L^){2h — o) clockwise.] 



Figure 5-27 


5~3 Analysis of articulated structures. Articulated indeterminate struc¬ 
tures can lie analyzed as easily by the general method as by any other 
procedure. (An alfernate method is provided by Castigliano’s second 
theorem and will be discussed in Chapter 6.) The application of the 
general method in the analysis of articulated structures will be demon¬ 
strated by several examples. 






5-3J 


ANALYSIS OP ARTICULATED STRUCTURES 


199 


Example 5-12. Find the stress T in the member AC oi Fig. 5-28. All 
members are of steel, with cross-sectional areas of 1 in*. The structure is 
cut back to a condition of determinateness and stability by cutting AC, 
arbitrarily' selected as the redundant member. Any other member could 
have been taken as the redundant, but this would not give a direct solution 
for the stress in AC. 



Figure 5-28 


Figure 5-29 


The procedure is first to find the sense and the magnitude of the rela¬ 
tive movement of the ends of AC, at the cut, resulting from the strain in 
the other members as caused by the 10 k load. In other words, it is neces¬ 
sary to know the amount of the separation, or the slipping past each other, 
of the cut ends of the redundant member. This relative movement is 
evaluated by virtual work, and thus a pair of unit fictitious tensile forces 
are applied at the two cut ends. Figure 5-29 shows these unit fictitious 
forces in position. 

By virtual work. 


uSL 

Acut = 


where S is the stress in any member caused by the real 10 k load and u 
is the stress in the same member caused by the pair of unit fictitious tensile 
forces. It will also be necessary to know the relative movement of the cut 
ends as caused by a pair of unit tensile real forces acting on the cut ends 
in the same manner as the fictitious forces shown in Fig. 5-29. This separa¬ 
tion would be given by 


icttt — 


u^L 

AE 
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III the actual structure the stress T in the redundant AC must be of 
sufficient magnitude to prevent any separation of the cut ends. The 
proper deflection condition equation is therefore 

Acut 4" T'ieut = 0. 

The two deflection components required can most easily be evaluated 
by an arrangement as shown in Table 5-3. 


Table 5-3. 


Member 

Stress-S 

(k) 

u 

(k) 

L 

(ft) 

vSL 

u^L 

AB 

+10 

-0.8 

8 

-64 

5.12 

BC 

+7.5 

-0.6 

6 

-27 

2.16 

AD 

0 

-0.6 

6 

0 

2.16 

BI) 

— 12.5 

41.0 

10 

— 125 

10.00 

AC 

0 

+1.0 

10 

0 

10.00 


-216 

+29.44 


(Since A and K an* constant for the structure, they have been omitted 
from the tabic.) From this table, 

.l/i’Acut = -216 and AEh^t = +29.44. 

If the deflection condition equation is multiplied through by AE^ the 
above values may be substituted and the result is 

-216 + 29.447’ = 0, 

from which 

T = +7.3 k. 


The positive sign indicates that the redundant stress T has the same sense 
as the I k forces assumed as acting on the ends adjacent to the cut, that 
is, a sense* that will cause tension in the redundant. 

Particular attention is called to the fact that unit fictitious compressive 
forces could have l3een assumed just as properly. The author prefers, 
however, to as.sume tensile fictitious forces for the reason that, in all prob¬ 
lems ni this text involving stresses in articulated structures, a positive 
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sign has arbitrarily been used to designate a tensile axial stress in a member 
and a negative sign to indicate a compressive axial stress. When we solve 
for redundant stresses or reactions by the general method, a positive sign 
of an answer indicates that the particular redundant which the answer 
defines acts with the same sense as the unit fiditious action, which was 
previously assumed to act at the point of application of the redundant. 
Therefore, if unit fictitious tensile forces are always assumed as acting on 
the cut ends of a redundant member of an articulated structure, a positive 
answer for the stress in that redundant automatically signifies a tensile 
stress. 

Example 5-13. From Fig. 5-30 find the stresses Ta in member a, and 
Td in member d, by the general method Cross-sectional areas and the 
cantilever moment of inertia are shown in the illustration. I'J is constant 
at 30,000 k/in^ 



Figurl 5-30 


Assume that members a and d are cut. The structure is thus reduced 
to stable determinatencss. If, while the 20 k load is acting on the structure, 
forces of magnitude Ta act on the two ends of a adjactmt to the cut in a, 
and, at the same time, forces of magnitude Td act on the two ends of d 
adjacent to the cut in d, then no relative movement of the two cut ends 
of a or of d can occur. The two defection condition equations necessary 
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for a solution are written to express zero relative movement of the ends 
adjacent to the two cuts. These are > 

Ta‘ 6a Td • Bad — 0, 

Xl 1- Ta • Sda -h Td‘ Bdd — 0, 

L 

where A„ and A,( represent relative movements of the cut ends of n‘‘embers 
a and d, respectively, as caused by the real loads of 20 k and as sho 
I*'ig. .'i-.Sl. If 1 k forcc.s are as.sumed to act on the cut ends of membe/ 

.so a.s to cause tension in that member, as in I'ig. 5-32, then the relative 
movement of the cut ends of a is repre-sented by Saa and the simultaneou s 
relati\'e movement of the cut ends of d is represented by Sda- If, as in Fi'g- 
0-33, 1 k forces are assumed to act on the cut ends of member d, the re'na¬ 
tive movement of the cut ends of this member is represented by Sdd 
the simultaneous relative movement of the cut ends of member a is re pr®" 
sented by Sad. 


AE 


Figuri; 5-31 

c 

The cut-back structure, deflected by the 20k load, is shown' i>‘ 

5-31. Unit fictitious forces, considered in the deflection computafR|ioDs I® 
act as necessary, are shown in position adjacent to each of the cut.!* 
incnts and axial-stre.sses cau.sed by the real load arc represented- 
general expressions for deflection by .1/ and S, re.spectively. Either ^ both 
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of these may be zero in the various parts of the structure. Moments and 
axial stresses as caused by the unit forces on the cut ends of member a 
are represented by wio and respectively, and as caused by the unit 
forces on the cut ends of member d, by ma and wj. The expressions for the 
relative deflections of the cut ends, as caused by the real load of 20 k, are 

. = FE«.ff = 0 + 0, 

_ f M dx Y' n I V* 

rf — y +- «r/ — = 0 jLu iij -|- 



If unit real loads are applied to the cut ends of member a, the structure 
will deflect as shown in Fig. 5-32. The unit fictitious forces, shown in 
Fig. 5-31, are again considered to act in Fig. 5-32 as required for the 
computation of deflections. The relative deflections of the cut ends of 


members a and d are given by 

E Saa — j 

/ 2dx , 2 E 

1 J “1“ t 

E Sda = 

j 

mama ^ 4* ^ ~ ^ + ^UdV'a ^ 
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If unit real loads are applied to the cut ends of member d, the stmeture 
will deflect as shown in Fig. 5-33. 



The unit fictitious forces of Fig 5-31 are again considered to act as 
necessary. The relative deflections of the cut ends of members d and a 
arc given by 



The terms in the above expressions for deflection, which do not involve a 
moment, are mo.st easily e\'aluatod by an arrangement of computations 
as shown in Tables 5-1 and 5-5 
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Table 5-4. 


Member 

L (ft) 

A (in2) 

L/A 

_ 

S{k) 

Ua (k) 

wj (k) 

a 

12 

2 

6 

0 

+1 

0 

( 

14.14 

2 

7.07 

o' 

-1.414 

+1.414 

c 

10 

3 

3.33 

0 

+1.0 

-1 0 

d 

10 

2 

5 

0 

0 

-t 10 

e 

10 

3 

3.33 

-i20 

0 

-~1.0 

f 

14.14 

4 

3.54 

-28 28 

0 

+ 1.414 


Table 5-5. 


Member 

SL 

ua 


.A 

L 

a 


. 

— 

— 

b 

— 

H4.14 

-1 14 14 

-14.14 

c 

-- 

t 3.33 

+3..33 

-3.33 

d 

-- 

— 

-j 5.00 

— 

c 

-GO.O 

— 

\ 3.33 

-- 

f 

-141.8 

— 

+7.08 


V 

-20S 1 

j 23.47 

-t 32.88 

-17.47 


/ 



dx 

T 



8000 X 144 


1280 


Note that the uso of the iminher 144 in the numerator above is to adjust 
the iinit.s of the answer obtained by integration to be the same as the units 
of tlic summations in Table 5-5 


A’ Ban 



M280 I 28 = +1303. 
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Substituting in the two deflection condition equations, after multiplsdng 
all terms by E, yields 

0.0 + 1303ra - 17.477’d = 0, 

-208.4 17.477’a + 32.887^ = 0. 

Simultaneous solution of these two equations will give 

r« = 4-0.09 k, 

Td = +6.4 k. 

Example 6-14. Outline the analysis for the reaction at B (see Fig. 6-34) 
and the stresses in the redundant bars a, 6, and c, by the general method. 



Figure 5-34 


The structure is cut back and, under the action of the real loads, will de¬ 
flect to give the various deflection components shown in Fig. 6-35. The 
dashed lines represent members in the deflected truss. 



Figure 5-35 


The expressions for the deflection components are 

, Aa = ~AE ’ 

A6 = ■ 


(5-1) 
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If we assume that a pair of 1 k forces act on the ends of member a adjacent 
to the cut, the relative movements of cut ends in members a, b, and c, and 
the deflection at B resulting therefrom, will be 


L 


A _ V ^ J±. 

®oa ^ 


(5-2) 


^ha b^a ^ea f 1 /a ^ — 0. 


k. 

AE 


Transferring the pair of 1 k forces to the cut ends of member h yields the 
following deflections: 


^Rb = 


_L 

AE 


^bb = 


_L 

AE 


(5-3) 


deflections are 


^UnUe 


L 

AE 

- 0, 

6e6 ■ 

a^^cUb y^J^ 

• 

■t on 

the c 

ut ends 

of member c, 

the resulting 

L 

AE 


6rc 

'sp 2 L 

- 4^;. 






(5-4) 

L 

AE 

-- 0, 

hr 


• 


Finally, if a 1 k force is considered to act down at B, the deflections are 




R 


AE* 
L 


(•■i-S) 


^hR — ^ j nb?//> > ^eR g 


All the above deflection components having been evahiated, they arc 
substituted in the following deflection condition equations: 

Aa -f Tfl 5aa -f Tfc • 6a h ( Tt • 6a t + /f u ■ iaR = 0, 

Ab -f Ta' Sba ■} 7’j, 6b6 + T r • 6bf + Er’ i'bR — 0, ()-G) 

Ar -}- Ta 6ra i Tb 6,.b 1 Tg' S^f ; Eg ■ 6fB = 0, 


Ab + Ta • 6Bft I- Tb ■ 6Bb + 7', • 6 bc + Eg' Sgg = 0. 
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The simultaneous solution of these equations will give the desired values 
of the redundants. 

The solution of simultaneous equations often causes some difficulty. 
Various methods are available, as, for example, iteration or determinants. 
Each of these, in certain cases, may be used to advantage, but in other 
cases may cause considerable difficulty. The following simple tabular 
method will usually, however, give the desired solution with the minimum 
chance of error. 

To illustrate, consider the following equations; 

(1) 2x 4- 3y — 2 — 15 = 0, 

(2) 3x — 2j/ -{- 42 — 2 = 0, 

(3) * - 5i/ - 22 + 20 = 0. 

These equations are entered and solved simultaneously in Table 5-6. 


Table 5-6. 


Equa¬ 

tion 

Operation 

X 

y 

2 

Con¬ 

stant 

Check 

equation 

Check 

operation 

(1) 


42 

+3 

-1 

-15 

— 11 


(2) 


4*3 

—2 

+4 

-2 

+3 


(3) 


4-1 

-5 

-2 

+20 

-i 14 


(4) 

4(1) 4- (2) 

4-11 

+10 

Bj 

-62 

-41 

-41 

ll^l 

(2) 4- 2(3) 

4-5 

-12 

B 

+ 38 

+31 

+31 

(6) 

1.2(4) + (5) 

+18.2 

m 

B 

-36.4 

—18.2 

— 18.2 


The value entered in the “Check eiiuation” column is the algebraic 
.summation of the coefficients and the constant term for each equation. 
The ways by which previously obtained e(]uations are combined to obtain 
new 0 (iuutions with a reduced number of terms is indicated in the column 
entitkHl “Operation ” Each operation i.s checked immediately by compar¬ 
ing the value in the “C’heck O(|uation” column with the value in the 
“Check operation” column. If the values arc equal, no error has been 
made in the execution of the corrt'sponding operation. The entry in the 
“Check operation" column is obtained by performing the indicated opera¬ 
tion on corresponding values in the “Check equation” column. For ex- 
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ample, to check equation (4), the coefficients of x and y and the constant 
term are added algebraically and the number —41 is entered in the "Check 
equation” column. Then the indicated operation, specifically, 4(1) + (2), 
is performed on the “Check eciuation” values for equations (1) and (2). 
The result is 4(—11) + 3 = —41. This value is entered in the “Check 
equation” column opposite equation (4), and the new equation is correct 
except for possible compensating errors. 

Solving equation (G), the result is 

X = 42 . 

The nbovc result should be substituted in both equations (4) and (5) to 
determine if the same value of ij is obtained from each. In this ease, y = 
44. Finally, the values of x and // should be substituted in equations (1), 
(2), and (3) to be certain that the same value of z will result from each of 
these. The value of z in this problem i.s 1. 

The advantage of this method for solving simultaneous e(|uations is that 
each operation is checked immediately after it is performed and, pre¬ 
sumably, any errors are immetliately detected. A computing machine 
should be used for best results, although a computing machine will not, 
of coui'se, give greater accuracy than can be justified by the accuracy of 
th<‘ numbers used in writing the simultaneous eciuations. In the preceding 
illustrative solution, all coefficient:, and constant terms of the initial equa¬ 
tions a!» assumtxl to be exact; that is, an approximate number was not 
rounded off to obtain co<‘fficienls or con.stant terms. In most cases in 
practice, of coupc, these will he approximate numbers. A brief review of 
the few principle’s involved in determining the accuracy of tlie results of 
computations involving approximate numf)ers might be helpful 

The reader is probably aware that any numlier is compo.se<l of digits, a 
digit being any one of the ten Arabic numerals. Each digit in a number, 
unless it is used solely to indicate the location of the decimal point, is a 
significant digit or figure. Conse(|Ucntly, the digits 1 through 9 are always 
significant. The digit 0 is significant il it appears in a number between 
any two of the digits 1 through 9, or if it appears to the riglit of the deinmai 
point at the end of a number Consider, for example, the following num¬ 
bers. (a) 320G, (b) 0 032(), (c) 32 OG, (d) 32 (iO, and (e) 32,G0(). In (a) 
there are four significant figures; in (b) the last three digits are significant; 
(c) has four significant figures, and in (d) there are four significant figures. 
In (e) tiie two zeros may or may irot be significant. Actually, from the 
way the n'linlxT is written, it is impossible to determine whether it is 
accurate to the iK'airst unit, or ten units, or one hundred units. Most 
rc’aders probalily would assume that the two zeros serve to indicate the 
position of the decimal point and are not significant. If the ambiguity is 
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to be completely removed, the luimhcT should he expressed in powers of 
ten or with sithdigits. Thus, .‘>2 000 X 10'^ definitely means that all five 
digits are significant or .'}20oo d<*finitely indicates that the la.st two digits 
are uncertain. 

Approximate' numhers are roumlod off to reduce the number of signifi- 
<*ant figures in accordance uith the following rule Jf the digits to be 
dropped repre.si'nf a value* le.ss than .'5 in the fust discanled place, the digit 
in the* la.st n'tained place is not changed; if tht'V represent a value greater 
than .’), the* eligit in tin* last retained plae‘(‘ is mcre!i.sed by one; if the por¬ 
tion to be elropped is .’> followed by zeros, the* digit in the last retained 
plae-e .shoulel have the* ne*are.st e*ve*n value In ace*ordanee* with this rule, 
and loundmg to three signifie-ant figures, 

47 .‘{.■)2 w'lll be wriiten as 47 4 , 

17 ooO w ill be wTittf'ii as 17 4, 

17. l.>() W'lll be written as 47 1, 

47.;14!) will be wntt(*n as 17 .‘5 

In ue-corelaiice with the* last jiaragraph above, the* appreiximate number 
.‘{200 may have an actual value* from anei ine-ludmg .'120.).') up to and 
ine'Iudmg 1)200 The* appreixmuite* mimbe*i 0 0.{2(‘> mav have* a true value 
from aiul mcluelmg 0 0‘{2.”).') up to and me*ludmg 0 0^20.') The* true value 
of .')20.~) might be anvtlung fioin, but not inclmhiig, .'1201 .'i u;) to, i)ut not 
ine-luehng, .■{2().').) 

\Vhe*n two e>r meire* numbers are multiplied together, the ae-curacy of the 
proeluct. that is, the iiumbe*! of signihe*anf figui(*s in the pioduct, i*an lie 
no gre'atet than the* lexist ae-curate* of any one ot the* iiuinbeTs 'rims, to 
write* that 

;i2 7;5() X I 421 -- 10 .')I7S.')0 

is incorrect be'cauM* an ai‘i*urae‘y is impli(*(i which does not (*\isl 'flie aii- 
swi*i .shouM be* writte*!! as 40 ."iJ 'I'he* .same lule* apphe*s to division of 
ajiproximate* numbcis, to roots, and to powe*rs d'o illustiate*, .se’veral 
e>pe*rations are* ineliealevl be'low with the* ineairrect and corre'ct form eif the 
an.sw (*r 


Incoiicct 

21 072 - I'5 7!» I 7N'.)I22.') 

17(i' .I. lol7i) 

\ 47 2S It S7001 


('oi rect 

I 7S;) 

."t.l.'iO.IMM) OI .'-)!.'■) I0‘ 

- It S70 
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When two or more approximate numbers are to be added or subtracted, 
the precision, that is, the number of significant figures to the right of the 
decimal point, must be considered. The sum of two or more approximate 
numbers, or the difference between two approximate numbers, is not 
correct to more places to the right of the decimal than the least precise 
of the numbers added or subtracted. 

Thus, for the following, 


17.623 

298,1 

47.29 

363.Q13 


Answer = 363.0, 

or the extra digits to the right of the decimal may be dropped before add¬ 
ing, to give 

17.0 

298.1 

47.3 

363.0 

The accuracy of the Rnal results obtained from simultaneous equations 
may be determined by applying the above rules to each step of the solution. 


Problems 

6-15. Find the reaction at E (sec Fig. 5-36) and the stress in the redundant 
BC by the general method. All members have cross-sectional areas of 4 in^ and 
E is 30,000 k/in^. (4ns.; Rb = 2.8 k up, BC = 5.3 k compression.] 



Figure 5-36 



THi: (;i;ni:i{al mktiioi) 


(citAP. 3 
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5-I(> Find the stivs-^os in the mlundants BC and BB of Fir. 5-37 by the 
Roiicral iiK’tliod. Tlic (•]■os.^-s('<•til»nal amis oi tlu' \aiions nii'minns, ui iii", arc* 
shown (‘inled on till*illustiution ■ BC = 21 2k coinpn'ssion, BK = lS.3k 

t(‘nsion.] 


♦0 k A H 





Ficuiti. 5 37 

5 17 Find the sii*''.'- in meinher CB ol Fig. 5-38. The eantilc'ver learn is 
a'"iimed to he aluiiiiiiuiii, willi A’ = 10,000 k/in“, the veitieal CD is a wire 
rope, with A’ - 20,000 k in-', and ineinh(‘is .1C’ and BC aie steel, witli 7*7 = 
30.000 k in^ ('inv>,.M‘( 1n)n:il ai(*:is and the 1 of the beain aie noted on the 
illii'-tiation \Any.CD - 0 .54 k tension ] 



I'n.i Id .5 oS 


X<>ti’ that addittmial aitnnl.ited stnntnie'.. wlneh ni.iy In* >.(ilved by the 
geneial inetliod. ai<' nu hided ill t'li.iptei 0 
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S-4 Analysis of continuous frames. The gen#al method probably 
would never be selected for the analysis of a multi-story continuous frame. 
A solution can be more easily effected liy moment distribution or by slope 
deflection. If, however, the saalysis concerns a single-story continuous 
frame, either single or multiple bay, a combination of the conjugate struc¬ 
ture and the general method will be found to be very effective. This is 
especially true when the final members of the frame have varying moments 
of inertia, since the effects of progre.ssively varying member sizes, as the 
design proceeds, can be easily introduced by making adjustments to the 
first analysis. The method can also be used to advantage in the case of 
single-bay, single-stoiy frames of unusual shape. 

Example 5-18. Find values for the horizontal and vertical reaction 
components at A (see Fig. 5-39) by the general method. Use virtual work 
to find the deflections. 



Figurk 5-39 


The structure is cut back as shown in Fig. 5-40. Unit loads, considered 
to be either real or fictitious as required, and assumed to act simul¬ 
taneously with the real load or with each other as necessary, are shown 
at A of this figure. The various moments existing in the cut-back struc- 



tu 


Figure 5-40 
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turc due to the scverji loud» arc shown in Table 5-7. A moment causing 
tension on the outside of the frame is considered to be positive. 


Table 5-7. 


Section 

2 = 0 at 

X increasing 

M (ft-k) 

mh (ft*k) 

m, (ft'k) 

.IZ? 

.1 

.1 to B 

— 

~\-x 


HD 

B 

B to D 

— 

+10 

—I 

DC 

n 

DtoC 

+ 2 O 1 

+10 

1 

-5-1 


The deflection condition eciuations arc 


Aa -{■ HShh VShv ~ 0, 

A,. HSvh 4" y^vv = 0. 


(5-7a) 


By virtual ^^ork, 


£ = / m^M -f = (■M0)(+2at) :^ = +5 25, 

/ riS 

= (-5 - i)(+20i) ^ = -84.38, 

a hH = /“” T = /, ^ m'^L 


2 ^ 
400 




= -|-0.G(i7, 
- ] 


-I 


„ ^ *’^”400 ^/o ^ ® ■^^^OO 


+C.C07, 


E b,k = A’ hr = jmumj- = ( i-10)(-a:) 


dx 

400 


/. 


15 


+ / (+10)(-5 - a:) ^ = -5.00. 
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Multiplying each term of the condition equations by E and substituting 
the above values yields 

+50.25 + 6.667^ - 5.00V = 0, 


-84 38 - 5.00iy + 6.667F = 0. 


(5~7b) 


A simultaneous solution will result in 


H = +2.4 k and 7 = +14.5 k. 

The positive signs of the answers indicate that the true sense of ^^nd of 
T' is the same as the corresponding 1 k loads assumed at A. 

Ex.vmple 5-19. iMiid the horizontal, vertical, and moment reaction 
components at A (see l''ig. 5-41) by the general method. Use the conjugate 
structure for finding deflection components. Moment of inertia is constant. 
Draw the moment diagram, showing all ordinates on the tension side of 
members. 




I'-O , 15'-0 



Figure 5-41 

The .structure is cut l^uck by removing the support at A. The re¬ 
quired deflection condiiioii cejuations express the fact that, under the 
action of the 20 k load and the three reaction components at A, the net 
horizontal, vertical, and rotational deflections at A must be zero. These 
equations are 

Ah -f II Shh -f V Shv + M S'hm =- 0, 

A, -I- II -t- V + M = 0, (5-8a) 

6 ‘h llotmh "I" 1 Qfmo + — 0. 




In the coinpul lit ions whic h follow, rolaling to Fig. .'i- 42 and the next three 
conjugate structures, the \alue.s ol the various clastic- loads have, for 
convenience, been divided by 1000. 

K1 A/. - 2 25 X 20 ] G X 10 -- +105, 

HI A,. - 2.25 X 15 I G X 20 = +155 75, 

JCle -■ 2 25 t G --- +8 25. 

If a 1 k horizontal force is assumed to act alone and to the right at A, 
the conjugate structure of I’ig 5-43 result.s. 



I'liiURi: 5-43 
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The deflection coinpoiu'iits of -1 are found to he: 

EHhh -- 2 X 0 2 X § X 20 + 0 4 X 20 ■-= |-i:i 8;{. 
Elb.h = 0 4 X 10 -f 0.2 X 20 -- I 8.00, 

EIa'„,h = 2 X 0.2 + 0.4 = -I 0.80. 


With a 1 k force acting down at A, the conjugate structure will be as 
shown in Fig. 5-44 



Fioofti: r)-41 


From thi.s structure, 


/•75a, - 0 2 X 20 I 0 l X 10 = t 8.00, 

Klh ,, - 0 2 X X 20 f 0 4 X 20 - +10 (.7, 
7i7a;„, ^02 f 04 -- -1-0(10 


1 iiially, if a 1 ft-k counterclo»‘kwise ^ ouple acts alone at .4, the re.siilling 


conjugate ^tiiK'tiire will he a"' shown in k'lg 


5-45. From thi.s struciure, llie 



Fioinir. .5 4.S 
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deflection components of point A are found to be 

= 2 X 0.02 X 10 + 0.02 X 20 = +0.80, 

E/S'„„ = 0.02 X 20 + 0.02 X 10 = +0.G0, 

E/a„„ = 3 X 0 02 = +0.00. 

Note that Maxwell's reciprocal deflection theorem may be used to check 
several of the above values. 

Substitution in the deflection condition equations, after all terms have 
been multiplied by El, yfelds 

+ 105 + 13 33// + 8.00F + 0.80M = 0, 

+ 153.75 + 8 00// + 10.07 F + 0.60A/ = 0, (5-8b) 

+ 8.25 + 0.80// + 0.60F + O.OOil/ = 0. 

Simultaneous solution will result in 

// = +1.9 k, F =- -15!3k, M = -9.6 ft k 

The positive sign in the first answer above indicates that H actually acts 
with the same sense as the 1 k horizontal force assumed at A. The nega¬ 
tive signs for F and M indicate that each is actually opposite in sense to 
the vertical 1 k force and the 1 ft-k couple assumed at A. The bending 
moment diagram is shown in Fig. 5-40. 



Example 5-20. Determine the magnitudes and senses of the horizontal, 
vertical, and moment reaction components at A (see Fig. 5-47) by the 
general method Use the conjugate structure to find deflections. 
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The rut-back structure is shown in Fig. 5-48, with the assumed senses 
of the unit forces and couple acting at A. 



The required deflection condition equations are 

A* f HSu. + Vh, + ■'WSL = 0. 

A. + Ht,^ r I’5„ f = 0, (5^) 

9 + + Vc,'„, + Ma„„ = 0. 

The deflection components of point A as caused by the real loads are com¬ 
puted from Fig. 5-f9: 
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5-iJ 


For the 1 k vertical force at A, 



EBhv = 0.125 X 11 54 4- (0.200 + 0.200) 17.32 + 1.00 X 8.G6 

+ O.ICO X 5.77 - +17.99. 


0.125 X C.G7 + 0.200 (20.00 1 23.3.3) + 1.00 X 35.00 
+ 0.1 GG X 3G.G7 = f 50.59, 


Ea'^„ = 0.125 f 0.200 + 0.200 + O.IGG + 1.000 = +1.C91. 


1.00 

0.106 


With a 1 ft*k oouiiterclockwi.sc couple acting at A on the cut-back struc- 
tuie (see Fig. 5-52), 
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- 6 ^ 1 ' = «“*=• 


1 ftk 


+0.025 X 8.06 + 0.020 X 17.32 + 0.033 X 8.66 = +0.85, 
+0.025 X 5.0 + 0.020 X 20.0 + 0.033 X 35.0 = +1.68, 


+0.025 + 0.020 + 0.033 = +0.078. 
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When all terms of the deflection condition ('(|u:itions Imvc been mttlti> 
plied hy.E, a substitution of the above values and a sub.se(|ucnt dnuil- 
taneous solution Avill giA'C 


/i = -M3.5k, r---l()8k, .W - 20.5 ft-k. 


Example 5-21. Find the reaction components at .1 in the stepped- 
column gable bent (see Fig. 5- 5.'1) as caused by the indicated eccentrio 
crane loads. Use the eonjugate structure with the general method Note 
that, as indicated on the illustration, the momebt of inertia oi tlu' heavy 
lower column section is five times the moment of inertia of the ri'inainder 
of the bent 

The cut-back structure, with equivalent real moments applied and A\ilh 
the assumed unit forces and couple at .4, is shoAvn in Fig. 5-54. The con¬ 
dition eipiations again express the fact that no deflection Avill occur st *1. 



As in Examples 5-19 and 5-20, these equations are 

A^-\- H -f Af = 0, 

A, + ^ 0, (5-10) 

e + f yct'nv + = 0- 


The conjugate structure for evaluating the deflection components of .4 
on the cut-back structure due to the two real couples Is shown in I'lg 5-55: 



Figuki. 5-56 


tJ 6 hh 2(10 X i:i f 200 X 25.00 + 50 X 26.67 -f 948.6 X 35.00 

f 158 1 X 36.67) - 4 91,730, 

ES,k ^ {2 X 158.1 + 2 X 5)48.6)30 f 60(50 + 200 + 40) = H-83,8C 
EaUh =■ 2(40 + 200 + 50 ! 5)48 6 f 158.1) = +2793. 

For the I k vertical force actiii}^ up at A (sec Fig. 5-57), 




























Figuri: 5-57 


E Shv = 474.3 X 36.G7 i 948 (i X 35 4- 474.3 X 33.33 + GOO X 2; 

+ 240 X 10 = +83 800 

E 8, 474.3 X 20 f 948.G X 45 + 474.3 X 50 + G0(G00 + 240) 
= +12G 290. 

Eainv = 474.3 + 948.6 + 474.3 -f- GOO 4- 240 = 4 2737 
For the 1 ft*k counterclockwise couple acting at .4 (sec Fig. 5-58), 
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E ikm = 2(4 X 10 + 10 X 25 + 31.62 X 35) = +2793, 

. ^ aU * 2 X 31.62 X 30 + (10 + 4)60 = 4-2737* 

Eatmm = 2(4 + 10 + 31.62) = +91.24. 

When all terms of the condition equations have been multiplied by E, 
the above values are substituted therein and a subsequent simultaneous 
solution will give the following answers: 

H = -8.14 k, 7 = -0.33 k, M = -63.7 ft-k. 

Example 5-22. It is required to design a two-span continuous rigid 
frame to support a uniform live load of 2 k/ft on the horizontal projecticm 
(see Fig. 5-59). The frame, as ultimately designed, will have a varying 


C ^ 



moment of inertia. The required variations of the moments of inertia are 
unknown and, consequently, a first analysis is to be made on the assump¬ 
tion of a uniform moment of inertia. The results of this first analysis will 
be used to proportion the first trial frame with nonprismatic members. 

The frame is first cut back to a statically determinate structure as shown 
in Fig. 5-60. Deflections caused by the 2 k/ft load are as shown by the 
dotted outline and as labeled. There are 1 k forces applied individually 
and successively at A, first horizontally and then vertically, and then 
horizontally at E. These loads, and the resulting deflections, are shown 
in Fig. 5-61 (a), (b), and (c). 
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The three required deflection condition equations state that in the actual 
loaded structure the horizontal deflection at A, the vertical deflection at 
A, and the horizontal deflection at E are zero when the redundant reac¬ 
tions Ha, Va, and He are acting. These redundant reactions necessarily 
are assumed to act in the same direction as the unit forces shown in 
Fig. 5-61. The three condition equations arc 


Ha ^AhAh yA ^Ahiv + He BAhEh + AaH = 0, 

Ha ^AvAh 4- Va ^AvAr 4- He ^AvEh 4 — 0, (5-11) 

Ha ^EhAh -i- VA iEhAv 4- He BEhEh 4- Ash — 0. 

Since the frame as finally designed will be (*omposed of members with 

varying moments of inertia, it is advisable to divide the structure into 
segments (see Fig. 5-62). The segments in the columns are 5 ft long and, 



in the sloping girders, 5.59 ft long. Note that if the frame were to be 
fabricated with prismatic members, the use of segments would entail a 
great deal of unnecessary computation. It would be much easier, in this 
case, to consider the entire elasti(‘ load for each member as a .single con¬ 
centration acting through the centroid of the elastic load on that member. 

The bending moments at the centers of the girder segments resulting 
from the 2 k/ft load acting on the determinate stnicture of Fig. 5-60 are 
shown in Table 5-8, as well as the relative values of the elastic weights of 
thc-'C sf'cmcni'' Mctn.-il v;ilne of the cla.'stic weight for c’:ieh segment 

would be M where M is the moment at the centci of each srgmenl, 

AS is the segment length, I is the moment of inertia at the center of each 
segment, and E is the modulus of elasticity. Since, in the present case, E 
and / are constant, the elastic load can be used as the relative value M AS. 
The vertical reaction at E in Fig. 5-(K) is 160 k. 
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Segment 





Xa 

. 1 / - 

2 

0_2 

Jl/ = ~ - 160(i^ - 40) 

AS 

MAS 

2.5 

6.25 


5.59 

35 

7.5 

56.25 



314 

12.5 

156.25 



873 

17.5 

306.25 



1712 

22.5 

506.25 



8230 

27.5 

756.25 



4227 

32.5 

1056.25 



5904 

37.5 

1406.25 



7861 

42.5 

1 

1806.25 - 400 * 1406.25 


7861 

47.5 


2256.25 - 1200 = 1056.25 


5904 

52.5 


2756.25 - 2000 = 756.25 


4227 

57.5 


3306.25 - 2800 = 506.25 



62.5 


3906.25 - 3600 = 306.25 


1712 

67.5 


4556.25 - 4400 * 156.25 


873 

72.5 


5256.25 - 5200 = 56.25 


314 

77.5 


6006.25 - 6000 = 6.25 


35 

__ .1 



Table 5-9. 


Seg¬ 

ment 

•* y/f 

Ve 

MAS 

M AS • Xa 

M AS • ys 

MASiya - 15) 

11' 

2.5 

16.25 

7,861 

19,653 

127,741 

9,826 


7.5 

18.75 


44,280 

110,700 

22,140 

9' 

12 5 

21 25 

4,227 

52,837 

89,824 

26,418 

8' 

17 5 

23.75 

2,830 

49,525 

67,212 

24,762 

7' 

22.5 

23 75 

1,712 


40,660 

1’4,980 

6' 

27.5 

21.25 

873 


18,551 

5,456 

5 ' 

32.5 

18.75 

314 


5,887 

1,177 

4' 

! 

37.5 

16.25 

35 

1,312 

568 

44 

\ 



23,756 

240,339 

461,143 

104,803 


'>4rt 

- 0008, Aeh - +401,143, 
Adh = 104,803 + 6008 X 15 = +194,923, 
do = 23,750 - 6008 = +17,748. 
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The conjugate structure for span EH of Fig. 5-60, shown in Fig. 6-63, 
is loaded with the elastic loads computed in Table 6-8 for segments 11' 
through 4'. The deflection components Agn, Adh, a>nd Bb computed 
in Table 5-9. 



Vertical and horizontal deflection components of A' (A^v and Axa) in 
Fig. 5-60 are found from the conjugate structure of Fig. 5-64. 


Oo 17,748 


AZ)// = 1945)23 


Table 5-10. 


Segment 

xa 

VA 

MAS 

M AS • Xa 

M AS-yA 

4 

2.5 

16.25 

35 

87 

568 

5 

7.5 1 

18.75 : 

314 ! 

2,355 

5,887 

6 

12.5 ‘ 

21.25 

873 

10,912 

18,551 

7 

17.5 

23.75 i 

1,712 

29,960 

40,660 

8 

22.5 

23.75 

2,830 

63,675 

67,212 

9 

27.5 

21.25 

4.227 

116,242 

89,824 

10* 

32.5 

18.75 

5,904 

191,880 

110,700 

11 

37.5 

16.25 ! 

7,801 

294,787 

127,741 


. J 



709,898 

L 

461.143 



A.i, ; 709.i>yi> - 17,748 \ 40 =r +1,410,818, 


A^a = 4 461,143 -I- 17,748 X 15 + 194,923 = +922,286. 
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Deflection components of A and E resulting from the 1 k horizontal 
load at A, as shown in Fig. 5-61 (a), are next computed. The relative 
elastic loads for this loading, which are symmetrical about the vertical 
centerline, are computed for the left half of the frame in Table 5-11. 


Table 5-11. 


Segment 

M = 

AS 

MAS 

1 

2.5 

5.0 

12.5 

2 

7.5 

5.0 

37.5 

3 

12 5 

5.0 

G2.5 

4 

10 25 

5.59 

90.8 

5 

18.75 

5.59 

104.8 

6 

21 25 

5.59 

118.8 

7 

23.75 

5.59 

132.8 

S 

23.75 

5 59 

132.8 

ft 

21.25 

5 59 

118.8 

10 

18.75 

5.59 

104.8 

11 

10.25 

5.59 

90.8 


The conjugate structure for the right span is similar to that shown in 
Fig. 5-63, but is loaded with elastic loads as computed in Table 5-11. The 
necessary computations are shown in Table 5-12. 




Table 5-12. 



xe 

y\ 

1 _ 

M AS 

.]/ AS • xe 

M AS • yA 

MARiVA - 

40.0 

2.5 

12 5 

500 

31 

-156 

40.0 

75 

37.5 

1,500 

281 

-281 

40.0 

12.5 

02.5 

2,500 

781 

-156 

37.5 

10 25 

90.8 

3,405 

1,475 

-J-113 

32.5 

18.75 

104 8 

3,406 

1,965 

4393 

27.5 

21.25 

1188 

3,267 

2,524 

4-742 

22.5 

23.75 

1.32.8 

2,988 

3,154 

-+1,162 

17.5 

23.75 

132.8 

2,324 

3,154 

fl,162 

12.5 

21 25 

1188 

1,485 

2,524 

4742 

7.5 

18.75 

104 8 

786 

1,965 

4393 

2.5 

10.25 

90.8 

227 

1,475 

4113 



1,006.9 

22,388 

19,329 

4,227 
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R'h ^ = 559.7, BEHAh = +19,329, 

iDkAk == 4227 + 559.7 X 15 = +12,023, 
ao = 1006.9 - 559.7 -= +447.2. 

The conjugate structure for the left spun i.s similar to Fig. 5-64 and the 
elastic loads along the girders are similar to those used in Table 5-12, with 
the addition of the concentration an and the couple Jdaa* at the free end 
of the conjugate structure. The computations to obtain BAvAk and BAkAh 
are given in Table 5-13. 


Table 5-13. 


Segment 

Xa 

yA 

MAS 

.1/ AS‘2a 

MAS-y 

1 

0 

2.5 

12.5 

— 

31 

2 

0 

7.5 

37.5 

— 

281 

3 

0 

12.5 

62.5 

— 

781 

4 

2 5 

16.25 

90.8 

227 

1,475 

5 

7.5 

18.75 

104.8 

786 


6 

12 5 

21.25 

118.8 

1,485 


7 

17 5 

23.75 

132.8 

2,324 


8 

22.5 

23.75 

132.8 

2,988 

3,154 

9 

27.5 

21.25 

118.8 

3,267 

2,524 

10 

32.5 

18.75 

104.8 

3,406 

1,965 

11 

37.5 

16.25 

90.8 

3,405 

1,475 




1,006.9 

17,888 

19,329 


^ivAk = +17,888 + 447.2 X 40 = +35,776, 


^AkAk = +19,329 + 447.2 X 15 + 12,623 = +38,660. 


A load of 1 k applied vertically at A, as in Fig. 5-61 (b), will result in 
the deflections shown therein. The relative elastic loads are computed in 
Table 5-14 for the left half of the frame; those for the right half of the 
frame are similar. 
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Table 5-14. 


Segment 

II 

H 

AS 

JI/A5 

4 

2.5 

5.59 

14.0 

5 

7.5 

5.59 

41.9 

6 

12.5 

5.59 

69.9 

7 

17.5 

5.59 

97.8 

8 

22.5 

5 59 

125.8 

9 

27.5 

5.59 

153.7 

10 

32.5 

5.59 

181.7 

11 

37.5 

5.59 

200.6 


The conjugate structure to determine ishAv is similar to that of Fig. 
5-G3, and the necessary computations are given in Table 5-15. 


Table 5-15. 


Seg¬ 

ment 

XE 

Va 

MAS 

MAS’ xe 

MAS-ija 

MASiyA - 15) 

4' 

37.5 

16.25 

14.0 

525 

227 

17 

5' 

32.5 

18.75 

41.9 

1.362 

786 

157 

6' 

27.5 

21.25 

69.9 

1,922 

1,485 

437 

r 

22r5 

23.75 

97.8 

2,201 

2,323 

856 

8' 

17.5 

23.75 

125.8 

2,202 

2,988 

1,101 

9' 

12.5 

21.25 

153.7 

1,921 

3,206 

961 

10' 

7.5 

18.75 

181.7 

1,363 

3,407 

681 

11' 

2.5 

16.25 

209.6 

524 

3,406 

262 




894.4 

12,020 

17,888 

4,472 


r> 020 

R)i = = 300.5, Bekav = +17,888, 

SohAv ^ +4472 + 300.5 X 15 = +8979, 
ao = 894.4 - 300.5 = +593.9. 


The defle''tion components SavAv and Sahav are computed (see Table 
5-16) with a conjugate structure similar to Fig. 5-64. This is loaded with 
the elastic loads of Table 5^15 computed for segments 4 through 11, with 
the addition of a couple at the free end equal to SohAv, as well as a con¬ 
centration e(iual to ao 
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Table 5-16. 


Segment 

xa 

Va 

M A5 

MiiS-XA 

MAS’j/A 

4 

2.5 

16.25 

14.0 

35 

227 

5 

7.5 

18.75 

41.9 

314 

786 

6 

12.5 

21.25 

69.9 

874 

1,485 

7 

17.5 

23.75 

97.8 

1,712 

2,323 

8 

22.5 

23.75 

12.5.8 

2,831 

2,988 

9 

27.5 

21.25 

15.3.7 

4,227 

3,266 

10 

32.5 

18.75 

181.7 

5,905 

3,407 

11 

37.5 

16.25 

209.6 

7,860 

3,406 





23,758 

17,888 


SavAv = +23,758 + 593.9 X 40 = +47,514, 

^AhAv ^ M7,888 + 593.9 X 15 + 8979 = +35,776. 

A load of 1 k acting horizontally at E, as shown in Fig. 5-61 (c), will 
result in the relative elastic loads computed in Table 5-17. 


Table 5-17. 


Segment 

II 

AS 

MAS 

14 

2.5 

5.0 

12.5 

i3 

7.5 

5.0 

37.5 

12 

12.5 

5.0 

62.5 

11' 

16.25 

5.59 

90.8 

10' 

18.75 

5.59 

104.8 

9' 

21.25 

5.59 

118.8 

8' 

23 75 

5.59 

132.8 

7' 

23.75 

5.59 

132.8 

6' 

21 25 

5.59 

118.8 

5' 

18.75 

5.59 

104.8 

4' 

16.25 

5.59 

90.8 

3' 

12.5 

5.0 

62.5 

2' 

7.5 

5.0 

37.5 

1' 

2.5 

5.0 

12.5 


The deflection iBkEh is computed (see Table 5-18) by means of a con¬ 
jugate structure which is, again, similar to Fig. 5-63 but which is loaded 
with the relative elastic loads computed in Table 5-17. 
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Table 5-18. 


Seg¬ 

ment 

Xe 

Va 

MAS 

Af AS • Xe 

M AS • !/a 

MASivA - 1.5) 

14 


2.5 

12.5 

— 

31 

— 

13 


7.5 

37.5 

— 

281 

— 

12 


12.5 

62.5 

— 

781 

— 

11' 


16.25 

90.8 

227 

1,476 

114 



18.75 

104.8 

786 

1,965 

393 

9' 

12.5 

21.25 

118.8 

1,485 

2,525 

743 

8' 

17.5 

23.75 

132.8 

2,324 

3,154 

1,162 

7' 

22.5 

23.75 

132.8 

2,988 

3,1.54 

1,162 

6' 

27.5 

21.25 

118.8 

3,267 

2,525 

743 

5' 

32.5 

18.75 

104.8 

3,406 

1,965 

393 

4' 

37.5 

10.25 

90.8 

3.405 

1,476 

114 

3' 

40.0 

12.5 

62.5 

2,500 

781 

-156 

2' 

40.0 

7.5 

.37.5 

1,500 

281 

-281 

1' 

40.0 

2.5 

12.5 

500 

31 

-156 

2(11 

' through 1') = 

1,006.9 

22,388 

20.426 

4.231 


‘i'n = -Jr ^ 


^EhEh — I 20,42<>, 


" ioHEh = -1-4231 + 559 7 X 15 ^ +12.()27. 


an -= 1006.9 - 559.7 ^ 4 447.2 


The deflections 5.4 .-ea and bAhsh are found by use of a conjugate struc¬ 
ture similar to Fig. 5-64 This is loaded at its free end with a couple equal 
to &DhEh and a concentration equal to ao 


SAhEh = 447 2 X 15 + 12,627 = +19,335, 


^AvEh — 447 2 X 40 = +17,888. 


Attention is called to the fact that, by Maxwell’s reciprocal theorem, 

^AhEh = SshAhy ^AvEh = ^EhAv, 


and 


^AvAh — ^AhAv 
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Comparison of the computed relative values for these deflections will 
show that the above e(iualities exist. This is a valuable check on the cor¬ 
rectness of the values for these deflections. 

The computed relative values for all deflection components are now sub¬ 
stituted in the deflection condition equations previously written; 

(1) +38,6(K)//4 + ^o,77GVa + 19,33o//£ -f 922,286 = 0, 

(2) +35,776//^ -f 47,514^.4 + 17,888//£ 4- 1,419,818 ^ 0, 

(3) 419,329// .4 4 17,888 T.i + 20,426/7^ + 461,143 = 0. 

The above c(iuations are solved simultaneously in Table 5-19. 


Table 5-19 


Eq 

Operation 

Ha 

1 >1 

He 

Constant 

Equation 

sum 

Check 

operation 

(1) 


wfm 

-135,776 

+19,335 

f922,286 

+1.016,057 


(2) 


435,776 

447,514 

+ 17,888 

+ 1,419,818 

+1,520,996 


(3) 


419,329 

417,888 

■t 20,426 

-f 461,143 

518,786 


m 

(1) - 1.0806(2) 


-15,568 

+5 

-611,969 

-627,532 

-627,531 


(1) - 2 0001(3) 

— 

— 

-21.519 

-46 

-21,565 

-21,567 


From (5), for all practical purposes. He = 0. The symmetry of the 
structure indicates that this is the correct value for He. 

From (4), Va = -39.3 k. The negative sign indicates that the true 
sen.se of is opposite to the sense of the 1 k vertical load assumed in 
Fig. 5-01 (b). 

From (3), Ha = 412.5 k. The positive sign indicates that the true 
sense of Ha is the same as that of the 1 k horizontal load in Fig. 5-61 (a). 

The above redundant reactions having been determined, we can now 
compute moments, thru.sts, and shears throughout the structure. Since 
(from the statement of the example) the frame is to be fabricated with a 
varying moment of inertia, the above analysis is preliminary. The moments 
just computed, combined with the thrusts if necessary, are used to deter¬ 
mine the required dimensions at critical sections. The outline of the frame 
is arranged to effect a smooth and graceful transition from one critical 
section to another The resulting structure will be the first trial non- 
prismatic frame. 

After the outline of the first trial nonprismatic frame has been estab¬ 
lished, the first analysis must be modified to determine the effects of the 
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variation in moment of inertia. This can be done quite easily. It will be 
recalled that relative values of elastic loads were used in the first analysis 
to simplify computations. In other ivords, instead of using the absolute 
value M AS/EI, the relative value M AS was used. This was possible 
because E and I were constant. Now, to include the effect of a varying 
moment of inertia, it is only necessary to use a new relative elastic weight, 
specifically, M AS/I. This is accomplished by dividing all computations 
in the preceding tables, which involve M AS, by the value for I at the 
center of each segment, and resolving the three deflection condition c(]ua- 
tions. Critical sections of the first trial nonprismatic frame are rechecked 
for adequacy on the basis of this second analysis, and revisions and addi¬ 
tional modifications pf the first analysis are made as necessary. 

There is alwaJ^s a question as to whether or not the results of any 
analysis are correct. In this case it is apparent, from the symmetry of the 
frame and loading, that the horizontal reaction at E should be zero. The 
fact that the computed value of is zero (or practically so) is an indica¬ 
tion, but not conclusive proof, that the analysis is correct. A complete 
check on the first analysis is possible by selecting a different set of redun¬ 
dant reactions and making a second set of computations. An alternate 
check can be accomplished by applying the final moment diagrams as 
load intensities on the conjugate structure to determine whether or not 
the indicated deflections arc consistent with the constraints. That is, if 
the cut-back frame of Fig. 5-60 is subjected to the same moments as the 
loaded frame of Fig. 5-59, the computed horizontal deflection component 
of E and the computed horizontal and vertical deflection components of A 
should be zero. 


Problems 


5-23. Find the vertical and horizontal reaction components at A (see 
Fig. 5-65). The moment of inertia is constant. Use virtual work to find the 
required deflection components. [Ans.; V = 14.8 k up, H * 1.9 k left.] 



D 


Figure 5-65 
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3-24. Find the vertical and horizontal reaction components at A (see 
Fig. 6-66). Evaluate the ne(‘e.ssary deflection components by virtual work. 
[Ana.: V =* 5.0 k up, // = 3 4k right.] 



5-25 Evaluate the horizontal, vertical, and moment reaction components at 
A (see Fig 5-67). r.se virtual work to find the required dr‘fl<‘ction components 
and check by the conjugate structure. [.4ns. // = 4 1 k right, V — 14.8 k up, 
M = 13 8 ft-k clockwise.] 



5-2G. Find the reaction components at .4 (see Fig. 5-68). Use virtual work to 
evaluate the necessary deflection components and check by the conjugate struc¬ 
ture. Moment of inertia is constant. [.Ins.; » 3.7 k right, V = 16.3 k up, 

M = 32.5 ft-k clockwise.] 
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Figure 5-68 


5-27. Using the conjugate structure and the general method, find (from 
Fig. 5-69) the values for the following two combinations of redundant reaction 
components: 

(a) The horizontal and vertical rcartion components at D. 

(b) The horizontal and moment reaction components at A. [/Ins.; (a) //n = 
2.6 k right, Fn = 5.4 k up; (b) Ha = 5.4 k right, Ma = 22 ft*k clockwise.] 



4 k 



Figure 5-69 
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5-28. Find the reaction components at E (see Fig 5-70). The moment of 
inertia is constant. II = 3.9 k left, V = 3.0 k up, M = 38 ft-k counter¬ 

clockwise.] 


C 



Figure 5-70 


5-29. The stepped-column gable frame of Fig. 5-53 supports concentrations 
from the interior and peak purlin.s of 13.5 k at each framing point. The concen¬ 
trations at C and E can be neglected in the analysis, since their effect on the 
frame is obvious. Note that the purlins are spaced at 7.5 ft on the horizontal 
projection. Find the reaction components at .1 resulting from the purlin con¬ 
centrations. Attention is called to the fact that the deflection components of A 
in the cut-back structure, due to 1 k forces acting vertically and horizontally, at 
A and a 1 ft*k couple at .1. have already been evaluated in Example 5-21 and 
need not be recomputed. [Ans.; Va = 47.3 k up, Ha = 29.4 k right, Ma — 
529 ft'k clockwise.] 

5-5 The elastic center. In 186G, Carl Culmann (1821-1881), a German, 
published his book on graphic statics. In this work he demonstrated that 
the analysis of hingeless arches can be considerably simplified if the 
redundant reaction components arc considered to act at the ci;ntroid of 
the elastic areas. This point is now known as the elastic center or, some¬ 
times, as the neutral point. 

The method of the clastic center, which is merely a special application 
of the general nudhod to .singl<?-span frames or arches, i.s seldom u.sed in 
practice for anytfiing c.\ccpt the analysis of a single-span hingele.ss arch. 
It is limited, in direct application, to single-span frames or arches with a 
maximum of three redundant reaction components. It may be applied 
indirectly, however, as demonstrated by McCullough and'l'hayer (1), in 
the analysis of an arch group on elastic piers. 
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It is convenient to develop the method with the analysis of the frame 
shown in Fig. 5-71. 

If an analysis is to be made by the general method, it Avill be remembered 
that the first step may be to remove the support at A. Vertical, horizontal, 
and rotational deflection components of end A arc evaluated—first, as 
caused by the real load, and then as caused by successive and individual 
applications of unit horizontal, vertical, and rotational actions at A. The 
following deflection condition equations, in which all deflection com¬ 
ponents are for A, will apply: 


Ah H ’ Shh 4- V • 5a „ + M • d'hm = 0, 

Av + H- 5.,A + V • 5..„ + M • 6\„, = 0, (5-12) 

5 + // • Otinh + V • a'tnv ' OC„,„ = 0 . 




The unit actions mentioned above are considered to act at A as shown 
in Fig. 5-72. The following expressions, in which dA represents a differ¬ 
ential elastic area, will result from an application of virtual work: 


5aw — Oi/nh — 

M 

/ ds 

j ydA, 

^ 1 HI “ V ~ 

J 

f ds 

£ dA, 

^hv = iiA = 

f ^ds 

1 fflrmhjyf = 

[xy dA. 
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The first two of the above expressions represent the first moment of the 
total elastic area of the frame about the x- and about the y-axes, respec¬ 
tively. The third expression is in the usual form for the product of inertia 
of an an*a. If, therefore, the reference axes are so chosen that the first 
moments and the product of inertia of the ela.stic area are zero, the deflec¬ 
tion condition equations may be written for a point located at the centroid 
of the clastic areas and will be simplified to 

Hq Shk = 0 » 

+ Fo Suv — (5-14) 

0 M oOtwim = 0. 


Note that the redundant reactions are now designated as Hq, Fq* and Mq, 
since they act at the elastic center. They are considered to be applied at 
the end of a rigid bracket as shown in Fig 5-73. 



Figure 5-73 


Obviously tw'o conditions must be satisfied before Eqs. (5-14) will 
apply. The first condition is that the first moments of the elastic areas 
must'be zero. This means that the reference axes must pass through the 
centroid of the elastic areas, and these reference axes are usually rec¬ 
tangular. In addition, it is necessary that the product of inertia shall be 
zero. If either or both of the centroidal rectangular reference axes arc 
axes of symmetry, this requirement is satisfied. (The y centroidal axis is 
often an axis of symmetry in a hingeless arch.) If, how'ever, no axis of 
symmetry exists, then rectangular centroidal reference axes cannot be 
used if the product of inertia is to be zero. Instead, one centroidal reference 
axis may be retained as cither horizontal or vertical, but the other (either 
vertical or horizontal) must be rotated through a certain angle in order to 
reduce the product of inertia to zero. Nonrcctangular reference axes, with 
respect to which the product of inertia is zero, are called conjugate axes 
of inertia. 
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Conjugate axes of inertia are rather annoying to work with, however, 
and the analyst may prefer to use rectangular centroidal reference axes 
even when the y centroidal axis is not an axis of symmetry. When this 
is done, Eqs. (5-12) reduce to 

•¥ fJoHh 4- V'o Sab = 0, 

+ Ho S„h +1^0 = 0, (5-15) 

0 + MoOmm — 0 . 


It is apparent that Mo may be determined directly from the last of these 
equations; Ho and Vo must be found'by a simultaneous solution of the 
o^er two equations. 

The application of the method will be demonstrated with the following 
example. 

Example 5-30. Using the method of the elastic center, find the redun¬ 
dant reaction components at A of the frame of Fig. 5-74. The moment of 
inertia is constant. (Note that this is the same frame that is analyzed in 
Example 5-19.) 



Figure 5-74 


The elastic center will obviously be on a vertical line located midway 
between the two columns. The distance yo from a horizontal line through 
A and D up to this elastic center will be 


2 X 20X 10 + 20 X 20 
“ 60 


13.33 ft. 


The widths of the several elastic areas do not appear in the above computa¬ 
tion, since they are constant and equal. 
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A rigid bracket is .considered to 
be attached to the frame at A (see 
Fig." 5-75) and to extend up to the 
elastic center at O. The redundant 
reaction components act at the 
elastic center on the end of this 
bracket. The immediate object of 
the analysis is to determine the 
sense and magnitude of each of 
these components. 

The three deflection components 
of the point 0, resulting from the 
action of the real load, are com¬ 
puted by means of the conjugate 
structure (see Fig. 5-76): 




Figurk 5-76 


A// - 2250 X 6.67 - 6000 X 3 33 = -5000, 


AT = 2250 X 5 + 6000 X 10 = -| 71,250, 


d = 2250 f- 6000 = I 8250. 

For a 1 k force acting to the right at 0, the conjugate structure and the 
only resulting deflection component of 0 are as shown in Fig. 5-77: 
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dhH = 133.4 X G.67 + 2 X 22.2 X 4.44 + 2 X 88.8 X 8 8a = +2G67. 


The conjugate structure for a 1 k force acting down at O, and the only 
deflection component of O resulting from thi.s force, are indicated in 



Figure 6-78 

= 2(200 X 10 + 50 X 6.67) = +4666. 
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Figure;. 5-79 


—1 ftk 
C 


Finally, the conjugate structure for a 1 ft*k counterclockwise couple 
acting at 0 is as shown in Fig. 5-79, The only deflection component of 0 
resulting from the action of the 1 ft k couple will be 


= 20 + 20 + 20 = +60. 


Substituting in Eqs. (5-14), 


Ho = 


ihh 


-5000 

+2667 


+1.87 k (to the right). 


Mo = 


Svv 

$ 

^ntm 


+71,250 

+4666 

+8250 
+60 ' 


—15.27 k (up), 

-137.5 ft-k (clockwise). 


The redundant reaction components acting at A are easily determined 
by statics as follows: 


Ha = IIo= 1.87 k to the right, 

Fx = Fo = 15.27 k up, 

Ma = Mo + IZMHo — lOFo (clockwise is +) 
= +137.5 + 13.33 X 1.87 - 10 X 15.27 
= +9.7 ft-k. 
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Attention is called to the fact that, since the frame in question is sym¬ 
metrical, it can also be solved by cutting the member BC at its midpoint 
and by assuming that a rigid bracket is attached to the part of the frame 
on each side of the cut. Both rigid brackets extend down to the elastic 
center as shown in Fig. &-80. 



Figure &-80 


The first step in this analysis is to find the three components of the 
deflection of 0^. This is most easily accomplished with the conjugate 
structure as shown in Fig. 5-81: 



Figure 5-81 
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AOi,h = +2000 X 3.333 - 250 X 6.667 =* +5000 to right, 

= +2000 X 10 + 250 X 8.333 = +22,083 down, 

Boi = +2000 + 250 = +2250 clockwise. 

Note that a positive sign for the horizontal deflection component signifies 
a movement of Ol to the right relative to Or, or a movement of 0» to 
the left relative to Ojr,. A positive sign for the vertical deflection component 
signifies a downward movement of O;, relative to Or, or an upward move¬ 
ment of Or relative to 0/.. Finally, a positive sign for the rotation 0oi 
indicates a clockwise rotation'of Ol relative to Or, or a, counterclockwise 
rotation of Oi? relative to Ol. 

It is now necessary to determine the components of the relative deflec¬ 
tions of the two free ends of the rigid brackets, as caused by unit actions 
applied at these free ends. I'lrst, apply unit horizontal forces o^ 1 k to 
each bracket as shown in Fig 5 82(a). From the conjugate structure 
[shown in Fig. 5-82(b)], taking moments about the x-axis, we find the 
relative horizontal displacement of the free ends of the two rigid brackets 
will be 

SoMh -- -2(06.07 X 6.007 + 22.22 X 4.444 + 88.89 X 8.889) 

=- -2607 


Inspection of the conjugate structure will indicate that the relative vertical 
and the relative rotational deflection components of Ol and Or will be 
zero. The actual rotational deflection components of Ol and Or also will 
be zero. The actual vertical deflection components of Ol and Or will 
have values, but these will be e(|ual and therefore the relative value is zero. 

From the above, the retiuired condition equation for the relative hori¬ 
zontal deflection component of Ol and Or, in the loaded structure of 
Fig. 5-80, may be written as 

^Oih -I' 7/o SohOh — 0, 


from w'hich 


H 


0 


^OhOk 


-i-5000 

-2667 


+1.87 k. 


The positive sign of the answer indicates that the correct senses of the 
forces H o are the .same as the senses of the unit horizontal forces assumed 
in Fig. 5-82(a). 
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Ik Ik 


Oi. Or 


A 

mm 


(a) 



Figurk 5-S2 

Unit vertical forces are now considered to act at Ol and Oje as shown 
in Fig. 5-83(a), The conjugate structure is shown in Fig. 5-83(b). If we 
take moments about the </-axis, the relative vertical deflection component 
of Oi, and On, as caused by these unit vertical forces, will be 

4 

5orOr -- 2(200 X 10 -f 50 X 6.CC7) = -\ 4067. 

Relative horizontal and rotational deflection components of Ol and Or 
will be zero. 

The required condition equation for the relative vertical deflection 
component of Of, and Or, for the loaded structure of Fig. 5-80, will be 


+ Uo SovOv = 0, 
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from which 


Vo 


^Lv 

^OvOv 


+22,083 

+4667 


-4.73 k. 


The negative sign of the answer indicates that the correct senses of the two 
redundants Fq are opposite to the senses of the unit vertical forces as 
assumed in Fig. &-83(a). 



(a) 



(b) 


Figure 5-83 
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As the final step in the analysis, assume that unit couples are applied 
at Ol and Or as indicated in Fig. 5-84(a). It is apparent from the con¬ 
jugate structure of Fig. 6-S4(b) that the relative rotational deflection 
component of Oh and Or will be 

aomom = +2(20 + 10) = +60. 

Relative horizontal and vertical deflection components of Oh and Or 
will be zero. 

The required condition equation for the relative rotational deflection 
component of Oh and Off, for the loaded structure of Fig. 5-80, will be 


+ ^^OOlOnOm — 0 , 



Figure 6-84 
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from which 


Mo = 


Ool 

OlOmOm 


+2250 

+60 


-37.5 ft k. 


The true senses of the redundant couples Mq will be opposite to the 
senses of the unit couples as assumed in Fig. 5-84. 



The values of the redundant reactions at A may now be computed by 
statics. Ha and Va are determined by inspection to be as shown in 
Fig. 5-85. The value of Ma is computed from an equation which expresses 
the fact that SM = 0 for the free body ABOl, with A as the center of 
moments. For the purpose of writing the C(]uation, is assumed to be 
clockwise and clockwise moments are assumed to be positive: 

Ma + 20 X 5 - 1 87 X UM - 4.73 X 10 - 37.5 = 0, 


from which 


Ma = t 0.7 ft k. 

Particular attention is called to the fact that this last method of analysis 
will apply only to symmetrical hingeless frames and arches, and that it is 
paiticularly valuable in the case of symmetrical hin^eless arches. 
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CHAPTER 6 

THE METHOD OF LEAST WORK 

6>‘l General. The method of least work is credited to Alberto Cas- 
tigliano (1847-1884), an engineer of the Italian railways, who presented 
it in a thesis for a diploma in engineering at Turin in 1873. A paper pub¬ 
lished by him in 1876 presented his method for finding deflections as a 
first theorem, with the method of least work as a corollary and second 
theorem. Consequently, the method is sometimes designated as Cas~ 
tigliano’s second theorem. 

It is interesting to note that Menabrea, an Italian general, had stated 
the principle of least work in a paper in 1858, but had given no satisfactory 
proof.. It may also be recalled, from Chapter 1, that Leonard Euler (1707- 
1783) used a form of the method of least work in developing his treatment 
of the buckling of columns. Considerable credit for this goes to Daniel 
Bernoulli (1700-1782), who suggested to Euler that the true elastic curve 
might be that which would cause the total internal elastic strain energy 
to be a minimum. 

Castigliano's second theorem provides a powerful method for analyzing 
indeterminate structures, and is very effective in the analysis of articu¬ 
lated indeterminate structures. In the case of continuous beams or frames, 
however, most analysts prefer some other method, usually that of moment 
distribution. Castigliano’s second theorem cannot be used to determine 
stresses caused by errors in fabrication, temperature changes, or the 
settlement of supports. 

6-2 Development of Castigliano’s second Uieorem. Consider the truss 
of Fig. 6-1. As the load P is applied to the truss, point 1 moves to 1’ and 
point C moves to C’, as shown in the illustration of bar 1-C.in Fig. 6-2. 


1 
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Rotation of the bar is neglected. If the cross-sectional area of the bar is A, 
the length is L, the modulus of elasticity is E, and if the stress in the bar 
as caused by the load P is S, then the elongation of the bar in the loaded 
truss will be SL/AE. 

Assume that the redundant bar is removed from the truss and that its 
effect is replaced by two forces, T\ and Tc, as indicated in Fig. 6-3. 



Although the forces T\ and Tc are equal, they will at first be assumed to 
differ in magnitude. The truss is now stable and determinate. Conse¬ 
quently, the deflections of points 1 and (7, resulting from the action of 
T\, Tc, and P, can be evaluated by Castigliano’s first theorem. 

Let \V 1 represent the total internal elastic strain energy in the structure, 
with Ti, Tc, and P acting but wi+h the redundant bar omitted. By 
Castigliano’s first theorem, 

- dTi dTc 


Note that Ac is intrinsically negative, since the sense of Tc is obviously 
opposite to the sense of the deflection component of C along the line of 
1-C. The difference between and Ac may therefore be expressed 
algebraically as 


Ai + Ac 


dWi , dWi 
dTi dTc 


It IS apparent that, in the original loaded truss of Fig. 6-1, the elastic 
strain in the member 1-C must be equal in magnitude to Ai -f- Ac» since 
otherwise the member will not extend between joints 1 and C. Conse¬ 
quently, the’ algebraic sununation of Ai, Ac, and the elastic strain in the 
member 1-C must be zero. This is expressed as 


dWi dWi ,SL^ 

BTi dTc AE 


(6-1) 
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Actually, however, both Ti and Tc are equal in magnitude to S. Con> 
sequently, dWJdS will be equivalent to dWi/BTx + BW^/BTc, for the 
reason that the single mathematical opeiation indicated by BWi/BS, with 
forces S acting at joints 1 and C, will give the difference between (or 
algebraic sum of) the deflections Ai and Ac. Equation (6-1) may therefore 
be written as 


BWx 

BS 


^ AE 


( 6 - 2 ) 


As previously mentioned, Wi does not include the internal strain enei^y 
of the redundant bar. The internal strain energy in this redundant bar is 
given by S^Lf2AE, and thus 


BS 



SL 

AE' 


(&-3) 


It is evident, therefore, that the left side of Eq. (6-2) is actually the first 
partial derivative of the total internal work of the structure, including 
the redundant bar. Consequently, the condition equation which must be 
satisfied by the stress S in the redundant bar may be written as 


^ _ 

BS ~ 


0 , 


(6-4) 


where W represents the total internal strain energy of the entire structure, 
including ^he redundant bar. This condition requires that the internal 
strain energy shall be a minimum. Therefore Ca8tigliano*8 second theorem 
may,' in effect, be stated as follows: 

In any loaded indeterminate structure the values of the redundarUs must be 
such as to make the total elastic internal strain energy, resulting from the 
application of a given system of loads, a minimum.* 

Equation (6-4) can be derived very easily and directly by use of the 
general method. Consider that the redundant 1-C is cut as indicated in 
Fig: 6-4. With the load P acting, the ends of the member adjacent to the 
cut will tend to separate by some amount A. If, however, tensile forces 
equal in magnitude to the true stress S act on the ends adjacent to the 
nit, the value of A must be zero. 

* The preceding derivation and the statement of the theorem are not as pre¬ 
sented by Castigliano. The reader should refer to Southwell (1) and Timo¬ 
shenko (2) for a discussion of the original work. 
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Expressing A by Castigliano’s first theorem yields 


A 



and this is the same as Eq (fi-4). 

It is apparent from the foregoing that Castigliano’s second theorem 
(the method of least work) and the general method accomplish the same 
thing. Aside from variations in detail in the computations, the difference 
is essentially one of concept. In the case of the method of least work, the 
condition ec|iiations arc considered to be requirements which must be 
satisfied to ensure that the total internal elastic strain energy will be a 
minimum. If, however, the general method is being used, these same 
condition equations are considen*d to be rec|uirements that the distortions 
of the point8.-of application of the rcdundants shall be consistent with the 
constraints of the structure. 

That the two methods are essentially the same can be shown very 
easily in connection with Fig (i-5 By the general method the condition 
equation for Tin is 



Figure 6-5 

Ab + Rb Sbb = 0. 

By virtual work this equation becomes 

jMma Rb fm% gy = 0, (6-5) 

where M is the moment caused by the real load and wib is the moment 
resulting from a unit vertical force at B. 
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If a solution is desired by Castigliano’s second theorem, the condition 
equation is 


But 



dW f BM> dx 
dRs - J ^ bRb EI ' 


(fr-6) 


where M' — M -k- Rama- Substitution in Eq. (6-6) results in 


which is the same as Eq. (6-5). 

Thus it is seen that the condition equations necessary for a solution by 
the general method are, in effect, the same as those required to analyze 
the same structure by the method of least work. 

6-3 Analysis of continuous beams and frames. As previously indicated, 
the method of least work is not usually selected for the analysis of con¬ 
tinuous beams and frames. Its use normally involves considerably more 
labor than moment distribution, slope deflection, or the general method/ 
when used with the conjugate structure. Two examples will be presented, 
however, to demonstrate the method. 

Example 6-1. Determine the reaction at C in Fig. 6-6 by the method 
of least work. 



8'-0 


20'-0 


Figure 6-6 


The expressions for bending moment in the two different sections of 
the beam, and the first derivatives thereof with respect to the redundant 
Rc, are shown in Table 6-1. For the purpose of the analysis, Rc is ait- 
Burned to act upward. A moment causing compression on the top si^e of 
the beam is considered to be positive. 
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Table 6-1. 


Section 

X = Oat 

M (ft-k) 

dilf 

dRc 

C-B 

C 

Bex O®'* 

+x 

B~A 

B 

«c(8 + x) ?•*<« + *)' lOx 

40 

4'84'* 


Substitution in the condition equation 


dW _ fj., dM dz 
dRc ~J BRc El 

yields 



+ £ [bc( 8 + x) - - lOi](8 + j)dx = 0. 

Note that E and I have been dropped, since they are constant. 

When wc perform the indicated integration, the condition equation 
becomes 


2667iZc - 21,520 = 0, 
from which 

Rc ~ “!"8.1 k. 

The positive sign of the answer 
indicates that the true sense of Rc 
is the same as that assumed, that 
is, up. 

Example 6-2. Find the horizon¬ 
tal and vertical reaction compo¬ 
nents at F for the continuous 
frame of Fig. 6-7. 

For the purpose of the analy¬ 
sis, the horizontal and vertical 
reaction components at F are as¬ 
sumed to act with the senses shown 
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in the illustration. The expressions for the moments resulting frcnn 
the action of these two reaction components and the loads, and the 
required partial derivatives, are shown in Table 6-2. Any moment 
tending to cause tension on the outside of the frame is considered to be 
positive. 


Table 6-2. 


Section 

H 

M tft-k) 

dM 

dH 

dM 

av 

F-D 

mm 

+//X 

+» 

n 

D-C 

D 

+26H + Vx 

+26 

-f® 

C-B 

C 

+26// + F(6 + x) + 18x 

+26 

+6+® 

B-A 

B 

+^(26 - x) + 18F - 5x + 216 

+26 - X 

+18 


Two condition equations are required for a solution, the first of which is 


dW 

dH 



dH I 


0 . 


Observe that the modulus of elasticity E has been omitted from the 
denominator above, since it is constant for the entire frame. Substituting 
from Table 6-2, and using relative values for /, the result is 


r26 

Jo 


(+HxX+x) ^ 


/. 


-h / (+26// , l'x)(+26) 


dx 

1.38 


/. 


12 


+ / [+26J? + FC6 + x) + 18x][+261 


dx 

1.38 


/. 


+ / [+H(26 - x) + 18r - 5x + 216][+26 - xl dx = 0. 


After we perform the indicated integrations, the first condition equation, 
in its final form, is 


+18,560^ + 9140F + 82,760 - 0. 


(6-7) 




























PROBLEMS 


The second condition ^nation is 


f dx * 


When we substitute from Table 6-2, the above becomes 


(+26H + VxH+x) ^ 


+ 1+26H + V(6 + x) + 18x][+6 + ^ 


-f / [+^(26 - x) + 18 V - 5x + 21C](+18] dx = 


Integration will give the second condition equation as 


+9140i¥ -}- 9830 V + 83,800 = 0 
and simultaneous solution of Eqs. (6-7) and (6-8) will give 


( 6 - 8 ) 


V = -8.1 k and 11 = -0.46 k. 

> 

The solution outlined above, it should be noted, does not create a true 
impression of the considerable amount of work ii.volved in evaluating 
the integrals. 


Problems 

6-3. Find the reaction at B in Fig. 6-8 by the method of least work. Moment 
of inertia and E are constant. [.Ins.; 5.1 k up.] 


0.2 k/ft 



Figure 6-g 
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6-4. Find the reactions at B and C (see fig. 6-4) by the method of least wnk. 
Mom^t of inertia and E are constant, [ittis.; Ra ■■ 7.7 k up, £o » 3.9 k up.) 



6-5. Determine the value of the reaction component at il in fig. 6-10. The 
modulus of elasticity is constant. [Am.: 4.3 k left.) 



FiGxrBB 6-10 


6-6. Find the horizontal reaction component at A (see fig. 6-11) by the 
method of least work. E is constant throughout the frame, [ilns.: 0.56 k.) 

6-7. Determine the values of the three reaction components at il in fig. 6-12. 
E and I are constant, [ilns.; H ^ 1.9 k right, V - 15.3 k up, ilf - 0.8 ft*k 
clockwise.] 

6-8. Fibd the magnitude of the horisontal reaction component at F in 
Fig. 6-13. E and I are constant. [Ant.: 4.3 k left.] 
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50'-0 


Figure 6-13 

6-4 Analysis of articulated structures. Castigliano’s second theorem 
provides an excellent method for the analysis of structures which are 
either partially or completely articulated. As previously pointed out, 
however, the general method is equally effective. Any choice between the 
two methods is, for most problems, usually a matter of personal preference 
and not because one method is in fact easier or better than the other. The 
following examples will illustrate the application of the method of least 
work to structures which are partially or entirely articulated. 




The required condition equation, by Castigliano’s second theorem, is 


k 

BT “ ^^BT' A 


= 0 . 


The modulus E is omitted, since it is constant for the entire structure. 
The information for writing this equation in the form necessary for a 
solution is given in Table 6-3. The redundant T is assumed to be tension. 


Table 6-3. 


Member 

I(ft) 

A (in*) 

Stress S (k) 

&S 

BT 

ar A 

AD 

20 

3 

+7 

+1 

+6.677 

BD 

15 

2 

+16.7 - 1.337 

-1.33 

-167 + 13.337 

CD 

12 

1 

-13.3 + 0.477 

+0.47 

-75 + 2.657 


A summation of the last column of the table will give the required 
condition equation, that is. 


-242 + 22.657 = 0, 

from which 

T — +10.7 k (tension). 

Note that either BD or CD could have heen used alternately as the 
redundant. 
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Example 6-10. Find the stress in the redundant FC of Fig. 6-15. E is 
constant. Cross-sectional areas are shown on the illustration. 


F 4 in“ G 



The condition equation is 

dW L - 

The stress T in the redundant is assumed to be tension. It should be noted 
that the only members for which dS/dT will have a value are those within 
and enclosing the panel FGCB. In other words, these are the only members 
whose stresses are influenced by the magnitude of the stress T; conse¬ 
quently, only six members appear in Table 6-4. 

Table 6-4. 


Mem¬ 

ber 

L(ft) 

A (in*) 

Stress S (k) 

dT 

SL /dS\ 

A \dr/ 

BC 

20 

2 

+10 - 0.707r 

-0.707 

-7.07(+10 - 0.7077) 

FG 

20 

4 

-5 - 0.707^ 

—0.707 

-3.53(-5 - 0.7077) 

FB 

20 

2 

+5 - 0.707r 

-0.707 

-7.07(+5 - 0.7077) 

BG 

28.28 

2 

-7.07 + i.oor 

+1.00 

+14.14(-7.07 + 1.0007) 

GC 

20 

2 

+15 - 0.707r 

-0.707 

-7.07(+15 - 0.7077) 

FC 

28.28 

2 

0 + i.oor 

+1.00 

+14.14(+1.0007) 


The required condition equation is obtained by adding the values in the 
last column of this table. Thus, 

-294.4 -h 46.782’ = 0, 


from which 


T = +6.4 k (tension). 
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Example 6-11. The welded tower supporting the end of an aerial con- 
.veyor system consists of two vertical trusses, one of which is indicated in 
Fig. 6-16. The cross-sectional areas of the members in square inches are 
shown in parentheses on the illustration. The original load on each truss 
was 15 k, acting as shown. Installation of new equipment will increase the 
load to 50 k. It is proposed to reinforce each truss with a spun wire strand 
^ inch in diameter, with a cross-sectional steel area of 0.362 in^ and 
E = 20,000 k/in*. The wire strand is to be located as shown by the dashed 
line and has a working strength of 16.2 k. 

The strands are to have small initial stresses in them wheii erected, so 



Figure 6-16 


6-4J 


ANALYSIS OP ARTICULATED STRUCTURES 


267 


that in the analysis th^ may be considered straight. The modulus of 
elasticity E for the truss is 30,000 k/in*. If the truss compression members 
have an allowed working stress of 12 k/in^ and the tension members have 
a working Stress of 20k/in^, is the proposed arrangement satisfactory 
from the standpoint of individual member strength and the strength of 
the strand? It is assumed that some additional welding may have to be 
placed at the joints to reinforce them. 

The required condition equation, as in Examples 6-9 and 6-10, is 


dW 

dT 


^ AT A ~ 


dT A 


where T is the unknown tensile stress in the wire strand and S is the stress 
in the members of the structure resulting from the action of the 50 k load 
and from the assumed tensile stress T in the strand. The values of S for 
the several members are most easily determined with two MaxweU- 
Cremona diagrams. For this reason the Bow system of notation has been 
used in Fig. 6-16. 

All computations are tabulated in Table 6-5. 


Table 6-5. 


(1) 

(2) 

IQI 

(4) 

(5) 

(6) 


(7) 

(8) 

Member 

Mem* 


HR 


dS 

L dS 

S 

Filial 

capacity 

ber 

L(ft) 

BIBdi 

StreM S (k) 

dT 

A dT'BxlE 

S(k) 

(k) 

B8 

10.05 

6.75 

-182.0 + 2.16r 


-688 -1- 

8.167 

-1620 

-69.0 

S6 

10.06 

6.75 

-152.0 + i.6or 


-432 4 

4.557 

-129.8 

-69.0 

Bi 

10.05 

5 75 

-114.0 -f 0.897 


-180 -f- 

1.417 

-1016 

-69.0 

B2 

10.05 

5.75 

—66.4 - 

— 

— 


-66.4 

-69.0 

Bl 

6.00 

2.40 

—44.4 - 

— 

— 


-44.4 

-28.8 

Cl 

10.0 

5.75 

—22.0 — 

— 

— 


—22.0 

-69.0 

23 


2.40 

-38.0 + 0.71 r 

-H).71 

-79 4- 

1.477 

-28.2 

-28.8. 

45 


3 03 

—33.6 + 0.63r 

40 63 

-66 4- 

1.057 

-24.8 

-36.4 

67 


3.66 

-30.0 + 0 567 

4-0 56 

-42 4- 

0777 

-22.2 

—43.9 

D3 

10.0 

6 75 


-0 71 

-54 + 

0.887 

-f34.1 

||R |fn| 

D9 

10.0 

5 75 

-1-91 4 — 1.607 

-1.60 

-254 4- 

4.457 

4-69.2 

BS H 

D7 

10 0 

6.75 

4-129.2 — 2 307 


-618 -f 

9.207 

4-97,2 

U Uil 

12 

mm 

2.11 

-f76.0 - 

mm 

— 



442.2 

34 


2.11 

-f58.0 — 1.097 

-109 

-362 4- 

6.827 

Bill 

442.2 

66 


2.11 

-1-48.4 - 0 917 

-0.91 

-268 + 

5.027 

■sn 

442.2 

78 

13.5 

2.11 

440.0 — 0.767 

-0.76 

-194 + 

3.707 

4-29.4 

442.2 

CD 

42.4 

0.362 

- 4- 1.007 

41.00 

-1-117.27 

(4-58.67) 

414.0 

416.2 
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Attention is called to the fact that since E is not constant it’must 
somehow appear in the computations. It is convenient, in most cases, to 
use a relative value for E, as has been done in column (6) of Table 6-5. A 
relative E of unity has been used for all members except the wire strand, 
for which the value is two-thirds. Observe that the last entry in column (6) 
is (-fSS.er). Since it is one-half the value of the preceding entry for CD, 
this is the necessary adjustment for a relative E of twb-thirds. 

The summation of all values in column (6) is the required condition 
equation and is 


from which 


-3127 + 223.07 = 0, 


T = -[-14.0 k. 

Note that the values for S in column (7) are obtained by substituting this 
result for T in the various expressions for S in column (4). 

Comparison of the values in columns (7) and (8) will show that five 
members will be overstressed under the proposed plan. An alternate 
method for reinforcing the tower is su^ested in Problem 6-21. 

Example 6-12. Find the stress in the redundants a and d (see Fig. 6-17) 
by least work. Assume that Ta and Td are tension. E is constant. 



2 



9 


2 


Figure 6-17 
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The two condition equations are 


dTa ^ dTa J ^ dTa I ’ 

dTd dTa J ^ dTa 1 


(6-9) 

( 6 - 10 ) 


All computations necessary for the evaluation of the first term of the 
right side of each equation are shown in Table 6-6. 


Table 6-6. 


( 1 ) 

Mem¬ 

ber 



( 2 ) 

i(ft) 


(3) 

A (in^) 



10 

10 

10 

14.14 


(4) 

Stress 5 (k) 

(5) 

dS 

(6) 

dS 

Real 4 - r. + Ti 

dTa 

dTa 

0 4-1.0007’a 0 

+1.0 

0 

0 -1.414r« +1.414Td 

-1.414 

+1.414 

0 +i.oooro -i.oooTrf 

+1.0 

-1.0 

0 0 4-i.ooorrf 

10 

+1.0 

+20.00 0 -l.OOOTd 

0 

-1.0 

-28.28 0 +1.4147’rf 

0 

+1.414 


(7) 

^ dTa A 

(8) 

dTa A 

+.5.07’. 

+ 14.147. — 14.147^ 
+3.337. - 3.337rf 

0 

0 

0 

0 

-14.147. + 14.147d 
-3.337. + 3.337rf 
+ 5.07,, 

—66.6 + 3.337rf 

-141.8 + 7.087rf 


The expression for M iu the cantilever beam, with x = 0 at the free 
end, is 

M — Ta‘ X, 


and therefore 


= +x and 


= 0, 


Therefore, 

"af-T = /o 


2 

' 300 


ToX®]*® 8000 XTaX 

900 Jo 900 

= 1280r.. 
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Note that the units of the result obtained directly from this integration 
would be ft This is multiplied by 144 in order to reduce the units 

to ft*k/in^ to agree with the units of the several values in columns (7) 
and (8) of Table 6-6. This agreement in units is essential, since the result 
of this integration must be added to the summation of column (7) in order to 
give the first condition equation. This addition will result in 

+1302.57’« - 17.47Td = 0. (6-11) 

Since dM/dTd = 0, the second term of Eq. (6-10) reduces to zero. 
Consequently, the second condition equation is obtained by adding all 
terms in column (8), and is 


-208.4 - 17.47r« + 32.88Td = 0. (6-12) 

A simultaneous solution will result in 

r, = +0.09 k and Td = +6.4 k. 

This problem was worked previously by the general method in Example 
5-13. The two solutions should be compared. 

Example 6-13. Find the stresses in the backstay r and the redundants 
m and n (see Fig. 6-18) by least work. Cross-sectional areas of the various 



Figuee 6-18 



6 - 4 ] 


ANALYSIS OF ARTICULATED STRUCTURES 


271 


members in square inches are noted in parentheses on the illustration. 
E is constant. The condition equations are 


dW _ dig 

dTr ~ ^ dTr 



dW _ dm L 
dT„ ■“ A 



aw 

dTn 




a<s L 

aTn' >* 


= 0 . 


(6-13) 


Assumiqg that the stresses in the redundants are tension, me computations 
incidental to writing these equations in their final form are given in 
Tables &-7 and 6-8. 


Table 6-7. 
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Table 6-8. 



Mem¬ 

ber 



a 



b 

+23.6 + 0.288rr +0 - 0.41ir, 


e 

+205.6 + 2.04orr + i.oosr* + 0 

(1) 

d 

+388.0 + 3.86orr +0 + i.sior. 

s-.- 

e 

« 0 

dTr A 

/ 

+49.0 + 0.486r, + 0.69!8r,* 


9 

+ 20.1 + 0 . 200 r, + a 286 r* + 0 . 286 r, 


h 

+19.0 + 0.486r, + 0 + 0.698r, 


r 

0 + Looorr +0 +0 


m 

0 


n 

0 


a 

+7.7 + 0 + 0.589r*+ 0 


b 

0 


e 

+110.5 + 1.096r, + 0.589r* + 0 

(2) 

d 

0 


e 

+28.8 + 0 + 0.408r*+ 0 

S -- — 

dr* A 

f 

+70.3 + 0.698r, + i.ooor* + 0 


9 

+28.8 + 0.286r, + 0.408r* + 0.408r, 


h 

0 


Y 

0 


m 

0 + 0 + i.ooor* + 0 


n 



a 

0 


b 

-33.7 - 0.412r, + 0 + 0.590r, 


« 

0 

(3) 

d 

+161.7 + LSlOr, + 0 + 0.589r, 

sii.i 

e 

0 

dr, A 

f 

0 


9 

+28.8 + 0.286rr + 0.408r* + 0.408r, 


h 

+70.3 + 0.6987', + 0 + l.OOOr, 


r 

0 


m 

0 


n 

0+0 +0 +i.ooor. 
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A summaticni oi all entries in the three sections of Table 3-8, marked (1), 
(2), and (3), will result in the three required conation equations: 

+8.3607*, + 2.0827** + 2.0837*» + 735^2 = 0, 

+2.0797*, + 3.9947** + 0.4087*. + 246.1 « 0, 

+2.082r, + 0.4087* + 3.5877. + 217.1 = 0. 

A simultaneous solution will give 

Tr = --80.6 k, 7* = -18.4 k, 7. = -11.4 k. 


Pboblebis 

6-14. find the stress in member AD of Fig. 6-19 by least work. All members 
are of steel and cross-sectional areas are as indicated on the illustration. [Ans.; 
6.0 k teunon.) 



FtouBE 6-19 

6-15. The timber beam shown in Fig. 6-20 is 20 in. deep and 10 in. wide, 
with E » 1000 k/in^. The steel rod has a cross-sectional area of 0.20 in^ with 
E 30,000 k/in^. Find the stress in the steel rod. [Ans.: 2.8 k tension.] 



Figure 6-20 
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&-16. Find the stress in the redundant FC of Fig. 6-21 by least work. E is 
constant. Cross-sectional areas in square inches are shown in parentheses on 
the illustration. [Ans.: 29.6 k tension.) 



Figure 6-21 


6-17. The timber beam shown in Fig. 6-22 is 10 in. wide and 24 in. deep, 
with E = 1500 k/in^. The steel rod, with E ~ 30,000 k/in^, has a cross- 
sectional area of 0.5 in^. Find the stress in the rod. (.4ns..' 9.0 k tension.) 



Figure 6-22 
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6-18. Determine the stress in the strut of the trussed beam shown in Fig. 6-23. 
The beam is a 20170, with I = 1214 in* and A ■= 20.42 in®. The strut has a 
cross-sectional area of 10 in® and the ties have cross-sectional areas of 8 in® each. 
E is constant. [Afu.: 82.5 k compression.] 



6-19. Find the stress T in the cable DC (see Fig. 6-24) by least work. The 
cross-sectional area of the cable is 1.5 in® with an E of 20,000 k/in®. The timber 
beam AC is 12 in. X 12 in. in seetiou, with E - 1600 k/in®. Each member of 
the steel cantilever truss has a sectional area of 4 in®, and E is 30,000 k/in®. 
[Ans.: 5.1 k tei^ion.; 




Fioure 6-24 
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6-20. The towers for supporting the ends of the cable for a cable car crossing 
a gorge were built as shown in Fig. 6-25. It is now desired to install a new car 
and cables, resulting in increased loads. The towers are not strong enough as 
originally built. It is proposed to tie the top of each tower back to rock with 
two wire ropes, one in the plane of each side truss of the tower as indicated. 
Each rope is to have an area of 2 in^ and an E of 10,000 k/in^, and each rope 
acts with a set of loads and a vertical side truss as shown. Cross-sectional areas 
of the tower members in square inches are shown in parentheses on the illus¬ 
tration. The allowable working stress in the cable is 30,000 Ib/in^, 20,000 Ib/in^ 
in the tension members of the tower, and 14,000 Ib/in^ in the compression 
members. Is the proposed arrangement satisfactory? The rope will have a small 
initial stress so that in the analysis it may be regarded as straight. E for the 
tower is 30,000 k/in*. [Am.: The stress in the rope is found to be 58.5 k tension, 
which gives a stress intensity of 29.2 k/in^. This is satisfactory. One member, 
CE, will be overstressed at 15.1 k/in* compression.] 



Fksuue 6-25 
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&-21. In Example 6-11 it was found that the suggested method for reinforcing 
the tower was not entirely satisfactory. It is now suggested that the diameter 
of the cable be increased to 1.25 in., with an area of 0.93 in^ and a working 
strength of 40 k. E for the cable remains at 20,000 k/in^. Furthermore, the 
cable will be stressed to 20 k tension when installed. Will this be a better solution 
than the proposal of Example 6-11 ? (See Fig. 6-16.) [Ans.: Final stress in cable 
» 27 k. Members B8, Bfi, B4, Bl, and 12 are overstressed.] 

6-22. Find the redundant reaction components Rd, Md, and To (see Fig. 6-26) 
by least work. The welded pipe bracket ACD is located in a horizontal plane 
and the 4 k load is vertical. The ends at A and D are fixed. The pipe is 6>in. 
standard with a plane moment of inertia 28.14 in^, E > 30,000 k/in^, and 
G “ 16,000 k/in*. [44ns.: Rd = —1.9 k (up), A/x> ■>* —1.8 ft-k (counter* 
clockwise), To ■= -+-11.8 ft*k (clockwise).] 
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CHAPTER 7 


THE COLUMN ANALOGY 

7-1 General. The column analogy, introduced by Professor Hardy 
Cross about the time that his method for distributing moments was pub¬ 
lished (1930), provides a method of analysis which is applicable to inde¬ 
terminate continuous frames with a redundancy up to and including the 
third degree. The method exists because the moments in a continuous 
frame, as caused by redundant reactions (up to a maximum of three in 
number), are analogous to the fiber stresses in an eccentrically loaded 
short column. 

As applied to single-span rigid frames and arches, the column analogy 
is very similar to the method of the elastic center. There is very little 
difference, if any, in the amount of work or complexity of theory involved 
in the two methods, and a selection of one in place of the other is a matter 
of personal preference. 

7-2 The column flexure formula. A proper understanding of the par¬ 
ticular approach to the column analogy as presented herein depends on a 
knowledge of the column flexure formula. Consequently, this formula will 
be discussed before proceeding with the development of the analogy. 

A column with an unsymmctrical cross section is shown in Fig. 7-1 (a). 
(Any other unsymmetrical section could have been used.) The load P is 
eccentrically applied with respect to the two rectangular centroidal axes 
x-x and y-y. The fiber stresses in the column, under the action of P, are 
assumed to vary directly with the x- and y-coordinates of the various 
fibers. Therefore the equation for the fiber stress in the column is linear in 
X and y, or, in other words, it is the equation of a plane. 

If the various values of fiber stress are plotted downward with reference 
tb some base plane, such as 1-2-3-4, all the plotted values will fall on some 
other plane, such as 5-6-7-8, as indicated in Fig. 7-1 (b). The traces of the 
vertical planes including the i- and y-axes are shown on the plane .5-6-7-8. 
If the slope of the trace of the vertical plane including the x-axis (the 
x/-plane) is represented by m and the slope of the trace of the vertical plane 
including the y-axis (the y/-plane) is represented by n, then it is apparent 
froni the illustration that the equation for the stress on any particular 
fiber, such as z, will be 

/* = c -f mx, 4- «y*. 

The general expression for any fiber will be 

/ = c 4 - m.r + ny. (7-l) 
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Now, if the part of the column above the plane 1-2-3-4 is considered as 
a free body, the following condition equations must be satisfied: 


P = jf-dA, 

(7-2) 

'Vv = jS’dAy = Mg, 

(7-3) 

• Xp = jf ■ dA' X = My. 

(7-4) 


In the above equations, / is the internal fiber stress at the bottom end 
(plane 1-2-3-4) of the free body. Note that either side of Eq. (7-3) may 
be designated as The left side of this equation is Mg in terms of the 
external force P and the right side, the expression // • dA - y, is Mg in 
terms of the internal stresses in the column. Similarly, the left side of 
Eq. (7-4) is My in terms of the external force P and the right side, the 
expression Jf • dA • x,\& My in terms of the internal stresses. 

The internal stresses are of particular interest. Substituting the value 
of/from Eq. (7-1) in Eqs. (7-2), (7-3), and (7-4) yields 


P = 

Mg = 

My = 


cjdA -h mj X • dA nj y • dA, 
cjydA + mjiydA + n j y^ ■ dA, 
cjxdA + m j dA nj xy dA. 


(7-5) 

(7-6) 

(7-7) 


If reference axes through the centroid of the cross section are used, the 
above equations reduce to 

P = c - A, (7-8) 

Mg — m ■ Igy -|- n • Ig, (7—9) 


My — m- Jy -{■ n- Igy. 


( 7 - 10 ) 
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Solving these equations simultaneously i^ves the following values for 
c, and n: 

« — - m — jj/g/aty __ Mxly Myixy 

^ ~ A* I I — ‘ ^ ~ I I — 

^ ^xy ^xy 


Substituting the above values in Eq, (7-1) yields 


^ I Mylx Mxlxy I Ji fj/y Myixy 

j"' I I — p I I — p 

A *x^y *xy *x*y •*xy 


(7-11) 


and this is the required column flexure formula. Attention is called to the 
fact that this formula may be used only mth centroidal rectangular reference 
axes. 

If one or both of the centroidal rectangular reference axes are axes of 
S3amnetry, then they are principal axes of inertia and the product of 
inertia Ixy of the cross section is zero. In this case, Eq. (7-11) reduces to 

m _ I JW y I X ffm « 

/= 34+ + (7-12) 


7-3 Development of the method. The column analogy will be derived 
with reference to the rigid frame of Fig. 7-2, although this should not be 
construed as limiting the method to frames of this kind. It may be applied 
to indeterminate single-span beams or to any type of single-span rigid 
frame or arch which may be reduced to a statically determinate and stable 
structure by removing up to three redundant reactions. The method may 
also be used to analyze closed rings, such as sewer sections. 

Consider the frame of Fig. 7-2. 


U 



i 


Fioube 7-2 
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Arbitrarily regard the three reaction components at A as the redun- 
dants. If the support at A is removed, then the frame will deflect as 
indicated in Fig. 7-3, and point A will have three deflection components 
as shown. 



Figure 7-3 


Let Mg represent the moment on any segment of this statically determi¬ 
nate, or "cut-back, ” structure as caused by the real load P. The flexural 
strain in the segment ds will be M, ds/EI. The horizontal deflection 
of point A resulting from this flexural strain in the segment will be 
(Mg ds/El)y, and the vertical deflection will be (M, ds/EI)x. Therefore, 
if we sum the flexural strain effects for all segments, the three deflection 
coniponents of A may be expressed as follows: 



/ 

/ 

/ 


M, ds 

El ’ 

(7-13) 

M,d8 

El 

(7-14) 

$ ds 

El 

(7-15) 
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In the original stnicture, however, there is no deflection at A, all deflec¬ 
tion being prevented by the three redundant reaction components. These 
three redundants, shown in Fig. 7-4, must cause three deflection compo- 


H 


) 


M 



Figure 7-4 

nents at A which are equal in magnitude and direction, but opposite in 
sense, to the deflection components at A caused by P in Fig. 7-3. These 
deflections are shown in Fig. 7-5, 


y 



Let Mr represent the moment on any segment of the frame of Fig. 7-5 
as caused by these redundant reaction components. The following expres¬ 
sions can then be written: 
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/ Mr ds 
' El ' 

(7-16) 


f Mr ds 

1 El 

(7-17) 

Ar =j 

( Mrds 
’ El 

(7-18) 


It is important here to note that Mr is a linear function of x and y. 

I'Vom Ecjs. (7-13) and (7-10). (7-14) and (7--17), and from (7-15) and 
(7-18), it is apparent that arithmetically, for the entire structure, 



From the previous discussions ot the conjugate beam and the conjugate 
structure the reader will recognize that the left side of Eq. (7-19) may be 
considered as an elastic load. It will also be apparent that the left side of 
E(i. (7-20) is the first moment of this elastic load about the x-axis, and 
that the left side of Eq. (7-21) is the first moment of this elastic load 
about the //-axis. Accordingly, it is possible to write 



/ Mrds 
' El ’ 

(7-22) 

11 

H 

f Mrds 

f El 

(7-23) 

j/. = j 

f Mrds 

' El 

(7-24) 

where W represents the elastic load, and M^ and My represent first mo¬ 
ments of this clastic load about the x- and y-axes, respectively. 
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A comparison of Ekjs. (7-22), (7-23), and (7-24) with Eqs. (7-2), (7-3), • 
and (7-4) of Section 7-2 will show that the two groups of equations are 
analogous, and hence the column analogy. It is apparent that il/r is in 
every respect analogous to the fiber stress in a short column eccentricaliy 
loaded. Therefore, Mr may be considered to be the fiber stress in a short 
column, hereafter called the analogous column, the cross section of which 
has a center line similar in shape and length to the center line of the real 
structure. The width at any section is proportional to I/El of the cor¬ 
responding section of the real structure. The load on any differential 
area of the analogous column will be ilf • ds/EI] that is, M, may be 
considered to be the intensity of the elastic load on the analogous colunm. 
Attention is again called to the fact that M, at any section of the analogous 
column is the moment at the corresponding section of the cut-back struc¬ 
ture with all loads acting. The length (or height) of the analogous column 
is not important and is considered to be some small unknown value. 

As a result of the foregoing discussion, the analogous column for the 
frame in question would be as shown in Fig. 7-6. 



Fioure 7-6 


The reference axes which should be used for various t 3 rpe 8 of structures 
will now be considered. If both supports are fixed, then rectangular refer¬ 
ence axes through the centroid of the elastic areas should be used (see 
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Fig. 7-7). If one support is hinged, then rectangular reference axes should 
be used through the point on the analogous column corresponding to the 
hinge on the real structure (see Fig. 7-8). This is because the area of the 
analogous column is infinite at this point, since I is zero, and consequently 
this is the centroid of the elastic areas. If both supports are hinged, then 



Figcbe 7-8 


infinite elastic areas exist at the points on the analogous column corre- 
spojiding to the hinges in the real structure (see Fig. 7-9). The axis through 
these two points of infinite elastic area will be a principal axis of inertia. 
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In Section 7-2 the column flexure formulb wa*- derived as Eq. (7-11) 
and may now be written as 

/=M. = I + +[ ""A 

When the r^targular centroidal reference axes are principal axes of inertia, 
Igy is zero and the formula reduces to 

Mr = f + ^x + ^V. (7-26) 

An understanding of the physical significance of the various terms in 
Eq. (7-25) is important. From this equation the change in Mr with 
respect to a change in x, which must be the value of a redundant reaction 
Vo acting along the y-axis, will be 

^Mr MylX XV rr m r»*»\ 

IT w. - 1 \, 

Similarly, the change in Mr with respect to a change in y, which must be 
the value of a redundant reaction Hq acting along the z-axis, will be 
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The first term of Eq. (7-25) is the value of a redundant moment reaction 
component, il/o, acting at the origin of the reference axes. It is apparent, 
therefore, that all three of the redundant reaction components which are 
represented in Eq. (7-25) actually act at the origin of the reference axes. 
Thus it is seen that they are not the actual redundant rea(;tion components 
acting directly on the structure which is l>eing analyzed. Instead, they must 
be considered as acting on the end of a rigid bracket which extends from 
one end to the origin of the reference axes. The other end of the structure 
is considered to be fixed. This arrangement, for an arch, is shown in 
Fig. 7-10. The redundant reaction components represented in Eq (7-25) 
are designated in this figure as Hq, Vq, and Mq. 



Figure 7-10 


If desired, the rigid bracket could have been considered to be con¬ 
nected to the right end of the arch, with the left end fixed. If this arrange¬ 
ment had been assumed, the correct senses of Ho, Vq, and Mq would have 
been opposite to those as determined with the bracket connected to the 
left end. 

It is important to note that the indeterminate structure to be analyzed 
may be reduced to determinateness by using any combination of actual 
reaction components a.s the redundants. A different set of values for 
Ho, Fo, and Mq will be found for each different set of redundant reaction 
components. In any case, Hq, Fq, and Mq will constitute a system of 
actions which will be statically equivalent to the system of reaction com¬ 
ponents selected as the redundants. Consequently, when Hq, Vo, and Mq 
have been determined for any given structure, the values of the actual 
redundant reaction components may be computed. 

A brief discussion of the application of Eqs. (7-25) and (7-26) to the 
structures shown in Figs. 7-7,7-8, and 7-9 will be helpful. Equation (7-25) 
applies in the case of Fig. 7-7(a) and (b). These structures are indeter¬ 
minate to the third degree and all three terms of the equation will have 
values. The beams of Fig. 7-7(c) and (d), although theoretically inde¬ 
terminate to the third degree, are considered to be indeteEmuiate to the 
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second degree, since flexure is caused by vertical loads only, or by vertical 
components of loads. Equation (7-26) applies, since the reference axes are 
principal axes of inertia. In addition, the last term of this equation dis* 
appears, because is zero (since the elastic load is S3rmmetrically applied 
with respect to the x-axis). 

The structures of Fig. 7-8(a) and (b) are indeterminate to the second 
degree; Eq. (7-25) applies but the first term, W/A,\s zero since the elastic 
area is infinite. The propped cantilever beams of Fig. 7-8(c) and (d) are 
indeterminate to the first degree; Eq. (7-26) applies, with the first and last 
terms reducing to zero. 

The frames of Pig. 7-9(a) and (b) are indeterminate to the first degree; 
Eq. (7-26) applies, since the reference axes are principal axes of inertia. 
The first term reduces to zero, since the elastic area is infinite, and the 
second term is zero, since ly is infinite. For this reason the location of the 
2 /-axis is immaterial. 

The exact method of applying the column analogy can be easily inferred 
from the preceding discussions, but a recapitulation may be helpful. The 
step-by-step procedure is outlined below; 

(1) The structure is cut back, as would be done for a solution by the 
general method. Any one reaction component, or any combination of two 
or three reaction components (depending on the degree of redundancy of 
the structure), may be selected as the redundants which are removed to 
cut back the structure to stability and determinateness. These reaction 
components do not all have to act at one and the same support. As pre¬ 
viously indicated, however, the column analogy is inapplicable to struc¬ 
tures with higher than the third degree of redundancy. 

(2) The dimensions of the cross section of the analogous column are 
computed. The center line of this cross section is identical to the center 
line of the structure but is considered to be positioned in a horizontal 
plane. The width at any section is proportional to \/EI of the correspond¬ 
ing section of the structure. The units to be used in expressing the length 
of the center line, E and /, will be discussed in the next section. 

(3) The analogous column is loaded with the M, diagram, that is, .the 
bending moment diagram of the loaded cut-back structure. This M, 
diagram is drawn on the center line of the column cross section and per¬ 
pendicular to the plane of that cross section. Any ordinate of this diagram 
represents the intensity of load on the analogous column at that point. 
The units to be used in expressing these ordinates will be discussed in the 
next section. 

(4) Rectangular reference axes are drawn in the plane of the column 
cross section, with their origin at the centroid of the elastic area of that 
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cross section. Any pin or hinge support on the original structure is repre¬ 
sented on the column cross section as an infinite area concentrated at the 
corresponding point. 

(5) The fiber stresses in the analogous column (which are at once the 
bending moments Mr in the structure as caused by the redundant reac¬ 
tions) are computed either by Eq. (7-25) or by Eq. (7-26). 

(6) The bending moments Mr are combined with the bending moments 
Ma at corresponding sections to obtain the moments in the original in¬ 
determinate structure. The exact method of combining these moments 
can best be explained by an illustrative problem (see Example 7-1). 


7-4 Units in the column analogy. Confusion often exists regarding the 
units which should be used to express the bending moment as well as 
E and I of the original structure, when setting up the analogous column. 
For example, if the moments M, in the cut-back structure are expressed 
in ft-k, the modulus of elasticity E in k/in^, and the moment of inertia 
I of the real structure in in^, the question arises as to what units will apply 
to the moments in the real structure which are represented by the fiber 
stresses in the analogous column. This can be easily answered by a dimen¬ 
sional analysis of the previously derived expressions for theseiiber stresses. 

The simpler of these expressions is Eq. (7-26), which will be used for the 
discussion: 



Mr 



Ma 


X + 



In the above equation ; 


/ = the fiber stress in the analogous column. 

Mr = the moment at the section in the original structure corre¬ 
sponding to the fiber in the analogous column, defined by 
X and y, as caused by the redundant reactions. 

W — the algebraic summation of the elastic loads on the analo¬ 
gous column. 

My (or Mx) — the first moment of the total clastic load with respect to 
the y~ (or x-) axis. 


A —■ the total elastic area of the analogous column. 




The above expression is of no value except to check dimensions. It is imme¬ 
diately apparent that the units of/, and hence of Mr, are the same as those 
used for M,, since all other dimensions on the right side of the equation 
cancel. Obviously it is immaterial what units are used to express B and 
I of the real structure or to express the length of the segments of the 
analogous column, since these will only affect the units for A, which, from 
the preceding, will cancel. The units for e, r, x, and y must, of course, 
be consistent witiiin themselves so that they too will cancel. 


7-5 Analysis of continuous frames. Only one problem will be presented 
to illustrate the application of the colunm analogy in the analysis of con¬ 
tinuous frames, but this should be sufficient to demonstrate the method. 



292 


THE COLUMN ANALOGY 


[chap. 7 


Moreover, since moment distribution, or slope-deflection, or the general 
method with the conjugate structure will usually require less work to 
effect a solution, greater emphasis is not justified. Note, however, that 
the analogous column is effective as a method for analyzing single-span 
arches. 

Before we proceed with the illustrative problem, it would be well to 
discuss one particular computation which occurs quite frequently if the 
column analogy is used to any great extent. This is the evaluation of the 
moments of inertia and product of inertia of a long and relatively narrow 
rectangle with respect to rectangular axes which are not parallel to the 
major and minor centroidal axes. For example, in Fig. 7-11, the values 
of Ij.., Iy.j and are required. 



Figure 7-11 

From mechanics, 

lx' — Ix cos* a — 21 xy sin a cos o + /y sin* a, 

/y' = Ix sin* a + 21 xy sin a cos a + /y cos* a, 

Ix’y' — {Ix — ly) sin a cos o + Ixy (cos* a — sin* o). 
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For the rectangle in question, 


Jxy — 0 , 

/x = bLVl2, 


and ly is small and is neglected. 

Substitution of these values in the above equations will result in 




= 




hh^ . 

Av^ 

12 “ = 

12 ' 

6L® . 2 

Ah^ 

-jysin a = 

12 ’ 

6L® . 


-^2 sm a cos a — - 


Ah) 

12 


Example 7-1. Find the moments at points A, B, C, D, and E of Fig. 
7-12 by the column analogy. Cut back the original structure by removing 
the support at A. 



Figure 7-12 


The centroid of the elastic areas must first be located; through this the 
rectangular reference axes are drawn. The necessaiy computations are 
shown in Table 7-1. The coordinates x and y are referred to point A. 
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Tablb 7-1. 


Mem¬ 

ber 

Rela¬ 

tive 

1/EI 

1 

Rela¬ 

tive 

elastic 

area 

A 

x(ft) 

l/(ft) 

Ax 

Ay 

/(ft) 

»■(») 

AB 

2 

20 

40 

+6 

+8 

+240 


-6.33 

-2.67 

BC 

1 

20 

20 

+22 

+16 

+440 

m 

+10.67 

+6.33 




60 



+680 

+640 




Xo 


+680 

60 


+11.33 ft, 


I/O 


+640 

60 


= +10.67 ft. 


The reference axes, together with the sign conventions assumed for x' 
and y', are shown on the sketch of the analogous column in Fig. 7-13. 



Having located the x' and y* reference axes as shown in this figure, we are 
now required to compute 7^,, and I Certain preliminary work is 
necessary for AB. Segment AB of the analogous column is shown in Fig. 
7-14. 
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7 - 4^1 



Fioure 7-14 



The remainder of the computations for /*., 7^,, and I^.y. for the entire 
column cross section are shown in Table 7-2. 


Table 7-2. 


Member 



¥ eg 

Ax'^ 


Ax^y' 

AB 

BC 

854 

Negligible 

285 

568 

480 

667 

1140 

2275 

+640 

b 

+5 

+11 

■ 

ill 

Totals 

854 

853 

1147 

3415 

+640 

+1710 


= 854 + 853 = 1707, 

Jy> = 1147 + 3415 = 4562, 

= +640 + 1710 = +2350. 
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The values for W, My, and M* are computed in Table 7-3. Note that 
in writing M„ a. moment resulting in tension on the outside of tiie frame 
has been designated as positive. 


Table 7-3. 


Mem¬ 

ber 

Aver¬ 

age 

M, 

Loaded 

relative 

elastic 

area 

Rela¬ 

tive 

elastic 

load 

W 



My - irz' 

Mu » HV 

AB 

+40 

— 

+800 

-1.33 

+2.66 

-1,060 

+2,130 

BC 

+80 


+1,600 

+10.67 

+5.33 

+17,070 

mmm 

DC 

+100 

10 

+1,000 

+17.33 

+6.33 

+17,330 

+5,330 




+3,400 



+33,340 

+15,990 


The above values are used to compute W/A and the coefficients of x and 
y in Eq. (7-25) as follows: 


W , 3400 

T = + ‘6r 


+66.67 ft*k, 


Myl^ - (+33,340)(+1707) - (+15,000)(+2350) 

hit, - Ily (+1707)(+4562) - (+2350)2 ’ ' 

MJy - Myhy _ (+l5,990)(+4562) - (+33,340)(+2350) .oofli, 

hh - n (+1707)(+4562) - (+2350)2 


Moments are required at several points around the frame. The com¬ 
putations for Mf at these several points, using Eq. (7-25), as well as the 
combination of Mr with M, to obtain the final moment M, are now 
advantageously arranged as shown in Table 7-4. 


Table 7-4. 


Point 

M. 

(ftk) 

W 

A 

(ft) 

+8 54i' 


-2.391^ 

Mr 

(ftk) 

M<^M, — Mr 
(ft-k) 

A 

— 

+56.67 

-11.33 

-96.76 

-10.67 

+25.50 

-14.50 

+14.50 

B 

-180 

+56.67 

+0.67 

+5.72 

+5.33 

-12.74 

+49.65 

+30.35 

C 

+280 

+56.67 

+20.67 

+176.52 

+5.33 

-12.74 

+220.45 

+59 55 

D 

+80 

+56.67 

+ 10.67 

+91 12 

+5.33 

-12.74 

+135.05 

-55.05 

E 

— 

+56.67 

-5 33 

-45.52 

-2.67 

+6.38 

+17.53 

-17.53 
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An explanation is required relative to the beading for the last column 
of Table 7-4, Af — Af, — A/,. The general expression would be 

Af = Af, dt Mr. 

t 

The decision as to whether the positive or negative sign should be used 
for Afr must be made for each individual problem. 

In the preceding problem the tabular values of M, are correct for their 
respective points in the frame with the redundant reactions removed. 
When these reactions are replaced, the largest value of M, (in this case, 
+280 at C) must be reduced. Mr is the internal moment resulting from the 
action of these redundant reaction components. Therefore the sign of Afr 
must be such that when added algebraically to the maximum value for Af., 
the resulting value for Af will be smaller than Af«. It is obvious in the 
foregoing problem that the correct sign for Mr in the expression for M 
will be negative. Particular attention is called to the fact that this adjust¬ 
ment will make the results of the analogous column consistent with the 
sign convention originally assumed for the M, in the cut-back structure; 
that is, a moment causing tension on the outside of the frame is positive. 
This requirement that Af shall be less than Af« applies only to the point 
of maximum M, in the frame; Af at other points may be larger than Af«. 

The redundant reaction components which are represented by W/A 
and by the coefficients of x and y in Eqs. (7-25) and (7-26) always act at 
the origin of the reference axes; that is, they act at the centroid of the elas¬ 
tic areas. Th^ redundant reaction components represented by the coeffi¬ 
cients of X and y always act along the y- and x-axes, respectively. As 
previously suggested, these reaction components may be considered to act 
on the end of a rigid bracket which extends from one end of the structure 
to the origin of the reference axes. The other end of the structure is con¬ 
sidered to be fixed when the moments caused throughout the structure 
by these reaction components are evaluated. This is true regardless of the 
combination of actual reaction or stress components selected as the redun- 
daiits. Internal stress components may also be selected as the redundants, 
as, for example, the stress components at the crown of a fixed<«nd arch. 

The 'particular redundant reaction components which are represented in 
Eqs. (7-25) and (7-26), however, are always the static equivalent of Oie actual 
redundant reaction or stress components selected for the purpose of the analysis.' 

In Example 7-1 the redundant moment component acting at the origin 
of the reference axes is given by W/A and is +56.67 ft*k. The redundant 
vertical component, the coefficient of x, is +8.54 k; the redundant hori¬ 
zontal component, the coefficient of y, is -‘2.39 k. These values are 
correct in magnitude but may be incorrect in sign. 
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It was previously determined that, in order to make the sign of Mr 
consistent with the sign convention assumed for Aft, all stresses in the 
analogous column should have their signs reversed, and this means that 
the signs of the above reaction components must be reversed. Conse¬ 
quently, the sign of the moment reaction component becomes negative, 
which signifies that this moment must have a sense such that it will cause 
compression on the outside of the frame; that is, it must be clockwise. 
The vertical reaction component becomes —8.54 k and must have a sense 
such that when it is multiplied by a positive a;-coordinate, a negative 
moment (causing compression on the outside fibers) will result. The sense 
must therefore be up. The horizontal reaction component will be +2.39 k 
and must have a sense such that it will cause positive moment on all sec¬ 
tions of the structure with a positive ^/-coordinate. The sense is therefore 
toward the right. 

Having evaluated the redundant reaction components acting at the 
centroid of the elastic areas, we can determine the sense and magni¬ 
tude of each of the redundant reactions acting directly on the cut-back 
structure. This is possible because tke two sets of reaction components are 
statically equivalent. Several sketches will serve to illustrate this point. 

In Fig. 7-15 the reactions acting at C on the cut-back structure are 
indicated. In Fig. 7-16 are shown the redundant reaction components 
which, by the analogous column, have been determined as acting at the 
centroid of the elastic areas. Observe that reactions are induced at C and 
also that the rigid bracket could have been assumed to be connected to 
end C of the structure with end A fixed. In this case, the redundants acting 
on the end of the bracket would be of the same magnitude as determined 
above but would be reversed in sense. 

By statics, the redundant reactions at A may be computed and are 
shown in Fig. 7-17. The induced reaction components at C remain as in 
Fig. 7-16. If the loads and reaction components of Fig. 7-15 are added 
to the reaction components of Fig. 7-17, the loaded structure, with the 
final value for all reaction components, will result as shown in Fig. 7-18. 

As previously indicated, if the real structure is externally redundant to 
the second degree, that is, if one support is fixed and the other is pinned, 
then the centroid of the elastic areas will coincide with the pin. If the real 
structure is redundant to the first degree, which will be the case if both 
supports are pinned, then the centroid of the elastic areas will be located 
on the line joining the two pins and midway between them. The single 
redundant reaction will act along this line. 
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Problems 

7-2. Determine the moments at B and C (see Fig. 7-19) by the column 
analogy. B and I are constant. [^n«.; B — AZ ft*k tensiun on outside, 
C » 79 ft*k tension on bottom.] 



Figure 7-19 


7-3. For Fig. 7-20 find the moments at B, C, and D by the column analogy. 
E is constant. [Am.: B ^ 0.8 ft-k tension on outside, C ~ 4.1 ft’k tension 
on bottom, = 1.1 ft*k tension on outside.) 



Figure 7-20 Figure 7-21 


7-4. Using the column analogy, find the reaction components acting at A in 
Fig. 7-21. [Am.: =* 4.1 k right, V =* 14.8 k up, M * 13.8 ft*k clockwise.] 
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7-^. For Fig. 7-22 find the moments at criti(| 0 l points by the analogous column. 
E and 2 are constant. Consider that a moment causing tension on the outside 
of the frame is positive. [Ana.: A » —32 ft'k, JB ■> +42 ft*k, C « —39 ft'k, 
D - +-16 ft-k, F - -22 ft-k, F - +41 ft-k.l 


I 5*4) [zOk 

B' f D 
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CHAPTER 8 


INTRODUCTION TO MOMENT DISTRIBUTION 

8-1 General. The method of moment distribution was introduced by 
Professor Hardy Cross, who began teaching it to his students at the 
University of Illinois in 1924. It was given to the profession in the 1932 
Transactions of the American Society of Civil Engineers in a paper (1) 
entitled “Analysis of Continuous Frames by Distributing Fixed-End 
Moments." 

Moment distribution attracted immediate attention. During the 
several years immediately following its introduction, the journals of 
various profes.sional societies in the United States published numerous 
papers on the method, and many of these represented significant con¬ 
tributions. Thus the number of those who assisted in bringing the Cross 
method of moment distribution to its present state of refinement is very 
great. This in itself is a notable tribute to the splendid teacher and en¬ 
gineer through whose perception the method was conceived. 

There are some who believe that monxpnt distribution constitutes the 
greatest single contribution ever made to indeterminate structural theory. 
This, of course, is a matter of opinion but the fact remains that the method 
has provided a means whereby many types of continuous frames which 
were formerly designed by empirical rules or approximate methods can 
now be analyzed with accuracy and comparative ease. The method has 
only slight application, however, to the analysis of articulated structures. 

8-2 Sign convention for moments. An understanding of the sign con¬ 
vention to be used throughout the discussion of moment distribution is 
necessary. Any moment considered at the end of a member will always be 
the moment the n\ember exerts on the joint or support. If the member 
tends to rotate the support clockwise, the moment will he considered to be 
positive. If the member tends to rotate the support counterclockwise, then 
the moment unit be considered to he negative. 



Fig URL' 8-1 


In Fig. 8-1 the fixed-end moment at A, Fab, is positive but that at B, 
Fba, is negative. In the frame shown in Fig. 8-2 the fixed-end moment 
Fab is po-sitive, Fba is negative, Fbc is positive, and Fob is negative. 
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8-3 Absolute stillness and distribution factor. It is necessary to have a 
'measure of the capacity of a member to resist the rotation of one end 
when a moment is applied at that end. Consider Fig. 8-3. If the support 
at A rotates through some angle, the distorted beam will be as shown in 
Fig. 8-4. So far as the Internal stresses in the beam are coiicefned, the left 
support can be represented as a simple support and the effect of the 
rotating wall can be replaced by an external couple Af. The result is 
shown in Fig 8-5, and from this ffgui^ the measure of the capacity of a 



Figure 8-3 



Figure 8-4 



member to resist rotation of one end can be readily understood. If the 
value of ^ is 1 radian, then the value of AI required to produce this unit 
rotation is arbitrarily called the absolute stiffness. Therefore the following 
definition will apply; Absolute stiffness is the ealue of the moment, applied 
at a simply supported end of a member, necessary to produce a rotation of 1 
radian of this simply supported end, no translation of either end being per¬ 
mitted and the far end being either simply supported, restrained, or fixed. 
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The application of absolute stiffness to moment distribution may be 
understood to some degree by reference to Fig. 8-6. Under (he action of 
the applied moment M, the frame will deflect as in Fig. 8-7. 




It is necessary to know what internal moments are developed in the 
ends of the various members at E. Suppose that the values of the absolute 
stiffness for the various members (in inch kilopounds) are as indicated in 
Fig. 8-8. It should be clear that the summation of the absolute stiffnesses 



of all the members framing at E will be a measure of the resistance of 
joint E to rotation. It should be •equally clear that the action of any 
Supplied moment M will be resisted by each member in proportion to that 
member's capacity to resist rotation of its end at E. member, then, 
yrfll supply a proportion of the total resisting moment necessary to satisfy 
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the condition that 2JI/ = 0 at the joint. Thus Mea (the internal mo¬ 
ment at end E of the member EA) would be (12,000/40,000) X. M, Mec 
would be (16,000/40,000) X M, and Meb snd Med cJin be expressed in 
the same way. The value of (12,000/40,000) is called the diairibution 
factor for EA] (16,000/40,000) is the distribution factor for EC. The 
following definition then results: The distribution factor for any meinher 
at a joint is equal to the stiffness of the member divided by the sum of the 
stiffnesses of all members at the joint. 

8-4 Relative stiffness of a member. It is apparent that the foregoing 
values for absolute stiffness are rather cumbersome numbers to handle; 
obviously they would be much easier to use in computations if reduced to 
lowest terms by a common divisor. When such a division is made, the 
resulting numbers will all be related in some fixed ratio to corresponding 
values of absolute stiffness and are therefore called relative stiffnesses. 

It will presently be demonstrated that the absolute stiffness of a prismatic 
member with the far end fixed is 4EI/L. Thus when a frame is composed 
entirely of prismatic members, it is most convenient and customary to use 
values of I/L for the relative stiffness of each member. If, however, one 
or more members in the frame is nonprismatic, and since all relative 
stiffnesses must be related to the absolute stiffnes.ses in the same ratio, 
care must be used in selecting the relative stiffnesses for the prismatic 
members. Ij, is probable that the value of 1 (L will not be correct. 

For the purpose of the discussion, assume that all members of the frame 
under consideration are prismatic. In this case, the lelative stiffnesses 
may be obtained by dividing the absolute stiffnesses by 4^. If E is taken 
as 1000 k/in^, the relative stiffnesses will be as shown in Fig, 8-9. The 
values of the distribution factors are grouped around the joint. 
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8-5 Cany-over factor. Consideration of the distorted frame of Fig. 8-7 
will make it apparent that when a resisting moment develops in the end 
of a member at E, then a moment Is also induced at the far end of that 
member. This induced moment at the fixed or restrained end of any 
member, when the opposite end is rotated, always has a certain definite 
relationship to the resisting moment developed at the rotated end. The 
carry-over factor is that factor by which the develop^ momerd at the rotated 
end of a member may be multiplied (the other end being fixed or restrained) 
to give the induced moment at the fixed or retrained end. 

It will now be demonstrated that this carry-over factor for prisnuUie 
members is always if the far end is fixed. Figure 8-10 shows a propped 
cantilever beam with a moment M applied at the simply supported end. 



Figure 8-10 


Figure S-11 



El 


This moment causes the rotation of this end through the angle 9, and the 
moment Mp is induced at the fixed end. The conjugate beam for this 
situation is shown in Fig. 8-11. For this conjugate beam, EM must equal 
rero about A\ from which 

MIL Me L 2, . 

EI'2'Z i?/’2'3^~®’ 


which results in 


Me = +y 

The significance of the positive sign in the above equation is that the 
assumption made as to the sign oi Me when loading the conjugate beam 
(that is, that M / would cause tension on the top fibers of the beam) is 
correct. Note that the sign convention used thus far in this derivation is 
necessarily that which w'as arbitrarily adopted for the conjugate beam; 
that is, a moment causing compression on the top fibers of the real beam is 
considered to be a positive moment and is drawn on the top of the con¬ 
jugate beam. The above expression for Me, then, aside from having the 
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significance mentioned, also means that if the moment applied at the free 
end causes compression on the top side of the real beam, tiien the induced 
moment at the fixed end will cause tension in the top side. 

It is necessaiy to interpret these findings in terms of the sign convention 
for moment distribution. If the moments exerted by the beam are in¬ 
dicated, the sketch of Fig. 8-12 will result. It is now obvious that the 



Fioube 8-12 


moment exerted by the beam at the fixed end will act with the same sense 
as the moment exerted by the beam at the simply supported end. There¬ 
fore, according to the moment distribution sign convention which has 
been adopted, the carry-over factor for a prismatic beam with the far end 
fixed will be +i^. 

8*-6 Evaluation of absolute stiffness of prismatic members. The value of 
the angle 0 in terms of the applied moment M, in Fig. 8-10, is equal to the 
shear in the conjugate beam at A', in Fig. 8-11. Therefore, 

2 2 2/El 4EI 


from which 




Then, with 9^ = 1, the value for the absolute stiffness becomes 


• Kab 


AEI 

L 


Another relationship that i-esults in a considerable simplification wh^ 
the end of a span rests on a simple support (as at the simply supported 
ends of a continuous beam) will now be developed. 
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Suppose that a moment M is applied at the left end of a simple beam and 
results in a rotation Ba of the left end, as shown in Fig. 8-13. 


M 



Figure 8-13 Figure 8-14 


The conjugate l>eam is represented by Fig. 8-14. The value of Ba is again 
given by the shear at il' of the conjugate beam: 

_ M L 2L 1 ML 

^ ~ El 2' 3 L~ SEI 


from which 


Tjr _ SEIBa 

lU - 


and the al).solute stifTne.ss for this beam is 

„ ZEI 
Ea 

In other words, the absolute stifTne.ss (or the relative stiffness) of a simply 
supported prismatic member is three-fourths of the absolute stiffness (or 
the relative stiffness) the same member would have had if the far end had 
been fixed instead of .simply supported. 

8-7 Fixed-end moments induced by displaced supports of prismatic 
members. It i.s nece.ssary to derive the expre.s.sion for the moments induced 
in the ends of a pri.smatic memlier, fixed at one or both ends, when one 
end U i.s disjilaced a di.stance A relative to the other end A. The effects of 
such a displacement on a member fixed at both ends are shown in Fig 8-1.5. 


M 



Ftouni. S 1.5 
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The reactions indicated are those exerted by the supports on the member. 
It is apparent that the condition Zilf » 0 for the conjugate beam (repre¬ 
sented by Fig. 8-16) can only be satisfied by applying an external moment 
A to the end 


K 

El 



Fioure 8-16 


The moment must be applied at this end, since it has been stated that 
B deflects relative to A. Consequently, 

A M L L 
El ’ 2 ’ Z' 

from which 


If one end of the member is simply supported, the moment at the fixed 
end will be gi\en hy M = ZEIA/L'^. 

8->8 Why moment distribution works. A simple example will serve to 
illustrat-e the how and why of the moment distribution method. Consider 
the continuous beam of Fig. 8-17. Here the relative values of K are 

^ w k/ft I ^ 

KTe * = ■» A 

B C 

Figure 8-17 


shown, as are the distribution factors for joint B. The spans and loads 
are such that the values of the internal fixed-end moments are as follows; 
P AB ~ "f'20, Fba ~ —20, F Bc — 4 "lO, and Fcb — —30. These arc 
the fixed-end moments (in ft-k) for the beam ends indicated by the sub¬ 
scripts and as caused by the loads shown; and these fixed-end moments 
can exist only if joint rotation is prevented at all joints. This can only be 
true at B and C if some temporary external moment is applied at each of 
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these joints to satisfy the condition that SM = 0. These temporary 
external moments, designated as Mbi <and Mc\, are shown in Fig. 8-18. 



+20 


Mm = 20 

A 

oJjSIo+ 

D 

-201+40 
Figure 8-18 


Mex = 30 



C 


-30 


It is apparent, however, that Mb\ and Mv\ cannot be permitted to 
remain, for this would alter the conditions of the problem. Accordingly, 
an external moment Mc 2 is introduced at C to cancel the effect of Mci- 
(See Fig. 8-19.) The action of Mc 2 "'ill develop an internal moment 



+20 


.1/B2 — 13 
Mbi = 20 




+40 

+15 


^ i»/ca 
Mci 


-:iof 

h30 I 



30 

30 


Figure 8-19 


acting clockwise at C which will resist the rotation of joint C as caused by 
Mc 2 and which will maintain the condition for the joint that ZM = 0. 
This developed internal moment will thus be +-30. 

It has been previously established that the above moment will induce 
at the other end of the span an internal moment of the same sign and with 
one-half its value. In other words, as indicated by application of the 
carry-over factor of there will be an induced internal moment at B of 
4-15. However, this moment induced at B can exist only if an additional 
temporary e.xternal moment Mb 2 is applied to satisfy ZM = 0; obviously, 
MB 2 "ill have a value of 15 and act counterclockwise. The external 
moments and Mb 2 arc shown as additional vectors in Fig. 8-19. The 
internal moments arc added, with their correct signs, in the tabulation 
under the span, and a horizontal line is drawn under the +30 entry at C 
to indicate that the joint is halaiu'cd, that is, that all temporary external 
moments arc removed at the joint. 

.Joint B, however, i.s not in balance. In order to remove all temporary 
external moments at this joint, we mu.st apply an additional temporary 
external moment M having a value .35 and acting in a clockwise direc¬ 
tion. (fcice Fig. 8-20.) A.s before, this external moment will develop internal 
momenls in BA and BC which will act in a countcrclockAvise direction. The 
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— 35 
Mtti — 15 



ilfc2 = 30 
Mci = 30 


Figure 8-20 


iiiagiiitudca of these moments will depend on the relative stiffnesses of the 
menibei-s, or, in other words, on the distribution factors at the joint. The 
de\’eloped internal moment in BA will be 0.0 X 3o — 21, and in BC it will 
be O.-l X 35 — 14; since both of these act in a counterclockwise direction, 
they will be negative. I'hese developed moments are entered in the tabula¬ 
tion under tlu* beam of Fig. 8- 20, and a horizontal line is again drawn to 
indicate that all temporary external moments have been removed at the 
joint, or, in other words, that the joint is in balance. 

Now, however, these developed internul moments will result in induced 
moments at the opposite ends of the two spans, each one eipial to -fj of 
the respective developed moment. The induced moments can exist only 
if rotation of the joints of their iiuluction is prevented Since A is a fixed 
support, the re(pui<‘d internal moment can be induced at this joint without 
difficulty, and its value would he 21) or - 10.5 ft-k. At joint C, 
however, rotation must be prevented by the application of a new tem¬ 
porary external moment equal in magnitude and opposite in sense to the 
induced internal moment, whose value would be “7, indi¬ 

cating an action on the joint in a counterclockwise direction. Conse¬ 
quently, the new temporary external moment A/ra (shown in Fig. 8-21, 
together with the complete tabulation of internal moments up to this 
point) would have a value of 7 ft k acting clo<*kwise. 



Figure 8-21 



312 


INTBODUCTION TO MOMENT DISTRIBtTTlON 


[chap. 8 


The complete cycle as previously described is now repeated as many 
times as required to yield results of the desired accuracy, the corrections 
in successive cycles becoming smaller and smaller until they no longer 
have practical significance. Figure 8-22 shows the complete distribution. 


Fa 




B 

C 

+20.0 

-20.0 +40.0 

-30.0 


+15.0 

+30.0 

-10.5 

-21.0 -14.0 

- 7.01 


+ 3.5 

+ 7.0 

- 1.0 

- 2.1 - 1.4 

- 0.7 


+ 6.3 

+ 0.7 

- 0.1 

- 0.2 - 0.1 


+ 8.4 

-43.3 +43.3 

O.Oi 


Figure 8-22 


It should be pointed out that consideration of the temporary external 
moments is entirely unnecessary in the actual working of a problem, but 
it is absolutely necessary to consider them if the reader is to get a real 
understanding of why the method works. However, such an understand¬ 
ing, although desirable, is not necessary to enable one to use the method. 
As a matter of fact, many who use moment distribution do not actually 
understand the why of it; they merely know how to perform the balancing 
operation. This whole operation can be largely automatic and can require 
very little thought. In order to balance any joint, it is necessary only to 
determine the magnitude and sign of the unbalanced internal moment 
that must be distributed to the various members intersecting at that joint 
to make ZM for the internal moments equal zero. This unbalanced inter¬ 
nal moment, with sign reversed, is distributed to the members intersecting 
at the joint in accordance with the distribution factors. The carry-over 
operation then performed will usually upset the previous balance of one or 
more joints, and these must be rebalanced. The carry-over from these 
joints will upset other joints, and so on, the corrections becoming smaller 
and smaller until they are no longer significant. 

The balancing operation can be carried tO any required degree of ac¬ 
curacy. The order in which the various joints are balanced is unimpor¬ 
tant insofar as the final results are concerned. In most cases, however, 
the author prefers to balance next that joint with the largest unbalanced 
moment. He also prefers to perform the carry-over operation immedi¬ 
ately after balancing each joint. The final answer for the internal moment 
at any member end is, of course, the algebraic sum of all internal moments 
tabulated for that member end. 
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8>9 Fixed-end moments for various loads. Prismatic members. Occu- 
sioiially the designer is eonfronted with iniiisiiul loads on iK^nnis for which 
the expressions for fixed-end luonients are not readily avuilahle. Accord¬ 
ingly, the following sketches of beam loads and moment diagrams are 
presented. The loading shown in Fig. 8-23(a) is not unusual, of coume, 
but is in(‘hid(‘d here Ix'cause of its importance. Note that the expn*ssions 
given for the fixed-end moments for the single load P can be used to find 
fi.xed-end moments for any arrangement of uniform load by substituting 
w fl.v — P, a = .r, and b = L - x, and integrating l>etween the proper 
limits. 



ricjcKi 


The iornnthi for llx' (ixcd-end lll()nu•llt>^ lor (lie ca.so of Fig 8-21, whore 
any number of ciiual load> aiv spaced e(iually across (he spai\, is at times 
verv nsi'ful 

'riic e.\|)iessi()n lor this fixi'd-cnd ^ 
moment is 


1 U till 


P 


(N- - \)PL 
\^>^ 


.V of /./.V — L 

Fiouri: 8-24 
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8-10 Ccmtinttotts beams with prismatic members. The application of 
moment distribution to the analysis of continuous beams can be most 
efiTectively explained by illustrative examnles, several of which follow. 

Example 8^1. Solve for moments at A and B (see Fig. 8-25) by moment 
distribution, using (a) the ordinary method, and (b) the simplified method. 



Figure 8-25 


Note. In the application of moment distribution, it has been almost univer¬ 
sal procedure to show the actual balancing computations directly on a sketch 
of the structure, as in the illustrations in Section 8-8. This arrangement is 
satisfactory when continuous beams are being analyzed. However, when the 
structure is composed of horizontal and vertical members, with perhaps a 
few of these inclined, the method of placing the balancing computations in 
columns perpendicular to the members results in columns of figures extending 
in all directions, often interfering with one another. It is therefore recommended 
that the balancing computations be placed in a table, entirely separate from a 
sketch of the structure. For the majority of cases this tabular arrangement will 
be advantageous. 

For this example the fixed-end moments are computed as follows; 




lOX 20 


= 4-25.0 ft k, 


Fcb = —25.0 ft'k. 


Since the relative stiffness is given in each span, the distribution factors 
are 

= ^ = I = 0.625, 


DFbc = ^ = I = 0.375, 


F)Fcb = 


Kc b _ 3 _ 
S/f ~ 3 ~ 
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The balancing computations are shown in Table 8-1. 


Table 8-1. 


Joint 

A 

B 

C 

Member 

AB 

BA 

BC 

CB 

K 

5 

5 

3 

3 

Distribution factor 
- K/ZK 

0 

0.625 

0.375 

1 




4-25.0 

4-12.5 

-25.0 

4 25:0 


-11.7 

-23.4 

-14.1 

-7.0 




4-3.5 

4-7.0 


-1.1 

-2.2 

-1.3 

-0.6 




-1-0.3 

4-0.6 


-0.1 

-0.2 

-0.1 


Total 

-12.9 

1 

-25.8 

-1-25.8 

0 


The above solution is that referred to in part (a) of the example state¬ 
ment as the ordinary iMthod, so named to designate the manner of handling 
the balancing at the simple support at C. It is know.i, of course, that the 
final moment must be zero at this support because it is simple. Conse¬ 
quently, the first, step is to balance the fixed-end moment at C to zero. 
The carry-over is then made immediately to B. When B is balanced, 
however, a carry-over must be made back to C simply because the relative 
stiffness of BC is based on end C of this span being fixed. It is apparent, 
however, that the moment carried back to C (in this case, —7.0) cannot 
exist at this joint. Accordingly, it is immediately balanced out, and a 
carry-over is again made to B, this carry-over being considerably smaller 
than the first. Now B is ac;ain balanced, and the process continues until 
the numbers involved become too small to have any practical value. 

In part (b) of Example 8-1 a solution by use of the simplified method is 
specified. It was shown in Section 8-6 that if the support at C is simple 
and a moment is applied at B, then the resistance of the span BC to 
thia moment is reduced to three-fourths of the value it would have had 
with C fixed. Consequently, if the relative stiffness of span BC is reduced 
to three-fourths of the value given, it will not be necessary to carry over 
toC. 
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Table 8-2. 


Joint 

A 


B 

C 

Member 

AB 

BA 

BC 

CB 

K 

5 

5 

1 X 3 = 2.25 

3.00 

Distribution factor 
« K/ZK 

0 

0.69 

0.31 

1 


-12.9 

-25.8 

-1-25.0 

-1-12.5 

-11.7 

-25.0 

-1-25.0 

Total 

-12.9 

-25.8 

-f-25.8 

0 


From the standpoint of work involved, the advantage of the simplified 
method is obvious. It should always be used when the external (terminal) 
end of a member rests on a simple support, but it does not apply when a 
structure is continuous at a simple support, except as illustrated in 
Example 8-2. Attention is called to the fact that when the opposite end 
of the member is simply supported, the reduction factor for stiffness is 
always f for a prismatic meml)er but a variable quantity for nonprismatic 
members. (The expression for this reduction factor for nonprismatic 
members will be derived in Section 10-5.) 

One valuable feature of the tabular arrangement in Tables 8-1 and 8-2 
is that of dropping down one line for each balancing operation and making 
the carry-over on the same line. This practice clearly indicates the order of 
balancing the joints, which in turn makes it possible to check back in the 
event of error. Moreover, the placing of the carry-over on the same line 
with the balancing moments definitely decreases the chance of omitting 
a carry-over. 

The correctness of the answers may in a sense be checked by verifying 
that ZM = D at each joint. However, even though the final answers satisfy 
this equation at every joint, this is in no way a check on the initied fixed-end 
moments. These fi.\ed-end moments, therefore, should be checked with 
great care before beginning the balancing operation. Moreover, it occa¬ 
sionally happens that compensating errors are made in the balancing, and 
these errors will not Imj apparent when checking ZM = 0 at each joint. 
A better check on the correctness of the balancing operation will be dis¬ 
cussed in Section 8-12. 
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Example 8-2. Using the simplified method of moment distribution, 
find the moments in the continuous beam of Fig. 8-26. The values of /, 
as indicated by the various values of /C, are different for the various spans. 
Determine the values of reactions, draw the shear and bending moment 
diagrams, and sketch the deflected structure. 

0.2 k/ft 


30'-0 15'-0 


Figure 8-26 




1 k 


LJ 


4k 


1C “ 20 
iy-0l5^-0| ly-o 
KK-O 20'-0 


Fixed-end moments: 


Fao = -0.5 X 10 = -6.0 ft k. 


For the 1 k load: 


Pab = 


Pab^ 1 X 5 X 15* 


L* 


202 


= -1-2.8 ft k. 


Fba^^= - - -0.9 ftk. 


L2 


202 


For the 4 k load: 




PL 4 X 20 


8 


= -f-10.0 ft k, 


Fba = -10.0 ft k. 


For the uniform load: 


Fcd = “2’ - ® 


Fj}c — —3.8 ft'k. 

The balancing operation is shown in Table 8-3. 
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Table 8-8. 


Joint 

A 

B 

C 

D 

Member 

AO 

AB 

BA 

BC 

CB 

CD 

DC 

K 

g 

Bi 

i X 20 - 15 


60 

wm 

40 

Distribution 
factor 
- K/ZK 

D 

1 

0.2 

0.8 

■ 

0.4 

0 


-6.0 

+12.8 

-7.8 

-10.9 

-3.9 



+3.8 

-3.8 




+2.9 

+11.9 

+6.9 







-2.9 

-5.8 

-3.9 

-1.9 




+0.6 

+2.3 

+1.1 







-0.3 

-0.7 

Bn 

-0.2 




-|“0.1 

-1-0.2 




Total 

-6.0 

+5.0 

-11.2 

+11.2 

+0.6 

-0.5 

-6.9 


The only new point in this example is the method of handling the 
overhanging end. It is obvious that the final internal moment at A must 
be 5.0 ft'k and, accordingly, the first step is to balance out 7.8 ft*k of the 
fixed-end moment at AB, leaving the required 5.0 ft*k for the internal 
moment at AB. Since the relative stiffness of BA has been reduced to 
three-fourths of its original value, to permit considering the support at A 
as simple in the balancing, no carry-over from B to is required. 

The easiest way to detenninc the reactions is to consider each span as 
a free body. End shears arc first determined as caused by the loads alone 
on each span and, following this, the end shears caused by the end moments 
are computed. These two shears are added algebraically to obtain the 
net end shear for each span. An algebraic summation of the end shears at 
any support will give the total reaction. (The procedure is illustrated in 
Fig. 8-27.) 



















































. +0.5 

+2.75 

-0.81 


+2.25 

40.31 

0.00 

40.39 

11.7 

Skevs +0.5 

+2.44 

20 

+2.56 

+0.39 

30 


ReBctimis +2.94 k +2.95 k 


0.00 +1.60^+1.50 
0.89-0.43 ii 40.43 

0.391+1.07 +1.93 

+0.68 k +1.93 k 




Moment dintram 


3.4 ftk 


5.9 ftk 


Fioobe 8-27 


Eicamplb 8-3. For the beam of Fig. 8-28 find the momentB at A, B, 
and C by moment distribution. The support at C settles by 0.1 in. Use 
B = 30,000 k/in*. 



20'4) lO'-O 


lOj 

I - 7200in^ 

« - 20 fir - 15 

15* -0 

ao'-o 


'Fioube 8-28 
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Fixed-end moments: 

(1) Uniform load: 

Far = ^ = = +107 ft k. Fba = -167 ft k, 

(2) Concentrated load: 

„ PL 10 X 30 , I P e r* 1 

FCD — — —g— = -|-37.5 ft’k, FDC — —37.5 ft*k. 


Moments caused by deflection: 


F ttc 


CiElA G X 30,000 X 1200 X 0.1 
L2 (120)2 


-f-1500 in k = 


+ 125 ft k, 


Fen = +125 ft k, 


Fro 


GA7A _ 0 X 30,000 X 7200 X 0.1 
A2 ~ (:i(i0)2 


1000 in k = - 83 ft k, 


Fj,r = -83 ft k. 


T.vule 8-4 


.loint 

.1 

! B 

1 

i c 

) 


McMiibr*!- 

Mi 

! B 1 

1 

BC 

! CB 

CD 

IK! 
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The fixed-end moments caused by a settlement of supports have the same 
sign at both ends of each span adjacent to the settling support. The above 
computations have been carried to the nearest ft«k, which, for moments of 
the magnitudes involved, would be sufficiently close for purposes of design. 

Problems 

8-4. Determine by moment distribution the moment at B in Fig. 3-29. 
[.4n8.: 06.7 ft'k.] 

_4k/ft_ ,, 120 k 







Fioube 8-20 


8-5. Find moments at A and B (see Fig. 8-30) by moment distribution. 
(.4ns.; Mx *= 119 ft-k, Mb - 34.7 ft-k.j 



Figure ‘.,-30 


8-6. Find the moments at ^4, B, and C in Fig. 8-31. Determine the reactions, 
draw the shear and moment diagrams, and sketch the deflected structure. 
(.4ns.; Mx = 5.6 ft-k, Mb * HA ft-k, Me = 50.1 ft-k, Rx - 1.7 k down, 
Rb = 7.1 k up. Re = 38.8 k up, Rd = 19-8 k up.] 



lO'-O 15'-0 12'-0 


Figure 8-31 
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8-7. Find the moments tt A, B, C, and D in Hg. 8-32. Determine the reac¬ 
tions, draw the diear and bending moment diagrams, and sketch the deflected 
structure. [Am.: Ma ■■ 27.4 ft‘k, Mb 17.1 ft*k. Me ^ 11<9 ft‘k, Mb ■■ 
18.0 ft-k, Ra - 12.9 k, Bb - 14.9 k, Re • 10.6 k, Rb - 8.6 k.] 


| 2k/ft |l0k JlOk 3 k 

A JC-IO Ac So 


12 '^ 



6'-0 

12'-0 ■ 




r n 



Fioubb 8-32 


8-8. Find the moments at A, B, and C (see Fig. 8-33) caused by a vertical 
settlement of 0.2 in. at B and by a rotation of 0.1* clockwise with a vertical 
settiement of 0.1 in. at il. F ■» 30,000 k/in*. [4ns.: Ma * 53 ft*k, Mb 
04ft k,Mc - 114 ft-k.) 



20'-0 


- 

30'-0 



r n 

r = n 


Fioube 8-33 

&-11 l^niimetty and antisymmetiy. When a symmetrical continuous 
beam has a center span, the applied loads may cause a condition of sfftn- 
metry or anHtymmetry in the bending moment diagram for this span. If 
either of these conditions exist, an adjustment can be made to the stiffness 
of the center span that will permit the analyst to work with only half the 
structure while balancing moments. 

Consider the symmetrical beam of Fig. 8-34 with sjrmmetrical loads 



Fioube 8-34 


applied. The moment diagram for the span CD will be symmetrical. The 
loaded conjugate beam for this span willbe as shown in Fig. 8-35, and the 
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slope at the end of this span must be 


from which 


e 


ML 

2Ki ’ 


1 * 111 ^ 

.1/1 



M - 


' L 


FiGUiii. 8-35 


Obviously, then, the (‘ffct-l of the conditioii of symmetry is to reduce the 
elTective stifiiiess of the center "iKin to »)ne-lui!f the value normally used to 
compute di.stribution factors at V and 1). t’onsetpiently, when symmetry 
of the kind illustrated by I'lg. 8-.‘U e\ists, it is p(>rmi.ssible to use one-half 
-the usual stifTness of the center span when computing the distribution 
factors for the joints at its ends, and then to balance monu'iits for half the 
structure. 

A condition of anti>ymnietry in the center span will result from an anti- 
syrnnietrical loading, as shown in I'ig 8-3(» 



FlOl'IU. s .'hi 


Th<‘ loaded conjugate beam for the span CJf is shown in l ig. 8-37, and 
from this beam the slope at the end of the .span must be 


e -- 


ML 
MCI ' 


from which 


M 


MCIO 

L 



FiGum: 8 37 


It is apparent, therefore, that antLsVinmetry in the bendirg moment 
diagram for the center span increa.ses the effective stilTne.ss of that span to 
one and one-half the stifTne.ss normally used to compute the distribution 
factors for the joints at it.s ends. ('on.se<|Ucntly, in the ca.se of antisym¬ 
metry the stiffness of the center♦<pan is increased to one and one-half its 
usual value and moments are balanced for half the beam 
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Certain uiisymmetrical loading systems on symmetrical structures can 
be replaced by a symmetrical and an antisymmetrical system. Consider 
the loaded beam of Fig. 8-38(a). The two loads are symmetrically placed 



but are uneeiual in magnitude. These loads arc to be replaced by the 
symmetrical sy.stein of 8-:i8(b) and the antisymmetrical system of 8-38(c). 
Con.se(iuently, 

p, 4-^2= 10 k and 7^ - /^a = G k, 

from which 

7*1 = 8 k and 7*2 =■ 2 k. 

The moments resulting from these two separate loading systems may be 
found as indicated above and the result.s added. It is doubtful, however, 
that such a solution would be as easy as the usual moment distribution 
applied to the initial loading of Fig. 8-38(a). 

8-J2 Check on results of moment distribution. Prismatic members. 

As previously indicated, the internal moments resulting from a balancing 
operation may be verified to some extent by adding these moments alge¬ 
braically at the ends of all nieml)ers intersecting at each joint to ensure 
that the algebraic sum is zero; that is, by making certain that 2^17 = 0 
at each joint. This, however, is only a partial check, sin<‘e it proves merely 
that probably no error has been made in the balancing operation and in the 
addition of moments. Xot only is it possible to make compensating errors 
which will not be detected by this method, but also ttys check will not 
indicate an error made in computing the original fixed-end moments. 
Probably the l)est complete check, after having determined the internal 
moments by moment distribution, is to solve for all reaction components, 
and then to make certain that 2)// — 0, 21” — 0, and 2^17 — 0 for the 
entire structure. However, even thii mrthod is not infallible. 
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An alternate and interesting che(‘k on the correctness of the balancing 
operation is given below. It should be used immediately after ascertain¬ 
ing that the final internal moments in the members at each joint satisfy 
J,M = 0. When this check is used, it is quite unlikely that compensating 
errors in the balancing will go undetected.* 




itfk/ft 



C 




D 


^ 


Figure 8-39 


A loaded continuous beam is shown in Fig. 8-39. Under the action of the 
loads the beam will deflect as shown in Fig. S-40, and the final intenial 



Figure 8-40 


moment at a given end of any span will be given by the superposition of 
three effects; (1) the internal fixed-end moment at the given end resulting 
from loads acting directly on the spun, (2) the internal moment at the 
given end resulting directly from any rotation of the given end of the span, 
and (3) the internal moment at the given end resulting from any rotation 
of the far end of the span. 

The following expressions for the final internal end moments, Mab and 
Mba for span AB, can be w'ritten: 

Mab = ^AP — Kab&a - Ufl iKbaBb = F.\b + I^Fab, (8-1) 

BA = Fba ~ Kba^b — Fab^^ah^a ~ Fba ‘h ^FbA’ (8-2) 

In the above equations: 

Fab and Fba = initial fixed-end moments caused by any loads on 
.span AB. 

AFab and AFra = increments of Mar and ra due to 0a ami Or- 


326 


INTRODUCTION TO MOMKNT DI8TBIBUTION 


[ghat. 8 


Kab and Kba = absolute etiffneeaes at the two ends of span AB, 
equal to 4EI/L if AB is prismatic. 


Cab and Cba = carry-over factors for the two ends of span AB. 
Each Is equal to if AB is prismatic. 

Ba and 0b ~ the rotation in radians of ends A and B of span 
AB. A dockmse rotation is positive. 


From Eq. (8-1), 


AFab — —KabBa — CbaKbaBb- 

From Eq..(8-2), 

AFba = —Kba9b — CabKabBa‘ 


From Eq. (8-3), 


Ba = 


-CbaKba^b — AF ab 
Kab 


(8-3) 


(8-4) 


If the value of Ba, obtained from Eq. (8-4),J8 substituted in this last 
equation, a solution for Bb will result in 


a — ^ba — CabAFab 
~ CAtiCBAKBA - Kba ‘ 

XJse of the same procedure for span BC yields 

a — AFBC — CcB AFcb 

“ CcbCbcKbc - Kbc ' 


(8-5) 


(8-6) 


Obviously the end rotation of span BA must be equal to the end rotation 
of span BC. Therefore the right sides of Eqs. (8-5) and (8-6) may be set 
equal to each other, with the result that 


AF ba ~~ CabAFab _ AF bc — Ccb AFcb 
CabCbaKba — Kba CcbCbcKbc — Kbc 
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If more than two members meet at a joint (which will be the case in 
many continuous frames) similar expressions may be written for each 
member. The value of 8 obtained from all members framing at the joint 
must be equal in magnitude and sign. 

Each side of Eq. (8-7) is the rotation inVadians of joint B, The expres¬ 
sions apply for nonprismatic and prismatic members; however, if all 
members in a frame are prismatic, then KjiB = Kba = ^Ellh = 4iE 
(Rel ^L^jj), and C == Substitution of these values in Eq. (8-7) yields 


^ AB — 2 BA _ ^Fcb — 2AFjac 
6E(Rel/CxjB) ■■ 6E(Rel/i:Bc) * ^ ^ 

Each side of Eq. (8-8) will still give the rotation of joint B in radians 
provided that all quantities have been expressed in the proper units. For 
the purpose of checking a balancing operation in moment distribution, 
however, the 6E may be omitted from the denominator and any units 
may be used to express relative K. This procedure simplifies the check 
considerably. 

From the above discussion, the following rule will hold: For all prismatic 
members intersecting at a joint of a rigid frame, the change in moment at the 
far end of each member minus twice the change in moment at the joint end of 
the member, all divided by the stiffness of the member, must be a constarU value. 

The above check will apply only when joints are perfectly rigid. It can 
be used in regard to any single balancing operation, but it cannot be used, 
by one application, as a check on the final moments in a frame when these 
moments are the combined results of two or more balancing operations, 
as is the case when structures lurch sideways under load. In such a case 
the check can be used to verify the results of each balancing operation 
separately, and thus is still very effective. The reader is again cautioned 
however, that satisfaction of this check in a given case is in no way an 
indication of the correctness of the initial fixed-end moments. 

The check will now be applied in connection with the example which 
follows. Observe that two additional horizontal lines are drawn at the 
bottom of Table 8-5', and also that the value which appears in the table 
as relative 6 is determined in each case by applying the rule stated above 
for checking prismatic members. 


Example 8-9. Analyze the frame of Fig. 8-41 by moment distribution. 
Find aO reaction components, draw the moment diagram, and sketch the 
deflected structure. 
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From Fig. 8-41, 

Pbc — ~ H-S.O ft*k, Fcb *= —5*0 ft*k, 

Fcb = = -3.0 ft k, Fmc «= +3.0 ftk. 

In the balancing operation (see Table 8-5} three significant figures have 
been used. This will usually be necessary when a close agreement in the 
values of relative 9 is desired. The use of only two significant figures, on 
the other hand, will result in discrepancies ci perhaps 5 to 7% in the 
values of relative 9 for a given joint. 

From the values of relative 9 the direction and magnitude of the rotation 
of each joint may* be determined, and such information will occasionally 
be very useful. 
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For example, if is 30,000 k/in^. 


^McB - 2 AAfijc 0.290 

QEKbc 0 £ 


0.290 X 144 
6 X 30,000 


= +2.32 X 10"* rad. 


In the above equation multiplication by 144 is necessary to adjust units, 
and the positive sign of the answer signifies clockwise rotation. 

The determination of the reaction components for the example in ques¬ 
tion is managed by considering various parts of Fig. 8-41 as free bodies 
(see Figs. 8-42 through 8-47). 




00 




3.46 ftk 


Figure 8-42 


From Fig. 8-42, 

XMs = 0 (counterclockwise +), 
SHa - 1.73 - 3.46 = 0, 


Ha = +0.65 k. 


and the sense is correct as assumed. 
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Figure 8-43 


From Fig. 8-43, 

23/c = 0 (clockwise -f), 

IOFa + 1.73 - 0.65 X 8 - 4 X 5 + 2.84 = 0, 
Va = 4-2.06 k, 

r 

and the sense is correct as assumed. 

:i 89 ft k 


Hcd Hu 



Figure 8-44 


From Fig. 8-44, 

S3/r = 0 (clockwise 4-), 
-lOVii - 3.89 = 0, 

Vd = -0.39 k, 


and the sense is incorrect as assumed (Fx) is actually down). 
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From Fig. 8-45, 

"LMc — 0 (clockwise +), 

+1.05 - 2 X 6 - 3.96 + 12^^ = 0, 
He = +1.24 k, 

and the sense is correct as assumed. 


From Fig. 8-4C, 

IH = 0 (to the left +), 
+0.76 - 0.65 — Hd = 0, 


Vc 


♦S 


1.05 ft-k 



Hd = +0.11 k, 

and the sense is to the left, as 
assumed. 


0.65 k 

m 

B 


C 

0 7Gk 

Figurh 8-46 


D 



. Ho 


From Fig. 8-47, 

SF = 0 (down is +), 

1.94 + 0.:i9 - Ve = 0, 

Ve = +2.3.3 k, 

and the sense is up, as assumed. 


1 U4 k 


U 0.39 k 
■ 



t 


Vb 


Figure 8-47 
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The moments st the two concentrated loads must be computed before 
the complete moment diagram can be drawn. Thus M under the 4 k load 
on BC is given by 

Af 4 = 2.06 X 5 —3.47 = -f-6.83 ft*k (compression on top), 
and M at the 2 k load on CE will be 

Afa = 1.24 X 6 — 3.96 = +3.48 ft*k (compression on left). 

The moment diagram is shown in Fig. 8-48(a). The ordinates are plotted 
on the tension side of the members because, when so plotted, the diagram 
will approximate the deflection curve to some extent. The deflected struc¬ 
ture is shown in Fig. 8-48(b). 



(a) (b) 

Figurk, 8-48 


The points of contraflexure arc indicated by the moment diagram. 
The direction of rotation of some joints may be predicted by the sign 
of the original fixed-end moments at the joints, with a positive sign indi¬ 
cating clockwise rotation. Thus in the above case, the clockwise rotation 
of B and the counterclockwise rotation of C would have lieen predicted. 
Occasionally, howe\'cr, these initial fixed-end moments may give the wrong 
indication as to joint rotation. Definite information as to the direction of 
joint rotations may be obtained, of course, by computing relative 9 as 
illu-strated in the foregoing example. 






334 


INTRODUCTION TO MOMENT DISTRIBUTION 


[chap. 8 


Problems 


8-10. Find momenta at B and C (see Fig. 8-49) by moment distribution. 
Draw the moment diagram and sketch the deflected structure. [Ans.: Mb ^ 
24.1 ft-k, Me = 34.9 ft-k.) 




8-11. Find moments at all joints in Fig. 8-50. Draw the moment diagram 
and sketch the deflected structure. [.Ins. (in ft-k): Ma — —5.7, Mb = H-Si 
Mcb — — 18.6, il/cis = -|-27.1, — — S.5,Mdc — ~i~5S.2,Msc “ 0.2.] 



Figurk 8-50 
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8-12. Find all moments at joints in Fig. 8-51. Draw the moment diagram 
iind sketch the deflected structure. (Xns. (in ft*k): Mab ■* —6.8, Mb 14.1, 
Mcb = -36.0, Mcd = +13.8, Mce » +22.2.] 



Fkjurk 8-51 


8-13. The suppoi t at .1 m Fig. 8-52 rotates 0.01 rad clockwise. Support D 
ettlcs vertically by I in. Find all joint moments by moment distribution. 
5 = 30,000 k/in^. [/Ins. (In ft-k): Ma = —47.0, Mba = —31.6, Mac = 
-53.6, Mbd = fSS.l, Md = 50.0, Mcb = +1.0 j 



Figurl 8-52 
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8-14. Find all joint moments in Fig. 8-53 by moment distribution. The 
support at A settles vertically 0.1 in. The support at F rotates 0.001 rad 
clockwise. E ■ 30,000 k/in*. [itns. (in ft*k): Mab +18.8, Mg a " —20.2, 
Mbb * —21.6, Mbc * +76.6, Mgr ■■ —25.9, Mgo ■■ —8.9, Mrg * 
—31.7, Mcb “ —40.0, Mbo “ —4.4.] 



8-15. Find all joint moments in Fig. 8-54 by moment distribution. [Ant. 
(in ft-k): Mab * -40.0, Mba - -22.7, Mdo = -78.8, Mdc * +6.5, 
Mde * +54.9, Mdb = +17.4, Mfd ^ +8.6, Med “ —68.6.) 

8-16. Find all joint moments in Fig. 8-55 by moment distribution. Determine 
all reaction components, draw the bending moment diagram, and sketch the 
deflected structure. [Xns. (in ft-k)- Mba = —11.8, Mbs * —0.4, Mac = 
+12.2, = —6.5, MIE = -f 12 5, Mec = —6.0, Mfb = —13.7, Mcb “ 

+ 6 . 0 .) 
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8-13 Frames with one degree of freedom of joint translation. Inspection 
of the problems of the last section will show that the supports of all the 
frames considered there are arranged so that translation of joints is impos¬ 
sible. In certain cases a predetermined translation was cited as being due 
to settlement of foundations, but the effects could be introduced imme¬ 
diately as additional fixed-end moments because the amount of the transla¬ 
tion was definitely known. In many frames encountered in practice, 
however, the magnitude and sense of the translations of joints is unknown 
at the outset, and thus the evaluation of these translations and their 
effects becomes an important part of the analysis. 

Two methods are available for including the effects of joint translations 
in an analysis. The first of these, known as the method of successive shear 
corrections, was originally presented by C. T Morris in his discussion of 
Professor Hardy Cross’ paper (1), and is also'described in some detail by 
L. E. Grinter (2). The author believes, however, that the alternate method, 
requiring the superposition of the effects.of separate joint displacements, 
is, in most cases, easier to apply. This method results in a direct solution, 
which is not possible by successive shear corrections. Accordingly, all 
examples involving joint translation given here will be solved by the 
method of separate joint displacements. It is true, of course, that some 
analysts prefer the method of successive shear corrections, and in the case 
of a structure with a large number of degrees of freedom of joint transla¬ 
tion this method may give the easier solution. This will depend, to a 
great extent, on the experience of the analyst. 

It is convenient to classify frames in accordance with the number of 
degrees of freedom of joint translation. For a given frame, one degree of 
freedom exists for each possible translation of a joint or system of inter¬ 
connected joints that can occur as the result of flexing of the members, and 
independently of the translations of any other joints or s^’-stems of inter¬ 
connected joints. 

The simplest type of frame, of course, is that with one degree of freedom, 
several examples of which are shown in Fig. 8-56. In each of these examples, 
if the translation of one joint is known, the translations of all other joints 
are either known or can be determined. In Fig. 8-56(a) and (c) the hori¬ 
zontal displacements of all column tops will be equal. A displacement 



Fiquke 8-56 
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\, diagram provides an easy method for finding the relationship between 
1 1 the translations of the two joints in Fig. 8-56(b). Displacement dia- 
grams will be discussed in Examples 8-28 and 8-29. 

Three examples of frames with two degrees of freedom are shown in 
Fig. 8-57. The arrangement of the structure of 8-57(a) is such that 



(a) (b) (c) 

Fiqurk 8-57 


the translations of levels 1 and 2 arc not required to be in any fixed ratio 
as different loadings are applied. In 8-57(b) the translations of ABC 
will not have any fixed relationship to the translations of DEF for 
different loading systems. In 8-57(c) the translation of girder AB can be 
different from the translation of CD. 

Consider the S’mple rectangular frame of Fig. 8-58. An analysis of 



Figurl 8-58 


thi.<i frame by moment distribution (with no side lurch allowed) will 
result in Mba b“ing larger than Mod- This means that Ha must be 
larger than Ho, which is impossible since ZH must eriual zero for the 
loaded frame. Actually, as the load P is applied, the frame will lurch to 
the right, and as it sways in this direction the moment Mba is decreased 
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and Mcd is increased until they become equal; Ha will then be equal to 
Hd, and the frame will come to rest in a position approximating the 
dashed lines of Fig. 8-59. Obviously the magnitude of the lurch cannot be 
predetermined, and in many cases the sense cannot be predicted. A 
description of the method of correcting for this lurch, as well as that for 
determining its magnitude and sense, follows. 

It has been proved that when one end of a prismatic fixed-end member is 
displaced a distance A with respect to the other end in a direction per¬ 
pendicular to the axis of the member, then the moments developed in the 
ends of the member are given by M = CyEI A/L^. This condition is 
shown in Fig. 8-59. 



Figure 8-59 


Solving in the usual way for the vertical shear yields V = 127^7 A/L®. 
In a prismatic member fixed at both ends, it is evident that the end mo¬ 
ments that are induced by a deflection A of one end relative to the other in 
a direction perpendicular to the member axis are proportional to I/L^. 
Furthermore, the shear necessary to cause this deflection, or resulting 
from it, is proportional to I/L^. 

In the case of a member with a pin at one end (as in the beam of 
Fig. 8-60, which has the same K, 7, and L as the beam of Fig. 8-59). 



Figure 8-60 


I'’ = 37iV A/L^, aqd therefore = SHI A/L*. Thus in a member fixed 
at one end and pinned at the other^ the moment induced by a deflection 
A of one end relative to the other in a direction perpendicular to the 
member axis is also proportional to 7/L*. The shear V necessary to 
cau.se this deflection A is proportional to 7/L®. 
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For moment distribution the relative stififness of a member in a frame 
composed solely of prismatic members is usually taken as I/L, designated, 
for convenience, by K. Two additional relative stiffnesses are now intro¬ 
duced. The first, designated by K,, will be called the relative ahearing- 
sliffness of a member. The rekUwe shearing-stiffness is a number which 
is proportional to, or a measure of, the intemeU shear induced in a mender 
as it resists the displacement of one end relative to the other in a direction 
perpendicular to the axis of the member. 

The second new relative stiffness, designated by Km, is closely related 
to the first, and will be cajled the relative shearing^moment stiffness. The 
relative shearing-moment stiffness is a number which is proportional to, or a 
measure of, the end moments {or moment) indtuxd in the ends {or end) of a 
member as it resists die displacement of one end relative to the other in a direc¬ 
tion perpendicular to the axis of the member. 

The absolute shearing-stiffness is defined as the shear in a member that re¬ 
sults when one end of the member is displaced a unit distance with respect to 
the other end, the displacement being in a direction perpendicular to the 
member hxis, and the rotation of any rigid joint at the ends of the member 
being prevented. 

The absolute shearing-moment stiffness,is defined as the moment induerd 
at the ends {or end, if the member is pinned at one end) of n member when 
one end of the member is displaced a unit distance with respect to the other 
end, the displacement being in a direction perpendicular to the member a.vis, 
and the rotation of any rigid jirint at the ends of the member being prmnted. 

When a frame is arranged as shown in Fig. 8-01, with tlic column ba^e 



at A fixed and that at D pinned, and the top of the frame forced to the 
right a distance A under the action of P without potation of the top joints, 
structural sense will dictate that the tAvo columns will haA’c different 
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shears induced in them. Obviously, the relative shearing-stiffness and the 
relative shearing-moment stiffness can be made proportional to the abso¬ 
lute shearing-stiffness and the absolute shearing-moment stiffness in any 
ratio desired. Arbitrarily, then, the following will be adopted: 

Rel Km for AB is -f-z i 


Rel K, for AB is y-= ■ 

jL* 

Inspection of the formulas given in connection with Figs. 8-59 and 8-CO 
will indicate that, to be consistent, 


Rel Kn for CD must be 


2L2 


Rel K, for CD must be 


Jj 

4L3 


The above values of K, indicate that if no rotation of rigid joints is 
permitted, then a pin at one end of a prismatic member will reduce the 
shear induced therein to one-quarter of what it would have been if the 
pinned end had been fixed. The moment at the fixed end will be one-half 
the end moments which would have been induced if both ends had been 
fixed. 

Example 8-17. Find all moments by moment distribution for the frame 
of Fig. 8-62. Draw the bending moment diagram and the deflected 
structure. 









Figukc 8-62 
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The first step is to perform the usual moment distribution. The trader 
should fully understand that this balancing operation adjusts the internal 
moments at the ends of the members by a series of corrections as the joints 
are considered to rotate, until ZAf = 0 at each joint. The reader should 
also realize that during this balancing operation no translation of any joint 
is permitted. 

The fixed-end moments are 


F.C = +24 ft.k, 


Fcb = 


18 X 6 X 
182 


■= -48 ft k. 


Table 8-6. 


iU 

‘ B 

C 

D 

AB 

BA 

BC 

CB 

CD 

DC 

10 

10 

— 

20 

15 

15 

0 

0.333 

0.667 


0.429 

m 

• • 


4-24.0 

-1-13.7 

-48.0 

+27.4 

m 

+10.3 

-6.3 

-12.6 

-25.1 

— 12.5 





43.6 

47.1 

+5.4 

+2.7 

-0.6 

-1.2 

-2.4 

-1.2 




nm 

4-0.3 

40.7 

+0.5 

+0.2 



-0.2 




—6.9- 

-13.9 

413.9 

-26.5 

+26.5 

+13.2 


The final moments listed in Table 8-6 are correct only if there is no trans¬ 
lation of any joint. It* is thereforu necessary to determine whether or not, 
with the above moments existing, there is any tendency for side lurch of 
the top of the frame. 

If the frame of Fig. 8-62 is divided into three free bodies, the result will 
be as shown in Fig. 8-63. Inspection of this sketch indicates that if the 
moments of the first balance exist in the frame, there is a net force of 
1.53 — 0.80 = 0.73 k tending to sway the frame to the left. In order to 
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Figuwk 8-63 


prevent side-sway, and tlius allow these moments to exist (temporarily, 
for the purpose of the analysis), it is necessary that an imaginary horizontal 
force be considered to act to the right at B or C. This force is designated 
as the artificial joint restraint (abbreviated as AJR) and is shown in 
Fig. 8-(i4. This illustration now shows the complete load system which 



Figuhk 8-64 FiGunK 8-65 


would have to act on the structure if the final moments of the first balance 
arc to be correct. The AJR, however, cannot be permitted to remain, and 
thus its effect must be cancelled. This may be accomplished by finding the 
moments in the frame resulting from a force eriual but opposite to the AJR 
and applied at the top, as shown in Fig. 8-05. 

Although it is not possible to make a direct solution for the moments 
resulting from this force, they may be determined indirectly. Assume that 
some unknown force P acts on the frame, as shown in Fig. 8-<)(), and 
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causes it to deflect laterally to the left, without joint rotation, through some 
distance A. Now, regardless of the value of P and the value of the result¬ 
ing A, the fixed-end moments induced in the ends of the columns must be 
proportional to the respective values of Km- These fixed-end moments 
could, for example, have the values of —10 and —15 ft*k, or —20 and —30, 
or —30 and —45, or any other combination so long as the above ratio is 
maintained. The proper procedure is to choose values for these fixed-end 
moments of approximately the same order of magnitude as the original 
fixed-end moments due to the real loads. This will result in the same 
accuracy for the results of the balance for the side-sway correction that 
was realist in the first balance for the real loads Accordingly, it will be 
assumed that P, and the resulting A, are of such magnitudes as to result 
in the fixed-end moments shown in Fig. 8-67. Obv’ously, IM — 0 is not 
satisfied for joints B and C in this deflected frame. Therefore these joints 
must rotate until equilibrium is reached. The effect of this rotation is 
determined in the distribution in Table 8-7. 



Figure 8-67 
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Table 8-7. 


+ 

B 

C 

D 

AB 

BA 

BC 

CB 

CD 

OC 

10 

10 

20 

20 

15 

15 

0 

0.333 

0.667 

0.571 

0.429 

0 

- 30.0 

-30.0 

+12.9 

+ 25.8 

-45.0 

+19.2 

-45.0 

+9.6 

+2.8 

+5.7 

+11.4 

+5.7 





-1.6 

-3.3 

-2.4 

-1.2 

+0.2 

+0.5 

+1.1 

+0.5 

% 





-0.3 

-0.2 

-0.1 

-27.0 

-23.8 

+23.8 

+28.4 

-28.4 

-36.7 


During the rotation of joints B and C, as represented by the above dis¬ 
tribution, (hi value of A has remained constant, with P varying in magnitude 
as required to maintain A. 

It is now possible to determine the final value of P simply by adding 
the shears in the columns. The shear in any member, without c.xtcrnal 
loads applied along its length, is obtained by adding the end moments 
algebraically and dividing by the length of the member. The final value 
of P is the force necessary to maintain the deflection of the frame after 
the joints have rotated. Ju other words, it is the force which will be con¬ 
sistent with the displacement and internal moments of the structure as 
determined by the second l>alancing op<*ration. Hence this final value of 
P will be called the consistent joint force (abbreviated as CJK). 

The con.sistent joint force is given by 


CJF ^ 


+27.0 + 23.8 + 28.4 + 3G.7 
2G 


4.45 k, 


and inspection clearly indicates that the CJF must act to the left. 

Obviously, then, the results of the last balance above are moments which 
will e.xist in the frame when a force of 4.45 k acts to the left at the top level. 
It is necessary, however, to determine the moments resulting from a force 
of 0.73 k acting to the left at the top level, and some as yet unknown 
factor times 4.45 will be u.sed to repre.sent this force acting to the left. 
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AJI^ B C _ 

0.73 k AAm 


Figure 8-68 


The free body for the member BC is represented by Fig. 8-68. 2/f = 0 
must be satisfied for this figure, and if forces to the left are considered 
as positive, the result is 4.452 — 0.73 = 0, and 

2 = -H).164. 

If this factor 2 = +0.1C4 is applied to the moments obtained from the 
second balance, the result will be the moments caused by a force of 0.73 k 
acting to the left at the top level. If these moments are then added to 
the moments obtained from the first balance, the result will be the final 
moments for the frame, the effect of the AJR having been cancelled. 
This combination qf moments is shown in Table 8-8. 


Table 8-8. 


Joint 

A 

B 

C 

D 

Member 

AB 

BA 

mm 

CB 

CD 

DC 

Moments from 
first balance 

-6.9 

-13.9 

fl3.9 

-26.5 

+26.5 

+13.2 

2 X moments 
from second 
balance 

—4.4 

-3.9 

+3.9 

+4.7 

-4.7 

-6.0 

Final moments 

— 11.3 

-17.8 

+17.8 

-21.8 

+21.8 

+7.2 


If the final moments are correct, the shears in the two columns of the 
frame should be equal and opposite to satisfy £// = 0 for the entire 
frame 

This check is expressed as 

+11.3 + 17.8 -21.8 - 7.2 

26 " 26 ■“ 

and 


+J ..12 - 1.11 = 0 (nearly). 
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The* signs of all moments taken from Table 8-8 have l>een reversed to 
give the correct signs for the end moments external to the columns. It 
will be remembcTcd that the moments con.siderc'd in moment distribution 
arc always intc'rnal for each member. However, the abo\e check actually 
considcTs each column as a frc'e body and .so external moments must be 
Ui>ed. 

Ill h'ig. 8--()9 the moment under the 18 k load is obtaiiu'd by tiuating BC 
as u fn'e bcxly: 



Fuji'hi; S-69 


il/,s o./? X 12 - 17.8 = -f-51.5 ft k 

The direction of side-lurch may be determined from the obvious fact that 
the frame w ill always lurch in a direction opposite to the* AJJl. If reejuirad, 
the magnitude of this side lurch may be found. The proec'durc which 
follows w ill apply. 



Figuri: K-70 

In Fig. 8-(57 a force P of sufficient magnitude to result in the indicated 
column moments and the lurch A was applied to the frame. During the 
second balance this value of A was held constant as the joints B and C 
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rotated, and the value of P was considered to vary as necessary. The final 
value of P was found to be 4.45 k. Since A was held constant, however, 
its magnitude may be determined from the equation M = fiEI A/£*, 
where M is the fixed-end moment for either column in Fig. 8-67, / is the 
moment of inertia of that column, and L is the length. This A will be the 
lurch for 4.45 k acting at the top level. For any other force acting hori- 
sontally, A would vary proporticmally and thus the final lurch of the frame 
would be the factor z multiplied by the A determined above. 

EbCAMPLE 8-18. Find by moment distribution the moments in tiie 
frame of Fig. 8-71. 



Figure 8-71 


The first balance will give the results shown in Table 8-9. 


Table 8-9. 



A check of the member BC as a free body for 'Ll! = 0 (see Fig. 8-72), 
will indicate that an A JR is necessaiy as follows: 


AJR + 0.84 - 0.87 - 5.0 = 0, 
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3.j0 


A.I11 



2G 


It 


-■*- ^ 0 84 k 


C 


22 f) 
20 




FiGUHi: 8-72 


from which 


AJR — in the direction assumed. 

'rhe \ulue8 of Km for the two column.s arc shown in Fig. 8-71, with Km 
for column CD being K/2L because of the pin at the bottom. The hori- 
/onliil displacement A of the top of the frame, as shown in Fig. 8-73, is 



a.ssnmed to cause the fi.xed-end moment.s sliown there These moments are 
pioportional to the vahie.s of Km and of appro\imat('ly the .same order of 
magnitude as the original fixcd-eud moments due to the real load.s. The 
results of I>a1an(‘ing out these moments are given iii ral)le 8 10. 


T\«le S 10 


AH 

U t 

Itr 

VB 

CD 

IXJ 

31 1 

- 2S 1 

\ 28.4 

-1 23 fi 

- 23 li 

0 


('.IP = 


34 1 I 28.4 I 23 ti 


2(i 


= 3 32 k. 


and 


5 03 - ^ X 3.32 --- 0, 


from whioh 


2 = i-1.52. 
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The final results are given in Table 8-11. 


Table 8-11. 



AB 

5-4 

BC 

CB 

CD 

DC 

First balance 


-14.6 

4-14.6 

-22.5 

4-22.6 

0 

t X second 
balance 

—52.1 

-43.0 

m 

4-35.8 

-35.8 

0 

Final moments 

-59.3 

Ha 

4-57.6 

4-13.3 

-13.3 

0 


If these final moments are correct, the sum of the column shears will 
be 5.0 k; 

o #1 L 59.3 -j- 57.6 -f- 13.3 c m i 

Sum of column shears =--- 6.01 k. 

26 

The 5 k horizontal load acting at C enters into the problem only in 
connection with the determination of the AJR. If this load had been 
applied to the colunm CD between the ends, it would have resulted in 
initial fixed-end moments in CD and these would be computed in the usual 
way. In addition, such a load would have entered into the determination 
of the AJRV since the horizontal reaction of CD against the right end of BC 
would have been computed by treating CD as a free body. 


Problems 

8-19. Find all joint moments in Fig. 8-74 by moment distribution. Draw the 
moment diagram and sketch the deflected structure. [Ana.: = —4.7 ft‘k, 

Mb * 21.0 ft-k, Me » 15.2 ft-k, Mdc * 4-10.5 ft-k.] 


|20k 



Figure 8-74 
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8-20. Find the moments nt B and C in Fig. 8-75 by moment distribution. 
Draw the moment diagram and sketch the deflected structure. [Am.: Mn * 
21.4 ft-k, Me = 21.4 ft-k.] 



Figuhl S-75 I’KMJHr S-7(i 


8-21. Determine the inoinents at li and (’ in Fin. S 7I> iJiaw the moment 
diagram and sketch the deflected stiiictui(‘ • Mn = 80 ft-k, Me = 

10.7 ft-k.l 


10 k li C 



I'KJUia S-77 


8-22. Find all moment-, in Fig. S-77 by moment di-stiibution. [Ans.: Mo 
31.4 ft-k. Me = •'« 8 ft-k. M DC = I 09.8 ft-k.) 
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8-23. Analyze the frame of Fin. 8-78 by moment distribution. Draw the 
moment diagram and sketch the deflected structui-e. (dns.: Mr = 25.4 ft‘k, 
Me = 14.8 ft-k, MDC = -50.9 ft-k.] 



Figuui. S -78 


8-24. Evaluate joint moments in Fig. 8-79 by moment distribution. Draw 
the moment diagram and sketch the deflected structure. [Ans.; Mo = 14.1 ft-k, 
Mcd ~ —21.9 ft-k, MCD = -]-11.9ft-k, M dc ~ 4 9.1 ft-k.) 



Figukl 8-79 
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8-25. Find all moments in Fig. 8-80 by moment distribution. Draw the 
moment diagram and sketch the deflected structure. [.4ns. (in ft'k): Mab ™ 
+53.8, Mba “ +14.2, Mbc » -21.3, Mbd - +7.1, Mdb » -70.6, 
Mob - - 0 . 4.1 



8-26. Find all moments in 
Fig. 8-81. Draw the moment 
diagram and sketch the deflected 
structure. [Am. (inft*k) :Mab^ 
+10.6, Mba * +8.7, Mbd “ 
+9.1, MBc ~ —17.8, Md ^ 0.6, 
Mbd — — 6 . 0.1 



Figure 8-81 


lO'.O 
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8-27. Find all moments in Fig. 8-82 by moment distribution. Determine the 
sense and magnitude of the rotation of joints B and C, as well as that of the lurch 
of level BC. [Ana.: Mab ^ +33.5 ft-k, Mb == 2.2 ft-k, Mca “ —106.8 ft-k, 
Mcd - +66.8 ft-k, 9b = +4.3 X 10*® rad, 9c = +0.18 X 10"® rad, lurch = 



The examples which follow illustrate the method of analyzing frames 
with sloping legs. 


Example 8-28. Find all moments in Fig. 8-83 by moment distribution 



Fiqurc 8-83 
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The fixed-end moments for the 20 k load are rompiiled and the frame is 
balanced in the usual way, side-lurch being prt5vent(‘d by an AJIf to Ikj 
later evaluated. I'lie n'sulbs of the first balance are given in Table 8-12. 


Tvhlk 8-12. 



JiA 

liC 

Cli 

1 

CD i 

1 

/X? 

15.1 

-30.2 

1 30 2 

— 14.1 

-1 M.l j 

'I G.9 


The cv'aluatioa of lh(' A.IU is somewhat more complicated than in pre¬ 
ceding examples because the column thrusts hav'e horizontal components 
As a first step, treat liC as a free body (.sec l''ig. 8-84) in order to determine 



Figuri: 8-84 


end shears. Next, con.sider each column as a fre(J boily, using the shears 
determined above. 


From Fig. 8-85, 

2il/i 0 (clockwise is ^-), 
-17.32 IIba + 15.1 + 30.2 
-b 15.81 X 10 = 0, 
from which 

= -bi 1.73 k. 



Figuhk 8-85 
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Fioube &-86 


Frw Fig. 8-86, 


2>f/) = 0 (clockwise is +), 

17.32 Hcd - 4.19 X 10 - 14.1 - 6.9 = 0, 


from which 


Hci^ - +3.62 k. 

The member BC is again drawn as a free body in Fig. 8-87, with only 
horizontal forces being shown, and the result is: 


AJR 11.73 k 


3.62 k 10 k 


Figure 8-87 


2jy = 0 (to the right is positive), 
AJR + 11.73 - 3.62 - 10 * 0, 


AJR = +1.89 in the direction assumed. 
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It is now necessary to find the value of a C\JF. The procedure, how¬ 
ever, is dilTerent from that pre\ iously used. In this case, any horizontal 
displacement of liV will also n‘sult in N’crtical displacement of B and C. 
Conse(iuently, then* will he fixed-end moments in all members. Arbi¬ 
trarily as.sume that BC is <lisj>laccd by an unknown force P so that the 
horizontal components of the movennait of B and (' are 0.1 in. to the left. 
The poiiit r will move about point I), with CD as a ratlins, until the 
horizontal component of its motion is 0.1 in Point B will move in a 
similar manner about A, with AB a.s a ratlins. It is thus po.ssible to deter¬ 
mine the actual nio\('ments of points B and C, as well as the vertical com¬ 
ponents of their (h.splacements, as .shown in the displacement diagram 
of I'ig 8 SS The fixed-end moments re.siiltmg from these joint trans¬ 
lations (with joint rotation iM'ing, prcAcnted) are computed as follows: 


li 


r 



A,B,C,D 


Put - r 


n 


C./'.VA (i ^ 30,000 X 800 X 0 1154 


IJ 


20^ X ]2< 


-24 ft-k, 


,, ,, (■» X 30.000 X HKK) X (2 X 0 0577) , „„ , 

- -- " - =- +30 ft-k. 


Pi ,> -- Pm 


() X 30,OIK) X f.00 X 0.1154 
20-' X 12‘ 


18 ft-k. 


(,\ll the abov(‘ moments are jiroportional to which can be con¬ 

sidered to be a imulijinl K m. It would have been easier to compute values 
for the modilieil K m lor all members of the frame and to a.s.sume fixed-end 
moments, resullmg liom an arbitrary but unknown luri'li, in proportion 
to them. Such a procixlure will be follow'ed in the next problem.) 
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The moments in question arc balanced, with the results given in 
Table 8-13. 


Table 8-13. 


.IB 

B.l 

BC 

CB 

CD 

DC 

-24.5 

-25.1 

+25.1 

122.3 

-22.3 

-20.1 


251 ft k f jL 

vt 

2^7 k I 251 + 223 

20 

Figure 8-89 


^ 22.3 ft ! 


2 37 k 


The value of the CJF is found in a manner similar to that employed for 
the A JR (sec Figs. 8-89, 8-90, 8-91) 



Figuui, S-90 


From Fig. 8-90, 

HAf 1 -- 0 (rlo< k\vise i.s j ), 


-17M2 II 


n.i 


from which 


ir 


n.\ 


2.37 X 10 } 2r> I f 24.5 =- 0, 
14 23 k. 
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Fioure 8-91 


From Fig. 8-*91, 

'LMji = 0 (clockwise is +), 

-17.32 + 2.37 X 10 + 22.3 -f 20.1 = 0, 

from which 


Wco = +3.82 k. 

The CJF is obviously 

4.23 + 3.82 — 8.05 k acting to the left. 


AJR B C *XCJF 

1.89 k' 8.0Si 


Fioure 8-92 


In Fig. 8-92, hH must be zero for BC, and thus 


1.89 - 8.05Z = 0, 


from which. 


z = +0.235. 

The final results are given in Table 8-14. 
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Table 8-14. 



AB 

BA 

BC 

CB 

CD 

mm 

First balance 

-15.1 

BH 

-f30.2 

-14.1 

+14.1 

+6.9 

t X second 
balance 

-5.8 

-5.9 

“|-5.9 

+5.3 

-5.3 

-4.7 

Final moments 

EB 

-36.1 

+36.1 

-8.8 

+8.8 

+2.2 


As a check on these moments, the frame of Fig. 8-83 may be considered 
to be split into three free bodies, a procedure previously followed in cmn- 
puting the AJR and the CJF. The vertical arid horizontal reaction com¬ 
ponents may then be determined. All reaction components are shown in 
Fig. 8-^. 



From this check, XV = 0 and XH = 0 are nearly satisfied, and the 
final moments may be considered to be correct. 

Example 8-29. Evaluate joint moments in Fig. 8-94 moment 
distribution. 

First, the fixed-end moments are computed as follows: 

A y 20 

Fbc =■- + = +10 ft k, Fcb = -10 ft-k, 

Fcd = + == +20 ft-k, Fdc = -20 ft-k. 


These are balanced in the usual* manner, with the resulting moments (in 
ft-k) shown in Table 8-15. 
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Table 8-15. 


AB 

BA 

BC 

CB 

CD 

CE 

-12 7 

1 

+.'5.5 

-5.5 

-54.0 

-0.0 

+60.0 


TIu'M' inoini'iit.s ^^ill bo correct only if no lurch of the frame i.s permitted. 
Tin* value of the A.IH which prevents this lurch w'ill be computed by a 
di(l(‘r('nt and shorter method than that ustid in the preceding example. 
Here it will be assumed that the AJIi acts horizontally to the right at 
joint (It could have been assumed to act at joint B.) The value of the 
A.IH i.s ca.sily determined by taking moments at the intersection of the two 
.'.loping l<‘gs, as shown in Fig. 8-95: 

2il/c III = 0 (cIockwi.se is -f j, 

0.:M) X 42 42 2.7 - .3.85 X .33.54 - 4 X 5 4 4 X 20 

h 8 X 20 - 10 AJR = 0, 

from which 

A.IU i 10.47 k to the right, as as.stmunl. 



I V-O I 5'-0 lO'-O 


.FBAMBS WITH ONE DEGREE OF FREEDOM 


363 


3-18] 



The effect of this AJR must be cancelled by a force of 10.47 k acting 
towai^ the left at C. The moments resulting from the action of this 
fprce must be evaluated indirectly. Assume that some force of unknown 
magnitude acts toward the left at C. This force will cause the frame to 
lurch to the'left, with the amount of the lurch being arbitrarily set at some 
convenient value. In this case, let us assume that the horizontal projection 
of the lurch of B will be 1 in. to the left (see Fig. 8~96). The actual dis¬ 
placements of joints B and C, which must be consistent with the assumed 



Figure 3-06 
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horizontal component of the displacement of joint B, are most easily 
determined by drawing a displacement diagram, as shown in Fig. 8-96. 
Here all members are considered to be reduced to zero length. Therefore 
joints A, BfC, and D coincide at Q. Joint B must rotate about A, with 
AB as a radius. Therefore, B* is located at the intersection of a vertical 
line drawn 1 in. to the left of Q = A with another, line drawn through 
Q SB A but perpendicular to the member AB. QB' is the displacement of 
joint B. 

During the lurch of the frame joint C must rotate about D, with. CD 
as a radius, and at the same time must rotate about the translating 
joint B, with HC as a radius. The final position of joint C, represented by 
C', must therefore be at the intersection of a line drawn through Q — D 
perpendicular to the original direction of the member CD, nith another 
line drawn through B' perpendicular to the original direction of the member 
BC. (The line QX, representing the assumed 1-in. horizontal component 
of the displacement of joint B, may be drawn to any desired scale, but the 
use of an enlarged scale gives greater accuracy.) The magnitudes of the 
displacements arc shown in Fig. 8-9G, and from these displacements the 
various values for the modified Km are computed. For prismatic members 
fixed at both ends the modified Km lA/L^] if the prismatic member is 
pinned at one end the value is IA/21J. These are computed as follows: 

Mod K.yf for AB = 424 X = -1.33, 

Mod Km for BC = G18 X = +1.99, 

Mod Km for CD = 671 X X 22 36* = -0.49. 

Any lurch of the frame, cither to the right or to the left, will result in 
fixed-end moments which will be proportional to these values of the 
modified Km- If the lurch is to the left (dc.sirablc in the present case), the 
signs will agree with those in the above equations. It will bo assumed, 
therefore, that*the lurch of the frame is to the left and that it is of sufficient 
magnitude to cause fi.'ced-ond moments (in ft-k) as shown in Table 8-16. 


Table 8-16. 


AB 

BA 

BC 

CB 

CD 

CE 

-13.3 

-13.3 

+19.9 

+19.9 

-4.9 

IHIQIIIIII 
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The magnitude of the lurch which is consistent with the above moments 
is not known but could, if desired, be computed. These moments are 
balanced out in the usual way, and the moments (in ft'k) resulting from 
this second balance are given in Table 8-17. 


Table 8-17. 


AB 

jB.1 

BC 

CB 

CD 

CE 

-13.7 

-14.3 

+14.3 

+11.0 

-11.0 

0 


The force (CJF) necessary to hold the frame in the deflected position is 
evaluated by the same method used to find the A JR: 



2il/c III = 0 (clockwise is 

+10 X CJF + J3.7 - 1.32 X 42.42 - 0.49 X 33.54 = 0, 
from which 


CJF = +5.87 to the left, as assumed. 
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To obtain the mommits resulting from the action of a force of 10.47 k to 
the left at C, the moments resulting from the second balance must be 
multiplied by the factor 


2 


+10.47 
+5.87 ■” 


+1.78. 


If this is done, and the results added to the moments obtained from the 
first balance, the final moments will be as shown in Table 8-18. 


Table 8-18. 


4iB 

BA 

BC 

CB 

CD 

CE 

-21.7 

-19.9 

+19.9 

-34.4 

-25.6 

+60.0 


Problems 

8-30. Determine all joint moments in Fig. 8-98. Draw the bending moment 
diagram and sketch the deflected structure. [4ns. (in ft*k): JIf a 14.5, Afcs 
-24.7, AfcD - -25.3, Mdc - -31.0.1 



8-31. Find all joint moments in Fig. 8-99 by moment distribution. Draw 
the bending moment diagram and sketch the deflected structure. (4 ns. (in ft'k): 
Mab “ —65, Mba +18, Mac * +123, Me ^ 49, Mdc “ —67.] 
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CHAPTER 9 


ADDITIONAL APPUCATIONS OF 
MOMENT DISTRIBUTION 

9-1 GenefiL This chapter includes discussions of the application of 
moment distribution to the analysis continuous frames with two or 
more degrees of freedom, to the evaluation of secondary stresses in 
articulated structures, and to the analysis of frames with restrained joints. 

With one exception, all the structures to be considered in this chapter 
are composed entirely of ‘prismatic members. This exception, a rigid gabled 
frame with stepped columns to support a crane runway girder, can be 
solved with an interesting supplemental application of moment distribu* 
tion. The analysis of frames with nonprismatic members will be the subject 
of the next chapter. 

9-2 Frames widi two degrees of freedom joint translation. The 
structures shown in Fig. 9-1 are typical examples of frames with two 
degrees of freedom. The structure in 9-1 (a) [similar to the frame of 
Fig. 8-57(a)] is occasionally found in light building frames and supports 
for industrial equipment, but is, to some extent, academic. However, 



Figube 9-1 
368 
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because its analysis is somewhat simpler than those of the other three 
frames, it will be used as a first demonstration. The frame in Fig. 9-1 (b) 
is commonly used for the bents of highway and railway trestles, while the 
frame in (c) is quite common in industrial buildings. The gabled frame 
in (d) is the type ordinarily spoken of as a “rigid frame” and has wide 
usage in auditoriums, hangars, and industrial buildings. 

In each frame of Fig. 9-1 diagonal dashed lines are shown. If all joints 
were pinned instead of rigid, these dashed members would have to be 
inserted in order to maintain the stability of the structure. When inserted, 
each such member cancels one degree of freedom, and this provides a 
method for determining the number of degrees of freedom of more com¬ 
plicated frames. All joints arc considered to be pinned and diagonals are 
inserted until the structure is stable. The number of diagonals will usually 
(but not always) equal the number of degrees of freedom. Sometimes a 
single diagonal will cancel two degrees of freedom instead of the usual one, 
and so this method must be used with discretion. 

Example 9-1. Find all joint moments in the frame of Fig. 9-2 by 
moment distribution. Draw the bending moment diagram. 



Figurc 9-2 
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The fixed-end moments are computed in the usual way and (expressed 
in ft*k) are shown in Fig. 9-3. These moments are balanced out, w'ith the 

+88.9 -44.5 



F^ioure 9-3 


results shown in Fig. 9-4. The moments obtained from this first balance 
will be correct only if no side-sway is permitted of either CD or BE, and 
therefore side-sway is assumed to be prevented by AJR’s acting at each 
level. 



Figure 9-4 Figure 9-5 

The values of these AJR’s must be determined. In multi-story frames 
they are best obtained by first finding the shears in the columns and then 
placing these shears on a sketch, as shown in Fig. 9-5. 

In this figure, dots indicate division points for separating the frame into 
free bodies, as will be presently demonstrated. The location of each of 
these dots is. in no way related to the moments at the ends of the cor¬ 
responding columns. That is, the dots do not represent points of contra- 
flexure but are used to represent more clearly the actions of the column 
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diears. It is important to note that the column shears, as shown in Fig. 
0-5, are external to the column segments on which they act, and thus may 
be used directly on each free body. 

An explanation (rf the method for determining the senses of these 
column lAears is in order at this point. Consider, for example, the free 
body for CB, as shown in Fig. 9 h 6. Inspection indicates that the hori¬ 
zontal reactions external to this column section must act in the directions 
shown in Fig. 9-6, and the magnitude will be 


73.2 + 57.6 
25 


5.23 k. 



Figubb 0-6 


Figure 9-7 


From the senses* of these external horizontal reactions it is apparent 
that if any section or point is considered in the column, as, for example, 
the.dot, then that part of the column below the dot will push to the right 
on the part above and, in turn, that part of the column above the dot will 
push to the left on the part below. Therefore the senses of shears 
external to the column segments adjacent to the dot will be as shown for 
CB in Fig. 0-5. A convenient name for this designation of column shears 
is shear-couple. In column CB^ then, the shear-couple is said to be clock¬ 
wise and in DE it is counterclockwise, as shown in Fig. 9-5. 

Observe carefully the shear-couple shown in AB, the column which 
supports the interpanel load of 20 k. As %vould be expected, the value 
of this shear-couple is determined by treating AB as a. free body (see 
Fig. 9-7). Here only the direction of the shear-couple in the part of the 
column above the 20 k load is of interest, since this will be a part of the 
free body to be formed about the level of BE. Taking moments about A , 
we find that the upper horizontal reaction on ABia 

20 X 15 -f 103.2 - 60.9 _ , 

-30 “ 11.43 k. 

The sense of the shear-couple in the upper part of AB will then be as 
shown in Fig. 9-5. 
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A rule to follow for the easy determination of the sense of the shear* 
couple in a member, with no interpanel loads acting, is: If the sum of 
the internal end moments of the member {these moments, and their signs, 
are the direct results of the moment distribution) is negative, then the shear- 
couple is positive, or dockvnse. If the sum of the moments is posUive, then Ae 
^lear-couple is negative, or courUerclockwise. This rule does not apply 
when there are interpanel loads on the member, for in that case the sense 
of the shear-couple i^ould be determine as demonstrated for AB. 

Having determined the shear-couples of Fig. 9-5, we now consider the 


AJR. C D lOk 



Fiqure 9-8 

free body in Fig. 9-3. Here, SJET = 0 must be satisfied, and thus, con¬ 
sidering forces to the right as positive, the following expression results: 

AJR + 5.23 - 10 - 4.02 = 0, 

from which 

AJR = +8.79 k in the direction assumed. 

The free body about the level BE would be as shown in Fig. 9-9. From 
this figure: 


5.23 k 4.02 k 

JSi AJR 

11.43 k 


Figure 9-9 

ZB = 0 (to the left is positive), 

AJR + 5,23 + 2.48 - 11.43 - 4.02 = 0, 

from which 

AJR — +7.74 k in the direction assumed. 

The AJR’s determined from Figs. 9-8 and 9-9 are shown in Fig. 9-10. 
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Figure 9-10 


Forces equal and opposite to these AJR’s are applied at the same levels 
and the moments caused by these forces are added to the moments 
obtained from the first balance to obtain the final moments in the frame. 
The following procedure will apply. 

A horizontal force of unknown magnitude is assumed to act at the top 
level, while, at the same time, anothef horizontal force of unknown mag¬ 
nitude acts at level BE. Under the action of these forces level GD 
lurches to the left (the frame could have been assumed to lurch to the 
right), while level BE is held in position. (The sense of these forces 
will be determined later.) The distorted frame is shown in Fig. 9-11, 
with the resulting fixed-end moments. These moments are propor¬ 
tional to th6 Km values of the distorted columns. 


C D 



P'lGURE 9-11 


Moments are balanced in the usual manner. No additional translation 
of joints is permitted, but the two unknown forces change in magnitude 
as the joints are permitted to rotate during the balancing operation. 
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In their final value these forces are consistent with the moments resulting 
from the balancing operation. The resulting moments, the shear couples, 
and the CJF's are shown in Fig. 9-12. 



Figuee 9-12 


By another combination of horizontal forces acting at levels BE and CD 
the frame is next assumed to be forced into the distorted position shown 
in Fig. 9-13. The fixed-end moments, proportional to the Km values of 


C D 



Figure 9-13 


the distorted columns, are shown in this figure. These moments are 
balanced out, and the resulting moments, shear-couples, and CJF's are 
as shown in Fig. 9-14. The CJF's of Figs. 9-12 and 9-14, and the moments 
with which they are consistent, cannot be combined directly to find the 
moments resulting from two forces equal and opposite to the AJR's of 
Fig. 9-10. It is possible, however, to find some factor X by which all 
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-3.7 


+3.7 
0.95 kj 
+199 

-36.0 


+16.1 

B 


- 2.6 

+2.0 


-G/F = 1.35 k 


+14 2 
E 


•CJF = 5 74 k 


2.80 k' 


- 4 8 ^^ 



Figure 9-14 


values shown in Fig. 9-12 may be multiplied, and another factor Y by 
which all values of Fig. 9-14 may be multiplied, such that an algebraic 
summation of the products will result in a set of moments consistent with 
forces acting equal and opposite to the AJR's of Fig. 9-10. 

The two condition equations necessary to evaluate X and Y slfo obtained 
by simply expressing the fact that the superposition of X times the CJF’s 
of Fig. 9-12 and Y times the CJF’s of Fig. 9-14 and the AJR's of Fig. 9-10 
must result in a net horizontal force of zero acting at ea(‘h of the two 
levels. If we consider that forces acting to the right are positive, these 
equations arc: 

For level CD, 

-3.08X + 1.35r + 8.79 0 

For level BE, 

+4.20X - 5.74r - 7.74 - 0. 

A simultaneous solution will result in 

X = +3.34 and F = -j 1.10. 

If the moments of Fig. 9-12 are multiplied by X and those of Fig. 9-14 by 
F, and if the products are added algebraically to the moments of Fig. 9-4, 
the final moments will result. (See Fig, 9-15.) In the solution above, if 
either or both X and F had been negative, the multiplication would have 
been performed following the usual rules of algebra regarding the signs of 
products. 
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As a check on the moments, the final shear-couples are shown in Fig. 
9-15. Here we see that the condition that ZH = 0 is very nearly satisfied 
for the free body about CD and also for the free body about BE. The 
moment diagram (with moments expressed in ft-k) is shown in Fig. 9-16. 

From the foregoing discussion it is apparent that in order to effect a 
solution of a frame with one or more degrees of freedom, it is necessary to 
have one set of consistent joint forces and moments for each degree of 
freedom. Obviously, to obtain each set, a distortion must be impressed 
which is consistent with the constraints of the structure. In this regard it 
is suggested that imaginary structural constraints be introduced in the 
form of dotted diagonals, each diagonal suppressing one degree of freedom. 
These imaginary diagonals are then removed (only one being omitted at 
any given time) in order to determine the various distortions to be im¬ 
pressed on the frame. The moments resulting from each distortion are 
selected in proportion to the Km or modified Km values of the members 
which are flexed as a result of each distortion. The analysis is then com¬ 
pleted as shown above. 

Frames which have a width of more than one bay are analyzed by this 
same method. In the case of additional stories, each extra story height will 
add an extra degree of freedom to the frame. Consequently, for each new 
story an additional distortion must be impressed, an additional set of 
CJF’s must be evaluated, one more simultaneous equation must be written, 
and another constant similar to X and Y must be evaluated. Obviously 
the work involved in a complete analysis becomes quite extensive for even 
a small frame. Fortunately a “short cut” is possible in the application of 
moment distribution to building frames. This is known as the two-cycle 
method of moment distribution.* 

*'For an explanation of this method see CofdinuUy in Concrete Building 
Frames, a booklet available from the Portland Cement Association. 
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Example 9-2. A railway viaduct bent is proportioned as shown in 
Fig. 9-17. Lateral loads due to the nosing of the locomotive and wind on 
train and trestle result in a lateral force of 35 k at the top, as indicated. 
Find all joint moments. 




The AJU necessary to prevent lurch is as shown in Fig. 9-18. The 
effect of removing this AJR is determined by the following procedure. 


AJR 
35 k 



Since the frame has two degrees of freedom, two different distortions must 
be impressed and consistent joint forces and moments must be evaluated 
for each distortion. First, we assume that the frame is distorted as in 
Fig. 9-19(a), and then as shown in 9-19(b). To determine the several 
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Figure 9-19 

A’s to be used in computing the values of modified Km, it will be 
assumed in each case that the horizontal component of the displacement 
of each joint is 1 in. The displacement diagram is shown in Fig. 9-20. 



Figure 9-20 

By similar triangle.s, 


£ 2 



1 

15’ 

from which 




X = 

0.133 in., 

and 




U 

15.133 


1 

15 ’ 

from which 




y = 

1.009 in. 


The values for modified Km are 

AB = BC = DE = EF = KmA = 1.31 X 1.009 = 1.320, 
CD = 6.25 X 0.266 = 1.670, 


BE = l.5QX 0.266 = 0.415. 
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-123 -123 



The top level of the frame is caused to lurch to the right, as shown in 
Fig. 9-21, resulting in the fixed-end moments (in ft-k) indicated. These 
moments are then balanced out, with the results given in Fig. 9-22. 

The CJF at level CD is assumed to act to the right on the free body, as 
shown in Fig. 9-23. This assumption is verified, and the CJF is evaluated, 
by taking moments about the intersection of the two sloping legs; 



Figure 9-23 


. 123 + 102 
15.13 


Sil/c.m. = 0 (clockwise is -f), 

*(~ li ^ ll ~) ^ ^ ^ - 204 - 45 X CJF = 0, 

from which 

CJF = 4-35.47 k to the right, as assumed. 

The CJF at level BE is determined by means of the free body in 
Fig. 9-24: 
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15.13 


Figurb 9-24 

S3/c m = 0 (clockwise is +), 

-2 ) X 5 X 15.13 + 34 - 35.47 X 45 + GOCJF = 0, 

from which 

CJF = +34.70 k to the left, as assumed. 

Figure 9-25 shows the final moments resulting from the first distortion, 
with the ccnsi.stent joint forces as just determined. 

CJF -123-12.3 


35 47 k"/C 

"~^-f-123t 

■4-123/ 

\ 

CJF - 1 - 102 /-67 

-67 1 +102 

34 7o\ B 

i?\-35 

- 35 / 

1 

-niA 

f\-17 




Figure 9-25 
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The second impressed distortion is shown in Fig. 9*-26. The fixed-^nd 
moments are proportional to* the modified Ku of each member. These 
moments are balanced out and the consistent joint forces are evaluated 
by the same method used for the first impressed distortion, with the 
results as shown in Fig. 9-27. It is now necessary to find some factor X by 



CJF -14 -14 



which all values^of Fig. 9-25 may be multiplied, and to find another factor 
Y by which all values of Fig. 9-27 may be multiplied, such that an alge¬ 
braic summation of the products will result in a set of moments which will 
be consistent with a force acting equal and opposite to the AJR of Fig. 9-18. 

The two condition cciuations necessary to evaluate X and Y are again 
written, as in Example 9-1, to express the fact that the superposition of X 
times the CJF’s of Fig. 9-25 and Y times the CJF’s of Fig. 9-27 and the 
AJR of Fig. 9-18 must result in a net horizontal force of zero at each of 
the two levels. If we consider that forces acting to the right are positive, 
these equations arc; 


For level CD, 


For level BE, 


4-35.47X + 0.62r - 35.0 = 0. 

-34.70A' + 32.90 r = 0. 


A simultaneous solution will result in 


X = +0.97 and Y = +1.02. 

If the values of Fig. 9-25 are multiplied by X and the values of Fig. 9-27 
are multiplied by F, and if the two sets of products are added algebraically, 
the results will be consistent with the original force of 35 k acting to the 
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right at level CD. The resulting final moments (see Fig. 9-28) may be 
verified by taking moments about the intersection of the sloping legs for 
either of the free bodies previously used in the analysis. 

35 k -133 -133 



Example 9-3. The frame of Fig. 9-29 is to be used in a small industrial 
building, with the necessary roof slope to be provided in the roof con¬ 
struction. The bays are 20 ft and the total roof load is 50 Ib/ft^ Wind, 
blowing from the left, is 20 Ib/ft^ on vertical surfaces. Find all joint 
moments resulting from the combination of roof and wind loads. (In 
practice, wind moments are computed separately.) 



25'-0 .30'-0 


Figure 9-29 


^^'ind concentration at 

J? = 5 X 20 X 0.02 = 2.0 k, 

B s= (7 5 H- 5) 20 X 0.02 = 5.0 k. 



FRAMES WITH TWO DEGREES OF FREEDOM 


383 


»-2] 


+75.0 -75.0 



The fixed-end moments, computed and then indicated in Fig. 9-30, are 
balanced out, with the results given in Fig. 9-31. In the same figure are 



indicated the shear-couples for these moments and the AJR’s. The first 
impressed distortion and the resulting fixed-end moments are shown in 
Fig. 9-32. These are balanced out, with the resulting moments, shear- 



Figurk 9-32 
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15 


B +11-2 


I CJF 
+2.9 3.43 k 


CJF 

-11.2' 

8.26 k = 

32.0 

10 

-2.9 

6.73 k_ —4.5 

-0.2 -21.4 


-M.5 
: 0.72 k \ 

+21.0 


0.17 k - 

2.75 k = 

41.2 

15 


+0.3 

+19.6 


-1.4 


25 


Fioube 9-33 


couples, and CJF's as indicated in Fig. 9-33. The second impressed dis¬ 
tortion and (he resulting fixed-end moments are as shown in Fig. 9-34. 



These are balanced out, with the resulting moments, shear-couples, and 
CJF’s idiown in Fig. 9-35. 


.CJF 
3.42 k 


17 

15 


- 1.2 



E -11.1 


+ 11.1 


2.62 k 
-5.9 +15.1 

-9.2 

. 0.91 k : 

-4.6 


26.2 

10 

13.7 

15 


- 6.0 


CJF 
3.11 k 


F 1+6.0' 


0.49 k 


+ 6.2 


12.2 

25 


Figure 9-35 
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As in Examples 9-1 and 9-2, it is possible to find some factor X by which 
all values of Fig. 9-33 may be multiplied, and to find another factor Y by 
which all values of Fig. 9-35 may be multiplied, such that an algebraic 
summation of the products will result in a set of moments consistent with 
forces acting equal and opposite to the AJR*s of Fig. 9-31. As before, the 
equations necessary to evaluate X and Y express the fact that the super¬ 
position of X times the CJF's of Fig. 9-33 and Y times the CJF’s of 
Fig. 9-35 and the AJR’s of Fig. 9-31 must result in a net horizontal force 
of zero at levels BD and EF. If we consider that forces acting to the right 
are positive, these equations are: 


For level BD, 


For level EF, 


6.73X - 3.42F -f 0.97 = 0. 

-3.43X -f 3.11K - 4.28 = 0. 


A simultaneous solution will result in 

X = +1.27 and Y = +2.77. 

If the values of Fig. 9-33 are multiplied by X and the values of Fig. 9-35 
are multiplied by Y, and if the products are added algebraically to the 
values of Fig. 9-31, the results will be the final moments in the frame. 
These final moments, together with the shear couples, are shown in Fig. 
9-36. Note that because all computations were made with a slide rule, 
slight discrepancies exist between these shear-couples and the applied 
horizontal loads. 

2.0 +42.5 -55.0 




-42.5 E 

‘i^l.75k 

. 17.5 

10 

+55.6 


5.0 k hl5.5 

-62.5 +25,0 



-15.5 

D +37.5 


3.71k 

18.3 

15 

*= 1.22 kt 

4.50 k » 

67.6 

15 



-2.8 

4^.1 


-h37.2 


Figure 9-36 
CX)NTENTS 
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Problems 

9-4. Find all moments in Fig. 9-37 
by moment distribution. (in ft>k): 

Mab “ —1*9, MBA *= —15.6, Mbs 
+47.3, Mbc •—31.7, Mcb * -37.1, 
Mdc — —54.1, Msd “ +14.9, Mbb •= 
-23.3, Mef “ +8.4, Mfe = +8.5.] 

9-5. The frame sketched in Fig. 9-38 
is proposed for a small industrial build¬ 
ing. The necessary roof slope will be pro¬ 
vided in the roof construction. The bays 
are 25 ft and the total roof load is 60 
Ib/ft*. Wind, blowing from left to right, 
is assumed at 20 Ib/ft^ on a vertical 
surface, and is considered to cause a 
uniform load on the column AB. Find 
all joint moments by moment distri¬ 
bution. [Am. (in ft*k): Mba ~ —32, 
Mod * +101, Mjic =* —18, Mdf ** 
—40, Mdb “ +58, Mfg *= +108.] 
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40k 

S'-O 



Figure 9-37 


1.5 k/ft 



Figure 9-38 


GOO in* i = 400 W 
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Example 9-6. The rigid frame bents for a gymnasium are to be spaced 
at 25-ft centers (see Fig. 9-39). Dead and snow load, including an allow¬ 
ance for steel purlins and the frame itself, are assumed to be 65 Ib/ft^ of 
horizontal roof projection. Purlins are to be spaced at 7.14 ft center-to- 
center on the horizontal projection. The moment of inertia is constant. 
Find all joint moments by moment distribution. 



Each concentration = 25 X 7.14 X 0.065 — 11.6 k except at column 
tops, where the ccmcentrations are 5.8 k. By the equation given in Sec¬ 
tion 8-9, the fixed-end moments in the sloping girders are: 


Fbc 


(N^ - 1)PL (7* - 1)11.6 X 50 
12N ~ 12 X 7 


331 ftk. 


The initial fixed-end moments in the frame, therefore, are as shown in 
Fig. ^-40. 
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These are balanced out to give the moments shown in Fig. 9-41. 



Joint translation is prevented by AJR’s at B and D, and these AJR’s must 
be determined. The A JR acting at B is mos easily evaluated by use of the 



Figure 9-42 

free body shown in Fig. 9-42. If 2Af = 0 is written with respect to the 
indicated center of moments (c.m.) and if clockwise moments are con¬ 
sidered to be positive, the folloAving equation results: 

■f 150.8 X 50 + 208 - 27.8 X 111.80 - 8.31 X 75 - 50AJR = 0, 

from w'hich 


AJR = +80.46 k in the direction assumed. 

By a similar procedure, if we use free body BCDE, the AJR at D will be 
found to l>e 80.46 k to the left. (Actually it is unnccoi^ary to compute this 
last value. Since we have computed the value of the AJR at B, that.at D 
may be inferred from symmetry.) 
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The effects of the AJR's acting at B and D in Fig. 9-41 must be can¬ 
celled. This is accomplished by finding the moments caused by forces 
acting at B and D equal in magnitude but opposite in sense to the AJR’s, 
and then by adding these moments to those in Fig. 9-41 to obtain the 
final moments in the frame. In order to accomplish this, one distortion 
must be impressed on the frame for each degree of freedom, and values 
of the modified Km should be determined for each member. For the pur¬ 
pose of computing these values, it is assumed that joint B is displaced 1 



Figure 9-43 


in. to the right, with joint D held in position. (See Fig. 9-43 for the 
displacement diagram.) The modified values of Ku are: 

For AB, Mod /Cjif = A • Km = 1 X 4.46 = 4.46. 

For BC-ATid CD, Mod Km = A -Km = 1.12 X 1.79 = 2.00. 

The frame, with the first impressed distortion and the resulting fixed-end 
moments, is shown in Fig. 9-44. These moments are balanced out and the 



CJF’s are evaluated by the use of two free bodies, ABCD and BCDE (a 
method previously explained in connection with Fig. 9-42), with the results 



3 JiS 
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Figure 9-45 


shown in Fig. 9-45. Since the frame is symmetrical, this last figure may 
drawn opposite hand (mirror image) to obtain the results of forcing D 
the left while B is held fixed in position. Figure 9-^ is obtained in this 


way. 



CJF 


t 


1.39 k 


I 


1.39 k 


Figure 9-46 


Two factors, X and F, may be found such that when all values of Fig. 
9-45 are multiplied byX- ahd then added to the products obtained by 
multiplying corresponding values of Fig. 9-46 by F,. the resulting sums 
will be the effects of forces acting at B and D opposite to the AJR’s. The 
two condition equations necessary for evaluating the factors X and F are 
written from Figs. 9-41, 9-45, and 9-46. If we consider that forces acting 
to the right arc positive, these equations are: 


For joint B, 


For joint D, 


-1-80.46 -f 27.62X -|- 22.06F = 0. 
- 80.46 - 22.06X - 27.62F = 0. 


0!)viously, X and F must be equal, and a solution will result in X = F = 
ihay be iii»..The final moments are obtained by adding algebraically the 
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moments of Fig. 9-41, the moments of Fig. 9-45 multiplied by factor JIT, 
and the mpmrats of Fig. 9-46 multiplied by the factor Y. The results are 
shown in Fig. 9-47. 



The method of analysis just demonstrated—that of separate joint dis- 
placemerUs —^is perfectly general and is applicable regardless of the type of 
loading applied to the frame. For the above vertical loads, however, the 
alternate solution which follows is easier. In addition, it is the appropriate 
method to use in order to determine the effect of spread of the column 
footings, temperature changes, or shortening of the girders due to axial 
stresses. 

In this alternate solution the initial fi.xed-cnd moments caused by the 
applied loads, the first balance, and the resulting joint moments and 
AJR’s are found exactly as explained in connection with Figs. 9-41 and 
9-42. However, in this solution, in order to evaluate the effect of removing 
the AJR's, we first assume that a distortion is impressed on the frame by 
simultaneously forcing both joints B and D outward by equal amounts. 
The magnitude of the assumed enforced outward movement of joints B 
and D is arbitrary. For the purpose of drawing a displacement diagram, 
a movement of j in. will be assumed. (See Fig. 9-48.) The modified 
values of Km are: 

For AB and DE, 


Mod Km = A-Km = 0.5X 4.4G = 2.23. 
For BC and CD, 

Mod Km ~ A • Km — 1-12 X 1.79 = 2.00 



r 


Figurk 9-4S 



392 


APPUCATIONB OF IfOlCBNT DISTBIBUTION 


[chap. 9 


A distortion of the type described above is assumed to be impressed on 
the frame and to cause the fixed-end moments shown in Fig. 9-49. The 



displacements of joints B and D, consistent with the fixed-end column 
moments of 223 ft*k, can be computed if the column sizes are known. 
For example, if the frame is fabricated of 36WF160 sections, with a 
moment of inertia of 9739 in^, the consistent displacements of B and 
D will be 


ML^ 12 X 223 X 25* X 144 ^ . 

SEI ~ 3 X 30,000 X 9739 ~ 

The fixed-end moments of Fig. 9-49 are balanced, with the resulting mo¬ 
ments and CJF’s shown in Fig. 9-50. It is necessary to find the joint 



moments resulting from forces of 80.46 k acting outward at joints B and 
D on the frame of Fig. 9-41. These are readily obtained by multiplying 
the moments of Fig. 9-50 by a factor which is given by 


80.46 

24.90 


3.23. 
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If the moments of Fig. 9-50 are multiplied by 3.23 and the products 
are added to the moments of Fig. 9-41, the results will be as ^own in 
Fig. 9-51. These are in good agreement with the moments shown in 



Fig. 9-47. (Any discrepancy is due to slide rule computations.) The final 
displacement of J? or will be z times the displacements shown in Fig. 9-50: 

3.23 X 0.275 = 0.89 in. 

Example 9-7. Find the moments in the rigid frame bent of the pre¬ 
ceding example (9-6) as caused by a wind with a velocity of 100 mi/hr. 
(See Fig. 9-52.) 



Probably the best recommendations relative to wind pressures for design 
for U.S 0 in this country arc those included in Transactiona of the American 
SoHettj of Civil Engineers on wind bracing in steel buildings, Vol. 105, p. 1713, 
19-10. The following recommendations arc taken directly from these TransactionB, 
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The report iodicates that "... it is not necessary to divide the wind force 
into pressure and suction effects when dealing with the bracing of tall buildings. 
However, this may need to be done for structures with rounded roofs, such as 
armories, hangars, and drill sheds, and for mills or other buildings with large, 
open interiors and wails in which large openings may occur. For any building, 
possible high local suction effects, due to bad aerodynamic properties of the 
building profile, should be investigated in relation to secondary members and 
the attachments of roofing or siding." 

External forces on windward and leeward walls. For surfaces which are per¬ 
pendicular to the wind direction the report states that.. where q is the velocity 
pressure of the wind, an external pressure of O .89 may be exerted on toe wind¬ 
ward wall of buildings of average ratio of height to width and an external suction 
of 0.59 on the leeward wall. For an air density of 0.07651 Ib/ft^, correspond¬ 
ing to 15"C, at 760 mm of mercury, and where the velocity V is expressed in 
miles per hour, the velocity pressure in pounds per square foot is given by 
q = 0-002558From the preceding, "it is seen that the total combined force 
on the outside of the windward and leeward vertical faces of an average building 
may be 1.3?, or approximately p 0.0033F^.” It may be determined from this 
last equation that a total wind force of 20 Ib/ft^ will result from a wind velocity 
of 77.8 mi/hr. The velocity pressure for this wind velocity is 15.5 Ib/ft®. 

External forces on plane surfaces inclined to the wind. "For surfaces not more 
than 300 ft above the ground and for both symmetrical and unsymmetrical 
gable roofs, where a is the slope of the roof to the horizontal in degrees, the 
recommended wind forces are as follows: 

(1) Windward slope— 

(a) For a not greater than 20", a suction of 12 Ib/ft^ 

(b) For a between 20* and 30", a force of p =» i.20a — 36, the negative 
value indicating suction. 

(c) For a between 30" and 60", a force of p = 0.30a — 9, the positive 
value indicating pressure. 

(d) For a greater than 60", a pressure of 9 Ib/ft*. 

(2) Leeward slope— 

For all values of a in excess of zero, a suction of 9 Ib/ft^.” 

External forces on rounded roof surfaces. "Considering the rounded roof as 
represented roughly by a circular arc passing through the two eaves and the ridge, 
or, whor(‘ the roof slope starts from ground level, through the springings and the 
ridge, and letting the ratio of rise of the arc to its span be r, the recommended 
wind forces Tor surfaces not more than 300 ft above ground level are as follows: 

(1) Windward quarter of roof arc— 

(a) For roofs resting on elevated vertical supports: when r is less than 0.20, 
a suction of 12 Ib/ft^; when r is greater than 0.20, a pressure of 
p = 30r — 6. Alternatively, when r is between 0.20 and 0.35, a 
force of p = 80r — 28, the negative sign indicating suction. 

(b) For roofs starting from ground level: for all values of r, a pressure of 
p = 19r. 
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(2) Central half of roof arc— 

(a) For roofs resting on elevated vertical supports, a suction of p ■■ 
15r-|- 11. 

(b) For roofs starting from ground level, a suction of 11 Ib/ft^. 

(3) Leeward quarter of roof arc— 

For all values of r greater than zero, a suction of 9 Ib/ft^." 

External forces on aflat roof. "For a fiat roof a normal suction of not less than 
12 b/ft^ should be considered as applied to the entire roof surface.” 

External forces on tcalls parallel to the wind. "On walls parallel to the wind an 
external suction of 9 Ib/ft^ should be considered.” 

Internal wind forces. The wind force to be assumed in design is to be taken as 
the applicable external wind force (as outlined above) only in the event that the 
building is airtight. Such a condition will rarely arise, and therefore internal 
suction or pressure should also be considered. 

"Normally, air leakage due to the usual small openings around windows, doors, 
skylights, and eaves will give rise to an internal pressure or suction of from 0.259 
to 0 . 359 , depending on whether the openings are chiefly in the windward or in the 
leeward surfaces. 

"Where openings are of substantial size, the internal wind force may be of 
considerable magnitude. It may be pressure or suction, depending on whether the 
openings are in windward surfaces, in leeward surfaces, or in surfaces parallel to 
the wind.” Very large internal pressures have been (and may be) built up because 
of the breaking of windows on the windward side of buildings by wind-carried 
objects. On the basis of various studies and investigations it appears that 
reasonable allowances for internal wind forces are as follows; 

(1) “For buildings that, although nominally airtight, with closed doors and 
windows and unbroken glass, arc nevertheless more or less ‘air leaky' by 
reason of numerous distributed small openings, an internal pressure or 
suction of 4.5 Ib/ft^ normal to walls and roofs. 

(2) For buildings with 30% or more of the wall surfaces open, an internal 
pressure of 12 Ib/ft^, or an internal suction of 9 Ib/ft^. 

(3) For buildings that may have percentages n of openings varying from 0 to 
30% of the wall space, an internal pressure of 

p = 4.5 + 0.25n, 


or an internal suction of 

p = 4.5 + O.lSn." 

Wind force on a series of roofs. “Wliere a series of roofs exists in one building, 
one roof lying behind another and being nominally masked by it, the structure 
as a whole is to be designed for the full wind load on the first roof and for 80% 
wind on the other roofs. Any one roof, however, is to be designed for the full 
wind load.” 
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Returning to Example 9-7, the velocity pressure is computed as follows: 

q = 0.002558r* = 0.002558 X 100* ^ 25.58 Ib/ft*. 

The pressure against the windward wall is 

0.8 X 25.58 = 20.4 (say 20) Ib/ft*. 

The suction on the leeward wall is 

0.5 X 25.58 = 12.79 (say 13) Ib/ft*. 

The action on the windward slope, where a = 26^40^ is 

1.20a - 36 = 1.20 X 26.7 - 36 = -4 Ib/ft* suction. 

The action on the leeward slope is —9 Ib/ft* suction. Because of special 
features of construction, it is assumed that no internal pressure or suction 
need be considered. However it is usually advisable that, depending upon 
the location of glazed openings subject to breakage, either internal pressure 
or suction be assumed to exist. This internal effect would be added alge¬ 
braically to the external forces as computed above. 

For the problem at hand, the wind forces on the various surfaces are as 
shown in Fig. 9-53. Fixed-end moments as caused by the above loads arc 
computed and balanced in the usual way, while the values of the AJR’s 
at B and D are evaluated in a manner similar to that used for Fig. 9-42. 
The results are shown in Fig. 9-54, where it can be seen that "ZH and ZV 
equal (or very nearly equal) zero. 

If the moments of Fig. 9-54 are combined with moments resulting from 
the action of two horizontal forces applied at B and Z>, of the same magni¬ 
tude but of a sense opposite to the AJR’s at these joints, the ret^uired wind 
moments at the joints of the frame will be obtained. The moments result¬ 
ing from two forces at B and D opposite to the AJR’s may be verv easily 
found by using the information given in Figs. 9-45 and 9-46. We can 
determine the values of two factors X and K, such that when the values 
of Fig. 9-45 are multiplied by X and the values of Fig. 9-40 are multiplied 
by Y, the summation of the corresponding products will be the monu'uts 
resulting from the simultaneous action of 15.16 k to the right at B and 
0.42 k to the right at D. The required condition equation.*! for evaluating 
X and Y (from Figs. 9-45, 9-46, and 9-54) are 

-f27.62X -f 22.06r - 15.16 = 0, 

-22.06X - 27.62F - 0.42 = 0, 
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and a simultaneous solution will give X » 4-I.54 and Y — —1:25. If 
these factors are applied as indicated above and the results combined with 
the values shown in Fig, 9-54, the final wind moments will result, as shown 
in Fig. 9-55. (Minor inconsistencies apparent in these results, chiefly in 
checking ZH and = 0, are due to i^de rule computations.) 


—4 ib/ft* « —01 ir/rt 


—a iK/rf> 


.nooK v/ft 


201b/fi 
0.5 k/fi 


/ft » 
0,325 k/ft 


Figure 9-^ 


Figure 9-54 


12.50 k 


8.13 k 


Figure 9-55 
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Example 9-8. Find the effects of the elastic stretch of the tie, girder 
shortening, and temperature change for the loaded rigid frame bent of 
Example 9-6. Consider a temperature drop of 70*’F and a temperature 
rise of 40**F. The frame is fabricated with 36WF160 sections throughout. 
(See Fig. 9-56.) 



Figure 9-56 

All the actions referred to in the example statement will cause a change 
in the horizontal distance between the .knees of the bent relative to the 
distance between column bases. This change will induce moments in the 
frame, and these moments are to be evaluated. 

In the design and construction of any rigid frame bent, it is important 
that any outward movement of the column bases be prevented. Unless the 
character of the foundation definitely ensures that such movement will 
not occur, it is advisable to use a structural tie between-the column footings 
of each bent. This tie is usually a steel rod, suitably protected against 
corrosion and designed to provide all the required horizontal ‘reaction 
components at the column bases. When the bent is loaded, the tie is as¬ 
sumed to stretch elastically and the column bases are assumed to move 
apart by the amount of the tie stretch. 

Girder shortening results from the axial compression in the sloping 
girders of the bent and causes the knees of the frame to move toward each 
other. A drop in temperature will cause a similar movement of the knees, 
w'hile a rise in temperature will cause the knees to spread. 

In beginning the analysis, it is convenient to first determine the moments 
induced in the frame by an arbitrary outward movement of each column 
base. A lateral movement of 0.275 in. of one end of the 36WF160 column 
’> to the other end has been found (Fig. 9-49) to cause a fixed-end 
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moment of 223 ft-k at the t(H> end of the column. It will therefore 
be assumed that each column base moves outward by 0.275 in. Figure 
9-57 shows these displacements and the fixed-end moments. 


C 



0.275 in 0.275 in 


Figure 9-57 

If these moments are balanced and the AJR's at B and D evaluated, the 
results are as shown in Fig. 9-58. We must now find the mtHEnents resulting 



0.275 in 0.275 m 

Figure 9-58 

frran horizontal forces acting at B and D, forces which are equal in magni¬ 
tude and opposite in sense to the AJR’s in Fig. 9-58. These moments arc 
easily found by referring to Fig. 9-50, which shows moments resulting 
from horizontal forces of 24.90 k acting outward at B and D. By direct 
proportion, the moments and displacements resulting from horizontal 
^rces of 8.28 k acting outward at B and D can be computed if we mul¬ 
tiply the movements and displacements of Fig. 9-50 by a factor given by 

8.28 

* “ 24.90 “ 


0 332. 
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where L is the length in feet, from knee to ridge, of one girder and where 
A is the cross-sectional area of the girder in square inches. The length 
differential for girder shortening, for the actual values from Fig. 9-47, is 




-hi35.2 X 0.895 -h 


81.2 V o ^ X 12 X 0.895 
2 / 47.09 X 30,000 


-h0.02 in. 


The combined positive length differentials are 


40.40 4 0.55 4 0.02 = 40.97 in. 


In order to determine the net negative length differential, the per¬ 
centage of the dead load on the frame must be known. Such information 
is necessary because it is assumed that temperature rise can occur 
only in the summer when snow loading cannot exist. Consequently, the 
length differential due to temperature rise must be combined with 
length differentials caused by tie elongation and girder shortening when 
dead load alone is on the frame. Assume that 40% of the total design load 
is dead load. The net negative length differential will therefore be 

-1-0.4 (0.40 4 0.02) - 0.31 = -0.14 in. 


Actually the negative length differential is of little practical value, 
since it can occur only when dead load alone is on the stiiicture and hence 
camiot be used to determine a critical design moment. The combined 
positive length differential, however, is necessary to determine the maxi¬ 
mum positive moment at’the center. Figure 9-60 shows the .effects of an 
initial positive length differential of 0.55 in. The desired moments may be 
obtained by multiplying the values in this figure by a factor determined as 


_ -H).97 
* “ -1-0.55 


41.76. 


The resultant values are shown in Fig. 9-62. Comparison of these moments 
with those o£ Fig. 9-47 indicates that the secondary effects just considered 
will increase the positive moment at the peak of the frame but will decrease 
the moments at the knees. The wind moments of Fig. 9-55 will decrease 
the moments at both the peak and the knees. The maximum moments 
that can ever exist in the frame, for the loads shown, will therefore be 
taken as 880 ft*k at the knees (neglecting the relieving moment of 23 ft*k, as 
shown in Fig. 9-62, in the event that such relief does not materialise) and 
as 264 4-47 = 311 ft*k at the peak. These tentative design moments are 
shown in Fig. 9-63 
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Figure 9-63 


It should be pointed out here that the maximum moment at the knee 
can be considerably reduced by prestressing the frame. This procedure 
will increase the moment at the peak to a value which will be equal to the 
reduced moment at the knee, and this is desirable if the frame is to be 
fabricated with a constant moment of inertia. The frame would be pre¬ 
stressed by applying a horizontal force P, acting outward at each column 
base, as shown in Fig. 9-63. The value of P must be such as to make the 
maximum moment at the knee equal the maximum moment at the peak. 

This condition is expressed as follows; 

880 - 25P ^ 311 + SOP, 

from which 


P = 7.57 k. 
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With this fotce acting on the frame, the moments at the knee and at the 
peak become 

880 - 25 X 7.57 == 690 ft k, 

and thus the maximum moment has been considerably reduced. 

The required movement each column base to accomplish this prestress 
may be readily computed by referring to Fig. 9-60: 

^ X 0.275 = 4.0 in. 

U.Oa 

This prestress would be very easily managed m the field by fabricating the 
bent so that each column base, with the bent erected but with no load 
acting, would be 4 in. inside the vertical line from the knee. The applica¬ 
tion of the dead load of the sloping girders would introduce nearly idl the 
desired total spread of 8 in. between the column bases. Then the column 
bases could be easily pulled the remaining distance into position, the col¬ 
umns would be vertical, and the desired prestress would be introduced. 


Example 9-9. Find the moments in the frame of Fig. 9-64 as caused 
by the crane loads shown. 



Fioube 9-64 

The first step in the solution of the problem is to find the fixed-end 
moments Fba and Fde> One method of computing these moments is to 
make use of the formulas developeddn Problem 5-11. These formulas are 
shown in Fig. 9-65, with the signs reversed to give the action of the member 
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Figure &-65 


on the joint. The moment M applied to the column through the bracket 
will be considered to be positive if it is clockwise. A positive result ob¬ 
tained from either of the above formulas for the fixed-end moments will 
then indicate a tendency for the end of the member to rotate the support 
in a clockwise direction. If values for the column AB are substituted in 
the above formulas, assuming temporarily that the base A is fixed, the 
following fixed-end moments result: 

Fba = - ^ (2b - a) = (13.0 - 13.5) = +0.44 ft-k, 


Fab = - ^ (2a - 5) = 


-26.25 X 6.5 
202 


(27 - 6.5) = -8.75 ft k. 


The fixed-end moment at end B, with end A pinned, is easily found by 
balancing out the moment Fab to zero and by carrying over one-half of 
the balancing moment. The result is that 


F'ba = +0.44 + 4.37 = +4.81 ftk. 

The value of the fixed-end moment F^g is found by direct proportion 
and reversing the sign; thus: 

Fde = 7^ X 4.81 -2.13 ft-k. 

i/.o 

An interesting and useful alternate method for determining the fixed-end 
moments for a member loaded with a moment or couple, at any point 
aloilg its length, is provided by moment distribution. Assume, for con¬ 
venience, that the memlier ilF is horizontal and that a support, or an 
AJR,‘is temporarily provided at X, the point of application of the couple. 
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^AB 


Pdb^ 3.17 X 13.5 X 6.5* 

La 20a 


-4.61 ftk, 


Pba 



3.17 X 13.5® X 6.6 
20 * 


+9.37 ft k. 


If the above end moments are added to the end moments of Fig. 9-67, 
the final fixed-end moments for the original member will be Fab = 
—8.77 ft*k and Fba = +0.48 ft*k. These values agree closely with 
those previously obtained by the formulas. The initial fixed-end moments 


+4.8l[B 


-2.13 
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for the frame, before balancing, are therefore as shown in Fig. 9-70. 
These moments are balanced and the AJR’s determined as described in 
Example 9-6, with the results shown on Fig. 9-71. 



As in previous problems, it is now necessary to find the moments caused 
by forces acting equal and opposite to the AJR's. Since the procedure is 
exactly the same as described in Example 9-6, it is suggested that the 
reader make the detailed computations and find the CJF*s and joint 
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moments resulting from an impressed diQ>lacement of joint B of 1 in. to 
the right^ joint D being held in position. (The retnilts are shown in Fig. 
9-72.) 



If Fig. 9-72 is drawn opposite hand, corresponding values will be obtained 
for a 1-in. impressed displacement of joint D toward the left, joint B being 
held in position. From these two figures and from Fig. 9-71, two factors 
X and Y are determined and applied as described in Example 9-6. The 
final results are shown in Fig. 9-73. 



Figure 9-73 


Example 9-10. In Fig. 9-74 find all moments, as caused by the crane 
loads shown, by moment distribution. Column bases are fixed. 

Stepped-columns are commonly used in industrial buildings with 
heavy crane installations. If these stepped-columns also support a gabled 
rigid frame, the analysis of the frame becomes slightly more involved 
than would otherwise be the case. This, of course, is because the columns 
are nonprismatic. I’ixed-end moments, stiffness and carry-over factors 
must be computed for these columns, and this can be accomplished by 
moment distribution. (Two other methods will be presented in Chapter 10.) 
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As a first step toward the solution ^ the problem, the fixed-end moments 
will be computed. For this purpose consider that the column ABC is 
placed on its side, with the ends fixed and with an AJR acting at B. The 
moment of 120 X 1.5 = 180 ft*k is applied to the member at B, and this 
moment is distributed to the members BA and BC in proportion to their 
distribution factors. One-half of each distributed amount is carried over 
to the opposite fixed end of each member. The resulting moments and the 
evaluation of the AJR are indicated in Fig. 9-75. The effect of this AJR 


180 ftk 
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must be cancelled. To accomplish this, some unknown force is applied at 
B on the otherwise unloaded member, and point B is thereby displaced 
downward (without rotation) a distance sufficient to induce moments 
proportional to the values of This condition is shown, the mo¬ 

ments are balanced, and the CJF evaluated in Fig. 9-76. The final 



116 tt k 
f 11.15 k 


107 ft k^ 


107 ft k ✓ , 103 ft k 


11.15 k4 ^ 4 ^ 

I CJF » 32.15 k 


f 21.0 k 


210 

10 


Figure 9-76 
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moments sliown in this figure are thus found to be consistent with a 
CJF 32.15 k acting down. It is now necessary to find the moments 
caused by a force of 1.96 k acting down, and these may be obtained by 
multiplying the final end moments of Fig. 9-76 by a factor 

The final values of the fixed-end moments are obtained as follows: 



AB 

CB 

Moments of Fig. 9-75 

-64.3 

-25.6 

(Moments of Fig. 9-76)2 

+7.1 

-6.3 

Fixed-end moments 

-57.2 

-31.9 


By inspection we see that the fixed-end moments Fof and Fef are oppo¬ 
site in sign to, and one-third the magnitude of, the corresponding values 
of Fxa and Fcb- Therefore, 


Fgf = + ^ = -f 19.1 ftk, 


Fef = -f = +10.G ft-k. 

The carry-over factor Cca is next computed. The member is first 
assumed to be arranged and loaded as shown in Fig. 9-77, and moments 



_ 0.7G9 0 2:n _^ 1 ftk 

- —. J 7 = 1000 m*-4^ 

I = 5000 in* Ba _ joo 

K = 250 AJRl jx: = 75 

Km = 12.5 = K/2L =50 


Results of . 

moment —019 -0.38 +0.38 +-1.00 

distribution ' 


0 19 ft k 


10029 k 


0.57 

20 


138 k 


0.38 ft k^na 0.38 ft k 1.00 ft k 

0029 kf f 0.138 k ^0. 

|aJR = 0.167 k 
Ficus E 9-77 


138 

10 
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are balanced and the AJR evaluated as shown therein. Again it is neces¬ 
sary to find the moments resulting from the action of a force at B equal 
and opposite to the AJR. Assume that B is depressed sufficiently to induce 
end moments proportional to the values of Km indicated in Fig. 9-77. 


CJF 



moment 

distribution 


+0.96 


0.06 ftk 




+0.07-0.67 


0.67 ft k ^ 0.07 ft k 

’’A?’ 




t 


0.082 k = 


1.03 


0.07 


= 0.082 ki io067k to067k = 

20 ^ ^ ■ 10 

1 CJF = 0 149 k 


Figure 9-78 


This condition, together with the rebults of the moment distribution and 
the evaluation of the CJF, is shown in Fig. 9-78. In order to find the 
moments resulting from a force of 0.167 k acting down at B, we simply 
multiply the moments of Fig. 9-78 by a factor 


* 0.r49 


1 . 12 . 


When the resulting moments are added to the moments of Fig. 9-77, 
the final moment at A will be 0.89 ft-k. The end moment at C will, of 
course, be 1.0 ft-k. The required carry-over factor is therefore 


CcA 


0.89 

1.00 


+0.89. 


The stiffness may be determined by first computing the rotation at 
end C resulting from the action of the 1 ft*k couple. When the rotation 
of end C caused by this unit couple is known, it is a simple matter to find 
the moment necessary to cause a rotation of 1 rad. This moment, by 
definition, will be the absolute stiffness. 

The conjugate beam is shown in Fig. 9^79. It is clear that relative 
values of / have been used in computing the magnitudes of the elastic 
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(0J!7^1j0),0.,^ 



loads. Since the relative / for the segment BC of the column is taken as 
unity, then all relative moments of inertia are referred to the moment of 
inertia of BC. This will be designated as Int- The shear in the con¬ 
jugate beam at C will be 

Rf,. = 6.860 + 0.218 - 1.258 = 5.820. 

The slope at C will be given by 


Oc = 


Re 

EInt 


The absolute stiffness Kc Rt C will be: 


AbsBc = 



EI„f 

Re 


Since it is assumed that Fig. 9-79 represents an original design, the naes 
of the rolled sections required in the frame are not known, and cemse- 
quently, /ref is not known. However, if E and /ref are arbitrarily assigned 
values of unity, it is possible to obtain a relative value for Kca which 
will be entirely satiitfactory for the analysis. This value for relative 
Kca is: 


Rel = 5 ^ = 0172. 

Care must be taken that the value used for the stiffness of the girder is 
related to the same datum as that of the relative stiffness of the stepped- 
column. The absolute stiffness for the girder CD is given by: 


Abe Kcd 
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Ccmsequently, since E and Ini have been assigned values of unity, the 
correct relative stiffness will be g^ven by: 

The foregoing information, all of which is necessary fw tin first balancing 
operation, is assembled in Fig. 9-80. The moment distribution is per¬ 
formed and the AJR’s computed as previously demonstrated, with the 
results shown in Fig. 9-81. 


C 




d o 

II II 




FiouBE 9-80 





B 


F 



Fioube 9-81 
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As in the preceding examples illustrating gable frame analysis, we must 
again find the moments induced in the frame by the action of forces 
equal and opposite to the AJR’s. As a beginning, assume that joint 
C is moved to the right one unit while joints B, E, and F are held in 
position. (The relative displacement diagram is shown in Fig. 9-82.) 
The resulting fixed-^nd moments must be consistent with these relative 
displacements. It will be remembered that a set of consistent fixed- 
end moments can most easily be determined by first choosing a set 
of moments which are proportional to the values of Km (indicated, in 
this example, in Fig. 9-74), and then by multiplying these moments for 
each member by the corresponding relative displacement between the two 
ends of that member. Thus, if we arbitrarily assume that the lateral dis¬ 
placement of C is sufficient to cause Fbc &nd Fcb to be 100 ft*k, then the 
magnitude of Fcd» Foct Fde, and Fjsd will be given by 1.58 X 10 = 
15.8 ft*k. The distorted frame, these fixed-end moments, and the AJR's 
required to hold the frame in this distorted position are shown in Fig. 9-82. 



Figure 9-82 


It is necessary to remove the AJR at B, and to do this it is convenient to 
•consider the member ABC as placed on its side, as shown in Fig. 9-83. 
The fixed-end moments and distribution factors are indicated on the sketch. 
The unbalanced moment at B is distributed, carry-overs are made, and 
the AJR at B is evaluated. From Fig. 9-83 it is apparent that the effect 
of the AJR at B must be cancelled by a force of 21.09 k acting down at B 
on the fixed-end member ABC. The moments resulting from the action of 
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Figure 9-83 


thia force may be easily determined by multiplying the final moments 
of Fig. 9-76 by the factor 


_ 21.09 
* ”■ 32.15 


0.657. 


The final fixed<end moments Fac end Fca (with the AJR at B removed) 
are therefore obtained by combining the final end moments of Fig. 9-83 
with the factor s times the end moments of Fig. 9-76: 


Fac - -35.7 -H 0.657(+116) = +40.6 ft k, 
Fca = +85.8 + 0.667(-103) = +18.2 ft-k. 


The AJR at B (indicated in Fig. 9-82) has now been removed. The 
final set of fixed<end moments, necessary before the balancing operation, 
are shown in Fig. 9-84, as are the AJR's. Moments are balanced and the 



AJR 
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CJF’s (the final values of the AJR’s) aie eomputed as hefoce, with the 
results shown in Fig. 9>86. If Fig. 2-86 is drawn opposite hand, it will give 
the results ci a similar enfoieed diq;>laoement of jdnt J? to tl» left. 



Fioubb 9-85 


The information of this last figure, combined with that of Figs. 9-85 and 
9-81, will permit the evaluation of factors X and Y and the completion 
of the analysis as previously demonstrated. The final results are shown 
in Fig. 9-86. 



FionBE 9-86 
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Problems 

9-11. For the gable frame of Fig. 9-87 find all moments by moment distribu¬ 
tion. Loads are 2 k/ft on the horisontal projection of the roof girders. Since it Is 
assumed that this is to be a preliminary analysis, the moment of inertia will be 
taken as constant. [vln«.; Mba ™ —288 ft*k, Mcb "" +239 ft‘k, Moa 
+288 ft*k.l 



9 

Is 



Figure 9-87 


9-12. Using an assumed wind velocity of 80 mi/hr, find the moments caused 
by a wind blowing from left to right on the frame of Problem 9-11. Bay lengths 
are 25 ft. Use recommendations of the American Society of Civil Engineers for 
finding wind loads on the various surfaces of the bent, and neglect internal 
pressure. Note that it is difficult to obtain close accuracy in this typo of problem 
because the moments resulting from the removal of the AJR's are much larger 
than the initial fixed-end moments. The coefficients X and Y should be obtained 
by use of a computing machine. [Ans. (approximate): Mb ^ 156 ft’k, Me ^ 
26 ft k, il/z) « 90 ft-k.) 

9-13. The gable frame of Fig. 9-88 is subjected to crane loads, vertical and 
horisontal, as shown. The moment of inertia is constant. Find all moments by 
moment distribution. (Ans.; Mba ^ +124 ft-k, Mcb = —31 ft-k, Mdc - 
-99 ft-k.] 

9-14. In Fig. 9-89 find all moments in the unsymmetrical gable frame as 
caused by the vertical loads shown. The moment of inertia is constant. [Am.: 
Mba - -69.7 ft-k, Mcb - +3.2 ft-k, Mdb - +69.7 ft-k.] 
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8 of 5'-0 = 40'-0 


Figure 9-89 

9-15. Find the moments which will result in the frame of Problem 9-14 from 
the action of 2 k at C and 5 k at both acting from left to right. [Ans.: Mba 
-i 56.6 ft-k, Mcb - -f-12.1 ft-k, Mdb = +48.5 ft-k.] 

9-16. From Fig. 9-90 find the carry-over factor Cca and the absolute stiffness 
Kca in ft-k. E = 30,000 k/m*. [ilns.; Cca. = +0.93. Kca - 10,500 ft-k.] 



Figure 9-90 



420 


APPUCATZONB OF MOMENT DISTRIBUTION 


[chap. 9 


9-17. In Fig. 9-91 find the fixed-end moments caused by the 8 k load. In 
addition, find the carry-over factor Cac and the absolute stiffness Kac for the 
member. The beam is 1 ft wide. E • 2000 k/in^. [An».: Fac * +18.6 ft*k, 
Fca - “47.6 ft-k, Cac - +1-20, Kac - 43,400 ft-k.J 

|8k 

, 15 '■« 

« 1 -i- 

/ « 8 

12'-0 12'-0 



Figure 9-91 


9-3 Frames with several degrees of freedom. The method of applying 
moment distribution to continuous frames with two degrees of freedom, 
demonstrated in the last section, can easily be extended to structures with 
several degrees of freedom. 

Example 9-18. Outline the analysis of the frame shown in Fig. 9-92 
by moment distribution. 









Figure 9-92 




No loads are shown on the given frame because this method of analysis 
will apply to any loading system. Fixed-end moments must first be com¬ 
puted, and these are balanced in the usual manner. The moments resulting 
from this first distribution are valid only if all joint translation is prevented. 
As shown in Fig. 9-92, four diagonals would be necessary to prevent all 
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joint translation, and thus four AJR’s are required. These AJR's must be 
evaluated, which can be accomplished by a combination of the methods 
illustrated in previous examples. AJRi and AJR 2 , for example, can be 
determined by computations similar to those demonstrated in connection 
with Fig. 9-42. AJR 3 and AJR 4 , however, must be computed by using 
shear*oouples, as illustrated in Example 9-1 or Example 9-3 
The effects of this initial set of AJR’s must be cancelled, and the method 
previously demonstrated will apply. The joints of application of the initial 
AJR’s are caused to translate, each joint in its turn. Consider, for example, 
the joint of application of AJR 3 . This joint is caused to translate to the 
right some arbitrary amount, usually unknown in magnitude but possible 
of evaluation if desired. The frame will be distorted as shown in Fig. 9-93. 




No rotation of joints is permitted during this translation. Fixed-end 
moments proportional to the Km values (modified, if necessary) are induced 
in the members affected by the translation. The joints of the distorted 
frame arc held in position by a new set of AJR’s, the initial magnitudes of 
which are unimportant. The moments induced by the translation are now 
distributed; that is, the joints are permitted to rotate (without additional 
translation) to a position of moment balance at each joint. As the joints 
rotate, the AJR’s change in magnitude and, in their final values, are con¬ 
sistent with the final moments. Hence these AJR’s become the CJF’s for 
the distorted and balanced frame of Fig. 9-93. 

This process is repeated for each joint of application of an initial AJR, 
and four sets of balanced moments and CJF’s result. These, together with 
the balanced moments and AJR’s of Fig. 9-92, will permit the evaluation 
of four constants, TF, X, Y and Z, by exactly the same procedure as was 
demonstrated for frames with two degrees of freedom. Applied in the same 
manner as before, these const&nts ivill permit completion of the analysis. 
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Example 9-19. Outline the analysis of the continuous frame of Fig. 9-94 
by moment distribution. 



Figure 9-94 

All fixed-end moments are computed in the usual way, and these mo¬ 
ments are balanced, with joint translation being prevented by the AJR’s 
shown in Fig. 9-94. The principal objective of this example is to explain 
the procedure for evaluating these AJR’s. 

In this sequence, the values of AJRi and Va are computed from 
Fig. 9-95(a) and (b), respectively, by taking moments about the center 
indicated in each sketch. AJR 2 is next computed from Fig. 9-96, with the 
center of moments as indicated therein. Note that Hoc and Vdc may be 


Center of 
^moments 



Figure 9-95 
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Center of 
5k moments 



readily determined by statics after computing AJRj and Va in the manner 
previously explained. The values of AJR3 and AJR4 are computed 
similarly. 

As in all preceding problems the effects of the AJR's must be cancelled. 
Once again each joint of application of an AJR is, in its turn, caused to 
translate without rotation, while the other joints of application are fixed 
in position. As before, after each joint is caused to translate, the resulting 
fixed-end moments are balanced and the CJF’s are computed. Thus four 
sets of moments and CJF's are obtained. These, together with the original 
balanced moments, will permit completion of the analysis. 

Example 9-20. Outline the analysis of the Vierendeel truss bent of 
Fig. 9-97 by moment distribution. 



Fioure 9-97 
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Fixed-end moments resulting from any interxHuiel loads are first com¬ 
puted, and these are balanced. AJR’s (as indicated in the figure) are 
required to prevent joint translation. The magnitudes of these AJR’s must 
be determined. The first step is to compute the end shears of all horizontal 
and vertical members, which can be done by statics, using the member end 
moments previously determined. The member AB is next treated as a 
free body, as shown in Fig. 9-98. Hab may now be evaluated from the 


Mma 



Figure 0-08 


horizontal shear in AE (previously computed) and any horizontal load 
applied at A. Hba is then computed from "LH — 0 applied to the free 
body AB. The two moments Mab and Mba are known from the first 
balance. Finally, is determined by taking moments about end A. 

It is now possible to determine the value of AJR3 from the equation 
2 F = 0 for the member BF treated as a free body. The vertical forces 
applied to this free body by the chord members AB, BC, FE, and FG can 
be computed by the method previously explained. AJR4 can be evaluated 
similarly. All horizontal forces (the shears in the vertical members framing 
to the top chords and any external applied loads) acting on the top chord 
are now known. The value of AJR 2 can therefore be determined from the 
fact that ZH must equal zero for the top chord. Similarly, the bottom 
chord may be treated as a free body in order to compute AJRi. 

It is now necessary to cancel the effects of these AJR’s, and this is accom¬ 
plished exactly as previously described. Each joint of application is, in 
its turn, caused to translate without rotation, while all other joints of 
application are fixed in position. Observe that a vertical movement of 
j int B will induce a horizontal displacement of joint A. The magnitude 
of this horizontal displacement may be easily determined with a displace¬ 
ment diagram. The resulting fixed-end moments are balanced and the 
CJF’s evaluated, and thus four sets of CJF’s are obtained. These, together 
with the AJR’s, will permit the determination of four constants, W, X, Y, 
and Z, which are applied as demonstrated in previous problems, to com¬ 
plete the analysis. 
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Problems 

find all moments in Fig. 9-99 by moment distribution. Roof load is 
2 k/ft on the horisontal projection. [ilns.;MBx * —187 ft*k, Men ■ +76ft*k, 
Mdc - -213 ft-k.] 



Fiouiis 9-99 

9-22. Analyse the frame of Fig. 9-100 by moment distribution. [Ana. (in ft*k): 
Mba ™ —18i Mdc * —5, Mdb “ —23, Mde “ ■f'28, Mop —1, 
Mqj * -f-3, Mail •= —3, Mbd “ —48, Mpb * —40.] 

. ...... 1-0 k/ft 


i =- GOO in* 

V. E 

1.0 k/ft 

/ = 000 in* " 


000 in* 


1.0 k/ft 

7 = 500 r.«f/=S00 


Fiqure 9-100 


9-23. Assuming horizontal loads only of 2 k to the right at E and 8 k to the 
right at B on the frame of Problem 9-22, find all moments by moment distribu- 
tion. [Ana. (in ft-k): Mba * +32, Mdc +49, Mdb ■■ —31, Mdb = —18, 
Map — +32, Moj =* —27, Man ** —5.] 
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9-4 Secondary stresses by moment distribution. In analyzing articu¬ 
lated structures, it is customary to assume that the members are con¬ 
nected with frictionless pins at the joints. In other words, if the structure 
is loaded at; panel points, the members are assumed to be subjected to 
axial loads only. The stresses resulting from these axial loads are called 
primary siresus. Actually, of course, in most articulated structured the 
members are quite rigidly connected at the joints, either by riveting or 
welding. Consequently, as the structure deflects and the joints tend to 
rotate through different angles, the various members are caused to flex 
and bending stresses result. These are called secondary stresses. 

In the majority of articulated structures the members are not stiff 
enough to provide any significant flexural resistance to end rotation. In 
these cases the secondary stresses are small and are neglected. When 
loads are heavy and members are stiff, however, the secondary stresses in 
some members may amount to as much as 75 or 80% (or more) of the 
primary stresses. This is most likely to occur in long-span railway truss 
bridges with secondary systems, or in heavy trusses in tall building frames 
used to support the columns of the floors over banquet halls or foyers. 

The first satisfactory solution of the secondary stress problem was 
presented by Heinrich Manderla in a series of papers published in 1879-80. 
In papers published in 1892-3, Otto Mohr presented his solution for the 
problem—the slope-deflection, method —which will be discussed in Chapter 
11 . A solution can also be obtained by a combination of the Williot or 
Williot-Mohr diagram and moment distribution. 




(a) 


Figure 9-101 


(b) 


The truss of Fig. 9-101 is loaded as shown in sketch (a). Assuming that 
joints are not permitted to rotate, the loaded truss will deflect as shown in 
sketch (b). If the values of A, as indicated in (b), are known, then the fiited- 
eiid moments for the various members can be computed by 6£/A/L^. 
The values of A are easily determined by the Williot or Williot-Mohr 
diagram. Some of the joints in the loaded truss will, of course, rotate. 
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The corrections to the fixed-end moments made necessary !)y this rotation 
of joints are applied by balancing moments in the usual way, and the 
resulting moments are used to compute the secondary stresses in the 
extreme fibers at the member-ends by means of the ordinary flexure 
formula. The application of the method i.s illustrated by the example which 
follows. 

Example 9-24. Steel trusses supporting the columns ov'er a hotel foyer 
are proportioned as shown in Fig. 9-102. All WF sections are oriented 
with their flanges in vertical planes. Story heights above and below the 
trusses are 12 ft. Total strains (in inches) are indicated on the \'arious 
members. Using the Williot diagram and moment distribution, determine 
secondary end moments and stresses in all truss members. E = 30,000 
k/in^. For the analysis, columns above and below the truss are assumed 
to be fixed at the far ends. 

The Williot diagram, for determining the values of A, is shown in 
Fig. 9-102. Table 9-1 is used to compute the fixed-end moments and 
relative stiffnesses of the various members. 


Table 9-1. 


Member 

1 (in*) 

A (in.) 

L (in.) 

Fixed-end 

moment 

6EIA 

7.2 

(in-kj 

Fixed-end 

moment 

(ft-k) 


1-2 

1073 

-fO.765 

192 

-f-4000 

-1-333 

5.59 

2-3 

1073 

-1-0.466 

192 

-f2440 

-1-204 

6.'S9 

A-B 

5G8 

-H).765 

192 

-1-2120 

-1-177 

2.95 

B-C 

568 

-H).480 

192 

-1-1330 

-fill 

2.95 

\-A 

1029 

-1-0.310 

144 

-1-2760 

-f230 

7.13 

\-B 

838 

-1-0.735 


-M930 

-fl61 

3.49 

2-B 

528 

-f0.230 

144 

-fl050 

-f88 

3.67 

2-C 

107 

-1-0.385 

240 

-1-129 

+11 

0.45 

3-C 

350 

0 

144 

— 

— 

2.43 

l-Q 

350 

-0.190 

144 

-576 

-48 

2.43 

2-R 

350 

-0.110 

144 

-334 

-28 

2.43 

3-S 

350 

0 

144 

— 

— 

2.43 

A-U 

1029 

-0.120 

144 

-1070 

-89 

7.13 


The balancing operation, section moduli, and secondaiy stresses are 
shown in Table 9-2. 
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4 of lO'-O = W'-O 




5 14WF219 ^ 

ly =« 1073 in^ - 
I • = -0.079 in 2 



14WF219 
» -0.106 in 










A 14WF130 B 14WF136 C 
• ly = 508 in' € = -H) 128 in 






Figure 9-102 
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Problems 

9-25. Find the maximum secondary stress in members -IB and AD of the 
welded truss of Fig. 9-103. Observe that the wide flange sections arc placed with 
the flanges in vertical planes. E = 30,000 k/in^. 


Section 

A (in*) 

ly (in^) 

S, (in») 

10WF39 

11.48 

45 

11.2 

10WF66 

19.41 

129 

25.5 

10WF72 

21.18 

142 

27 9 


[.Ins..'.IB = 1.9k/in^, 
AD = 8.8k/in2] 



9-26. Find the ma.ximum values of the secondary stresses in members AD, 
AB, 23, and 45 of the wehled bent of Fig. 9-104. The wide flange sections are 
oriented with their flanges in vertical planes Sizes of members and stresses in 
kilopounds are indieated, with a positive sign denoting tension. E = 30,000 k/in^. 


Section 

A (in*) 

ly (in*) 

By (in^) 

Section 

-1 (in*) 

ly (in*) 

Sy (in'*) 

10WF54 

15.88 

103.9 

20 7 

10WF37 

10.88 

42.2 

10.6 

10WF45 

13.24 

53.2 

13 3 

10WF23 

6.77 

11.3 

3.9 

10WF41 

12.06 

47 7 

11.9 

10WF21 

6.19 

9.7 

3.4 


[.Ins..- AD = 7.0k/in2, B.l = 3.3 k/in^ 32 = 4.8 k/in^, 54 = 5.6 k/in^.] 


I — 3 X i Bars] 

1 10WF54 2 10\VF54 3 lOWF.ll 4 10WFo4 i5 
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O-S Fnunes witii restrained joints. All preceding discussions of con¬ 
tinuous frame analyses have been based on tAvo assumpticms that arc not 
entirely consistent with conditions often encountered in practice. Although 
the resulting errors are not usually considered to be significant, it is ad¬ 
visable for us to recognize that they do exist. 

First, the supports of all structures considered thus far have boon 
assumed to be either fri(‘tionIess (pinned) or completely fixed. In practice, 
supports of these types are rare. Second, the connections of adjacent 
members have been assumed to give complete continuity. This can be 
obtained at the splices of adjacent spans of continuous girders by the use 
of groove welds. Howev'er, in the case of beam or girder connections to 
columns (such as exist in most frames), it will often be impractical to try 
to obtain this complete continuity. 

The usual “moment resistant” beam to column connection may give 70, 
or 80, or 90% of complete continuity, but not 100%. This may or may not 
be economically advantageous. For example, if a beam supports a uniform 
load or concentrated loads at the third points, bending moments will be a 
minimum if the end connections and the frame arc so arranged that the 
end restraints will be the equivalent of 75% of complete fixity. If, how¬ 
ever, a concentrated load is applied at the center of the span, 100% of 
complete fixity is rctpiired at the beam ends for minimum moments in 
the beam. 

Thc.se facl.s become evident when the moment values shoiA'n iu Fig. 9-105 
arc compared. The left-hand column in the figure shows the fixity in 


Total uniform 
load = W 


X 


A 


H 


Fixity 

0 % 


+0 12.51FL 


ii 


1 

4 2 




L/i , L/3 , L/3 , 
■-T -T-1 

+0 1&7WL ^ 


i 


If 




h 


L/i I L/2 
+0.260117., 



i-0 0625IfZ. 


"5% 


-()0G2oTfL 


+0.W2lfL 


100 % 


-0.0831fL 






+o.08;iifi, 

zEZK 


-0.083IfL 


H^.056 IfL 




'-O.llllfL 





*^0.125IfL ^ 


Figure 0-105 



432 


APPLICATIONS OF MOUENT DISTRIBUTION 


[CBAP. 9 


percent. For example, a beam with 75% hxity (fixation factor / = 
0.75) will have end moments which are 0.75 times the end moments 
which would exist if the beam were completely fixed at the ends. The ends 
of this beam will rotate 0.25 times the end rotation of the same beam if it 
were simply supported. 

The practical value of a method for analyzing frames with restrained 
joints is questionable. Probably it is practically impossible, at the time of 
this writing, to fabricate a beam to column connection to have a pre¬ 
designated fixity factor. Obviously, unless fixation factors can be specified 
by the engineer with definite assurance that end connections can be fab¬ 
ricated to have the designated values, the analysis is of little practical 
importance. The following method is therefore presented with the assump¬ 
tion that at some future time it may be of value. 

Consider the beam of Fig. 9-106. The applied moment Ma, is of suffi¬ 
cient magnitude to cause a rotation of 1 rad of the end of the beam at A. 



All the values shown in the sketch have been derived previously. Observe 
that the value of f, the fixation factor at B, is unity. 

If the propped cantilever of Fig. 9-106 is reduced to a simple beam, as 
shown in Fig. 9-107, the values indicated in this labt figure apply. Here 
the fixation factor at B is zero. Now assume that an external moment 
is applied at B, in Fig. 9-107, of sufficient magnitude to reduce the rotation 



Fioure 9-107 

at B to 0 , 4 / 8 , the value of $a being held at unity by any change necessary 
in the magnitude of Mai- The deflected beam will then correspond to a 
fixation factor of 0.75 at B, since the rotation at B is now one-quarter of 
the rotation for a simple support at B. The final deflected beam and total 
indicated end moments are as shown in Fig. 9-108. The general case will 
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Figure 9-108 


0.75 


be as shown in Fig. 9-109. It has already been demonstrated that the 
moment necessary to give a rotation $ to the simply supported end of a 



Figure 9-109 


beam, with the opposite end being held against rotation, is Af = ^EIB/L. 
'Phis formula may be used to evaluate because Af^ is varied to a value 
of Hn order to maintain 6a — 1) as A/^ is applied. Consequently, 


M’b =■ 


JJa 


-Elf ^ , 

I since Qa = 1» 

and 

3EI . 1 2EIf , .. El 

"i = -r + 2’“L = + 

The carry-over factor from to B is 

C _ A/fe 2EIf/L __ 2/ 

Mi (3+f)(EI/L) 3+/ 

The value of determined above is the absolute stiffness. It is obvious 
that this stiffness is + /)/4 times the stiffness of a prismatic member 
fixed at the far end. 
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In the preceding examples fixation factors between zero and unity existed 
only at terminals of the frame. A more general condition would be the case 
where the beams are connected to the columns with joints which are not 
perfectly rigid, the fixity factors ranging from low values up to perhaps 0.95. 
When this condition exists, it is necessary to alter the method of analysis 
as follows: 

1 . The method for finding the various initial end moments must be 
modified to account for the fact that the ends of members are restrained 
instead of fixed. 

2. The distribution factors must be computed on the basis of relative 
stiffnesses modified in accordance with the fixity factors at both ends of 
each member. 

In connection with item 1 above, we will first develop the method for 
determining the initial end moments. Consider the span AB in Fig. 9-112 



Figure 9-112 

supporting certain loads (not shown) which result in the external fixed-end 
moments Fab and Fba- The beam ends are considered to be fixed when 
determining these moments. End B, however, is not fixed and actually it 
will rotate in a direction so as to decrease the value of Fba- The value of 
this decrease will be (1 — /s)Fb^, and this may be shown as an external 
moment at B (see Fig. 9-113). The application of this moment at B will 
induce a moment at A which will have a value of 2/4/(3 + fj) times the 
applied moment at B, in accordance with the carry-over factor previously 
derived. This corrective external moment is also riiown in Fig. 9-113. 



Figure 9-113 


Similarly, end A will rotate so as to decrease the end moment at A, and 
the corrective external moments which result are shown in Fig. 9-114. 


(I - fA)FAB 



(1 - fA)FAB 


Figure 9-114 
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If we add the moments of Figs. 9-112,9-113, and 9-114 at each end of the 
beam, the final expressions for initial end moments will be as shown in 
Fig. 9-115. 



Figube 9-115 


As indicated in item 2, the relative stiffness IJL for each member 
must be modified in order to correct for the fixation factors at the two 
ends. It has been demonstrated that the relative stiffness for a prismatic 
member, to be used in determining the distribution factors for a joint at 
one end of the member, may be corrected for the fixation factor at the 
far end by multiplying the value of IjL by (3 -|-/i!-)/4, where /f is the 
fixation factor at the far end. If, now, the fixation factor at the near end is 
designated by/jv, then the completely modified relative stiffness will be 

^^ (3 4-/f) / 


The analysis of this t 3 rpe of frame will be demonstrated in the example 
which''follows. For the purpose of comparing maximum moments in the 
various members, the frame of Example 9-28 will be modified by assuming 
that the beams are joined to the columns with welded connections which 
have fixation factors of 0.75. 

Example 9-29. Using moment distribution, find all moments at joints 
in the frame of Fig. 9-116. Values of fixation factors are as shown. All 
members are prismatic. 


Ik/ft 


= 8 
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The values of fixed-end moments are as deteimined in Example 0~28 
The initial end moments (abbreviated as lEM) are: 


= SaFab + [ 3 ^] (1 - Sb)Fba 

= 0.75 X 18.7 + [|^^] (1 - 0.75)18.7 
= 0.75 X 18.7 + 0.1 X 18.7 = +15.9 ft-k, 


IEMb^ = -15.9 ft k, 


IEMbc = 0.75 X 52.0 + 0.1 X 52.0 = +44.2 ft-k, 


lEMca = -44.2 ft k, 

lEMrn = fcFcD + [ 3 ^] (1 “ fB)FDC 

= 0.75 X 33.3 + [ 3 ^ (1 - 0.50)33.3 = +31.7 ft-k, 


lEM^r = foFDc = [3^^] (1 - fc)FcD 

= 0.5 X 33.3 + [ 3 (1 “ 0.75)33.3 = +19.1 ft k. 

At points A, B, and C of Fig. 9-116, the theoretical joints are located at 
the intersection of the axes of the various members; that is, these joints are 
located on the columns themselves. This accounts for the fact that at each 
joint the fixation factors of the beams are designated as 0.75, but the 
fixation factors for the columns aie shown as 1 . 0 . The computations for the 
various modified relative stiffnesses are as follows: 
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Mod Kai = Ub = 1 4 = 3.5, 

Mod Kab = Sab '*'/"'* ] Kab >= 0.75 7 = 4.92, 

Mod Kba ^ 4.92, 

Mod Kbf = 1 [-- ^ —] 8 = 7.0, 

Mod Kbc = 0.703 X 7 = 4.92, 

Mod Kcb = 4.92, 

Mod Kco = 1 [ -^- ■ - 1 8 = 7.0, 

Mod Kcd = JcD Kcd = 0.75 8 = 5.25 



The final moments are shown in Table 0-5. 
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fixation factors less than unity will result in a considerable reduction 
in'the maximum moments in the various beams of a frame for certain 
types of loads. This is clearly indicated in Table 9-6, where the maximum 
positive moments are shown for the beams of Examples 9-28 and 9-29. 
The results of Example 9-28 are tabulated in the top horizontal column 
for the case of beam to column connections with fixation factors of unity. 
The second horizontal column shows corresponding values for Example 
9-29 with beam to column connections having fixation factors of 0.75, 
and the third column shows the percentage reduction in the maximum 
moments in each span. 

Table 9-C shows that the maximum negative moment in each span, for 
the fixation factors of 0.75, is considerably in excess of the maximum 
positive moment. This indicates that still greater economy could l)e 
realized by a further reduction in fixation factors. The optimum values 
for these factors may be determined by several trials. 


Table 9-6. 


AB 

Maximum 

positive 

moment 

AB 

BA 

BC 

Maximum 

positive 

moment 

BC 

CB 

CD 

Maximum 

positive 

moment 

CD 

DC 


■SEI 

-33.8 

-44.1 

+29.9 

-52.0 

-46.8 

+202 

-15.2 

-5.3 

+13.2 

-26 8 

-380 

+37 6 

-430 

-36 6 

+21 8 




-20.2% 



-17.3% 

-21.8% 

■■■[I 

■ 


9-0 Comments on the method of moment distribution. There are 
some who believe that moment distribution constitutes the greatest 
single contribution ever made to indeterminate structural theory. While 
this would be difficult to establish, the fact remains that most of the 
structure types discussed in this and in the preceding chapter are, in the 
opinion of many, most easily analyzed by this method. It is probable 
that moment distribution, when it is applicable in the analysis of indeter¬ 
minate structures, is used far more than any other available method. 

It should be pointed out here that although all the structures considered 
in this chapter have been composed of members which were straight, or 
could be considered to.be straight, moment distribution can be applied to 
frames containing members with curved axes. The difficulty is, however, 
that the evaluation of hxed-end moments, stiffness, and carry-over factors 
for curved members will in many cases require so much work that no 
over-all advantage is realized by using moment distribution. If, however, 
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tables of these properties are available, moment diiftribution will be found 
to have very real advantages for this type of problem. 

It should also be pointed out that for certain types of structures an 
analysis by moment distribution will be much more laborious than an 
alternate solution by the general method using the conjugate structure. 
Two examples are shown in Fig. 0-117(a) and (b). The frame of sketch (a) 



will require four AJR's, as indicated, while that of (b) will require six. 
Obviously considerable work would be involved in cancelling the effects 
of these AJR’s in order to obtain the final moments for the frame. A 
solution by the general method using the conjugate structure would be 
much easier. 

A point of particular importance here is that in the analysis of many 
structures by moment distribution, the moment corrections which result 
from cancelling the effects of the AJR's will be much larger than the initial 
fixed-end moments. (A note of caution in this regard appears in Problem 
9-12.) Unless great care is used in evaluating the moment corrections in 
cases of this kind, the final results will be unreliable. Hence a computing 
machine should be used. 



CHAPTER 10 


ANALYSIS OF FRAMES WITH NONPRISMATIC 
MEMBERS BY MOMENT DISTRIBUTION 

10-1 GeneraL Basically, the application of moment distribution in 
the analysis of a continuous frame composed wholly or partly of non- 
prismatic members is exactly the same as if the frame were composed 
entirely of prismatic members. The detailed computations prerequisite 
to the actual distribution of moments are quite different, however. 

Fixed-end moments, stiffnesses, and carry-over factors for nonprismatic 
members are evaluated by methods and formulas quite unlike those which 
are applicable to prismatic members. Also, the change in the stiffness at 
one end of a nonprismatic member, when the far end is reduced from a 
fixed condition to a pinned support, is not the same as in the case of a 
prismatic member. Finally, when one end of a nonprismatic member is 
displaced laterally relative to the other end, the induced fixed-end mo¬ 
ments must be determined differently than for a prismatic member. 

Methods and formulas nc(‘cssary for computing these data will be 
developed in the sections which follow. 

10-2 Stiffness and carry-over factors by the column analogy. In the 
opinion of the writer, one of the most useful applications of the column 
analogy is in the evaluation of the stiffnesses, carry-over factors, and 
fixed-end moments for nonprismatic members. It is this particular use of 
the column analogy which will first be explained. 

Assume that the stiffness Ka and the carry-over factor Ca are to be 
computed for the beam of Fig. 10-1 by use of the column analogy. If 


I 

.4 


0 


Fiourf: 10-1 


rad A is caused to rotate through 1 rad, the developed moment at A will 
by definition be the absolute stiffness Ka^ and.the induced moment at B 
will be CaKa- The deformed beam will be as shown in Fig. 10-2. (The 
rotation at A is not drawn to scale.) 

445 
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The analogous column should be loaded with the flexural strains of 
this distorted beam if the stiffness and carry-over factors are to be evalu¬ 
ated. The difficulty is that Ka snd Ca &re unknown, and thus the intensity 
of load on the column cannot be determined. Fortunately, however, an 
equivalent load can be substituted. 

Since in Fig. 10-2 end B is fixed, the algebraic summation of all flexural 
strains must be 1 rad. In addition, because there is no vertical movement 
of end A, then by the moment-area method the first moment of all flexural 
strains about A must be zero. Conse(iuently, the equivalent load on the 
analogous column will be a concentration of 1 rad placed at end A. There¬ 
fore, regardless of the .shape of the beam, whenever stiffness and carry¬ 
over factors are required, a concentration of 1 rad is placed on the analogous 
column at the end corresponding to the rotated end of the beam. In this 
case it is not necessary to cut the real structure back to determinateness, 
since the equivalent loading on the analogous column can be completely 
determined, as explained above, without this cutback. 

If the analogous column is proportioned as shown in Fig. 10-3, that is. 


1 




h— ('cMitroidal 

UM.S 


Ficuri: 10-3 

if the width of every segment of the column is taken as where /ge* 

is the moment of inertia of the corrc.sponding segment of the beam, and 
if a unit loud of I rad Ls applied at A, then 

Abs — y - (10-1) 

In the above expre-ssion: 

/a = the fiber stress in the column at A. 

A = the area of the analogous column. 
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I = the moment of inertia of the elastic area of the column with 
respect to the centroidal axis of that area. 

e = the eccentricity of the unit load. 

Equation (10-1) may be written as 

“ S(l/£/... X L„) 


+ 


1 X e X Cx 




(l»-2) 




+ 


1 X c X 


(i’B d“../12)^ 


'bOS 


12 




(10-3) 


(UdL/I2)^*“‘ 


In the above equation; 

/ggg =. the moment of inertia of the cross section of the real beam about 
the centroidal axis of the beam cross section at the center of the 
real beam segment. 

Lacg = the length of the segment. 

B — the width of the beam at the center of the segment. 

dac^^— the depth of the beam at the center of the segment. 

x' — the distance from the centroidal axis of the analogous column 
to the ccjiter of each segment. 

Substitution in Eq. (10-3) will give the value of the absolute stiffness. 

The use of the idth of the analogous column as l/EIwmt however, will 
result in very troublesome decimals, and thus the width is modified by the 
multiplier EB d%i/12, which is the equivalent of dividing Eq. (10-3) by 
EB drcf/12. The result is: 



448 ANALTBIB OF FRAMES WITH NONPRI8MATIC MEMBERS 


[chap. 10 



Sa 

EBd^t/l2 


(10-4) 





1 X c X ca 


w 


12 


3 

aeg 



( 10 - 6 ) 


In the above equation, dnt signifies a particular depth (not necessarily 
an actual depth of the beam) used in the multiplier EB dref/12 to obtam 
the modified width of the analogous column. The value of this multiplier 
is unimportant, since it is cancelled in the final step when the absolute 
stiffness is computed. Consequently, any depth may be used as dr«f. 
The modified or relative width of any segment of th^ analogous column 
will be dlt/dl^. 

It is apparent, then, that /x is merely a number which is proportional 
to the absolute stiffness. Obviously, 


Abs =S* = 1'* X (10-6) 

The value of the absolute stiffness for a member is usually a large number 
and cumbersome to handle in computations. Accordingly, it is more 
convenient to use a relative stiffness which is proportional to the absolute 
stiffness in the ratio of 12/E, and the expression for this stiffness is 

RelJCa = A X Bd®,- (10-7) 

The effects of varying the units in which the different terms of Eq. 
(10-3) arc expressed may be easily determined by substituting dimensions 
in the first term of that equation. For example, if the unit of length is 
taken as feet, with E expressed in k/ft^, a substitution of these units 
will result in: 


Units of /x = ^ X ft* X ^ = ft-k. 
If inches and k/in^ are used, the result is: 


Units of /x = X in* X r- = in*k. 
m* m. 
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If, however, E is expressed in k/in*, 1 in in*, and all other dimensions in 
feet, then the result is: 

Dmta of/x = jp X m x j = 

In this last case, the answer obtained from the analogous column must be 
divided by 12 in order to have the units in in'k, and by 144 to obtain ft‘k. 

The carry-over factor is easily computed by the analogous column. 
Equation (10-1) was expressed as 

Abe Kx =/x = • 

By substituting cb for c^i, this becomes 


^ 1 , 1 X e X CB 

* = 7 +- 1 -’ 


and the value of the carry-over factor Ca will obviously be 


( 10 -«) 



In the above Ja and /b are absolute values. Actually, of course, they may 
be relative values and the computed Ca will still be correct. 

The actual application of the column analogy in the computation of 
fixed-end moment, stiffness, and carry-over factors can best be explained 
by an illustrative problem. 

Example 10-1. Compute the fixed-end moments, the absolute and 
relative stiffnesses, and the carry-over factors for the beam of Fig. 10-4, 
which is of reinforced concrete and which has a uniform width of 1 ft. 
E is 288,000 k/ft*. 


2^-0 T~ 



|8k 

_ 

- 1 _ 

12'-4} 12'^ 



Fiouse 10-4 

The beam will be cut back by removing the moments at each end. 
The M. diagram is shown in Fig. 10-5 as the load intensity on the cross 
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section of the analogous column. Moments causing compression on the 
top side of the beam will be considered to be positive. The 2>ft depth will 
be used as the reference depth. 

The computations for locating the centroidal axis and for computing 
the moment of inertia of the elastic area about this axis are shown in Table 
10 - 1 . 


Table 10-1. 


Segment 

L 

(ft) 

Relative 

width 

dl. 

■ 

1 

Ax 

xf 

(ft) 

I eg 


AB 

12 


12 

6 

72 

-1.33 

144 

21.2 

BC 

12 

0.125 

1.5 

18 

27 

+10.67 

18 

170.4 

Z 



13.5 

■ 

.IIIE3II1 

im 

162 

161.6 


QQ 

Zo = ^ = 7.33 ft, ly = 162 + 191.6 = 353.6. 

lo.O 


Tabic 10-2 is used to compute the total elastic load and the moment 
of this load about the y-axia. 
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Table 10-2. 


Segment 

A 

Average Mt (ft‘k) 

IF 


My. 

AB 

12 

24 

288 

+0.67 

+193 

BC 

1.5 

24 

36 

+8.67 

+312 

Z 

13.5 


324 


f505 


Using the information from the above table, 



324 (4505) 

13.5“^ 353.6 


~j-24.0 -f- 1 ft'lc, 


Ma = +24.0 + 1.43 (-7.33) = +24.0 - 10.5 = -I 13.5 ft k, 


Me = +24.0 + 1.43 (+16.67) = +24.0 + 23.8 = -1-47.8 ft k. 

Obviously, the stress on all fibers of the column will have a positive sign. 
The sign of the column fiber stress Mr at B must be negati\'(‘ so that when 
it is combined with il7«(+48 ft-k) at B, the resulting valu(‘ for M will be 
less than il/.. It is apparent, then, that the signs must be reversed, and 
the correct values for moments are Ma = —13.5 ft*k and Me = 
—47.8 £t-k. These signs are consistent with the original assumption that 
a moment causing compression on the top side of the beam would be 
considered positive. 

With the correct signs, the expression for Mr is now 

Mr = -24.0 - 1.43x. 

Observe that the redundant reaction components represented in this 
expression will act as shown in Fig. 10-6. Either end of the beam may be 
considered fixed, with the rigid bracket attached to the opposite end. If, 
however, end A had been considered as fixed, with the bracket connected 
at C, the sense of the 24.0 ft*k couple would have been clockwise and the 
1.43 k force would have acted up. 



Fiouke 10-6 
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An interesting point'^ere is that if the original beam had been cut 
back by removing all support at the left end, the M, diagram would be 
as shown in Fig. 10-7(a) and the redundant reactions represented in the 
equation for Mr would have the values and could be considered to act 
cither as shown in Fig. 10-7(b) or as in Fig. 10-7(c). If, however, the 
original beam had been cut back by removing all support at C, the Mr 
diagram would be as shown in Fig. 10-8(a), and the redundant reactions 
acting at the ci'iitroid of the elastic areas could be considered to act either 
as shown in Fig 10-8(b) or as shown in Fig. 10-8(c). 

In order to determine Ka and a concentration of 1 rad is con¬ 
sidered to act down at A on the analogous column. Relative values 
for the fiber stresses in the column at A and C are computed as follows: 


f\ = 




•7.33)(-7.33) 


13.5 


353.6 


+0.226, 


1 (-7.33)(+16.67) 

13.5 353.0 


-0.272, 


Ca 


-0^72 
I 0.220 


- 1 . 20 . 


The negative' sign indicates that the sign of the stress in the top fiber 
of the beam iit C caused by the induced moment at C will be the opposite 
of the sign ot the stress in the top fiber at A caused by the developed 
moment at A 


Rel Ka -- /.'i X B d?,.f = 0 22() X 1 X 2® = 1.81 ft®, 

A l . A' f' N/ p i r- O 

Abs Ayt ' /.4 X —= Rel A.4C X 

= 1 SI V 43,400 ft-k. 

1 


To compute Kc an< the concentration of 1 rad is moved to C on the 
column The neces."- ry computations are: 


t' - _1_ ^ LLll! t> 7)(+10-67) _ 

Jc 1 o c or'I i'l 


13..5 


:!.M « 


„ 1 , (+l(Ui7)(->7.34) 

- l35 +-353fi- 


— ^•'^72 _ 

+0.858 “ ’ 
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and 

Rel Xc = /fc X B dht = 0.858 X 1 X 2® = 6.86 ft®, 

AhaKc = X - Rel Kc X ^ 

= 6.86 X = 165,000 ft k. 

A valuable check on computations of this kind is provided by the fact 
that (as demonstrated in Example 3-2) 


CaKa = Cci^c- 


In other words, the moment induced at C by a rotation of 1 rad at A {C 
being fixed) is equal to the moment induced at A by a rotation of 1 rad 
at C (A being fixed). That this is true will also be apparent from a com¬ 
parison of the computations for for a load of 1 rad at A with the com¬ 
putations for/j( for a load of 1 rad at C. In the above problem, 

J.20 X 1.81 = 0.316 X 6.86, 

from which 

2.17 = 2.17, 

and the computed values are satisfactory. 

10-3 Curves for stiffoess and carry-over factors. When it is necessary 
to compute stiffness and carry-over factors for nonprismatic members, 
it is obvious that considerable labor is involved preliminary to an analysis 
by moment distribution. Fortunately for the structural analyst, certain 
information has been assembled and made available by the Portland 
Cement Association, information which, in many cases, will eliminate 
the need for long and detailed computations of the kind just presented. 
This information will now be considered. 

In this discussion the dimension of the column cross section correspond¬ 
ing to the span of the flexural member will be designated as the length of 
the analogous column. In Eq. (10-5), Laeg and c will vary directly with 
the length of the column, since it is assumed that the number of segments 
will be held constant as, and if, the length of the analogous column is 
arbitrarily varied. Moreover, if the widths at proportional points along 
the length of the analogous column are held constant as the length is 
arbitrarily varied, then and e will also vary directly with the length 
of the column. Under these conditions, Eq. (10-5) indicates that will 
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be inversely proportional to the length of the analogous column. Con¬ 
sequently, represents the stress in the analogous column with a 

unit length, then 

= LfU or fU = VaxIL. 

It should be apparent, therefore, that if values of are computed on a 
basis of a length of the analogous column of unity, for the various pro¬ 
portional changes in shape of any desired standard type of nonprismatic 
member, the length L of any member may be eliminated as a variable in 
computing standard information. 

One additional simplification is possible. We already know that any 
depth may be taken as dref. In order to make any standard information 
valid, it is necessary, of course, to use a definite depth as the reference 
depth. This is arbitrarily taken as the minimum depth of the member 
(designated as dmin). The original expression for/j^ (Eci. 10-4), 

now becomes 

rt iA 1 _ S_A _ 

L ^ EB dL»/12 

Therefore, 

Inspection of this last expression shows that the \’alue of the absolute 
stiffness is directly proportional to d;^,„, and to B. Thus it is apparent that 
if a modified value of were to be determined for a value of d^;„ = 1 
and B = \ (that is, assuming a d,„|„ of the beam as 1 in. or 1 ft and width 
of 1 in. or 1 ft), this value of/Ji, could be easily modified to suit any beam 
having a minimum depth other than 1 and width other than 1 simply by 
multiplying by the actual d2,i„ and B. This modified value of /JJ, is desig¬ 
nated by k. Therefore the expression for stiffness is 

AbsK., = 


ReIKx = /tA^- 


or 
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This factor k may be considered to be a dimensionless number which is 
related to the absolute and relative stiffnesses of a member in the manner 
indicated by the above two equations. Actually, it is the 6ber stress in 
the analogous column, directly under the load of 1 rad, when the analogous 
column corresponds to a very particular beam. This particular beam will 
be called the reference beam. As an alternate to the dimensionless number 
concept suggested above, the factor k might be considered to be the relative 
stiffness of this reference beam. In this case the units of k will be either ft^ 
or in'*’, and B, and L must be considered to be dimensionless when 
substituted in the above equations for absolute or relative stiffness. This 
reference beam has a length, width, and minimum depth of 1 in. or 1 ft, 
depending upon whether the stiffness is desired in in-k or ft-k. If the stiff¬ 
ness is desired in in'k, then E must be in k/in^; if it is desired in ft*k, then, 
of course, E must be in k/ft^. In addition to the unit dimensions, the 
reference beam must have a proportional change in I along its length 
which is identical with the group of beams for which it is the reference. 
A discussion of this reqiiirement follows. 

Most haunched beams used in practice are of a few general types. 
Within each type, however, there can be many different combinations 
of dimensions. Consider the beam of Fig. 10-9. In this beam the coeffi- 


min d 


max 



aL 


oL 


max d 


Figure 10-9 

cient a (defining the length of the haunch) can have any value from 0 to 
0.5. Minimum d and maximum d may be any practical dimension, and 
the ratio of minimum d to maximum d will usually vary from 0.35 to 1.00. 
Obviously, a large number of different beams will result from the combina¬ 
tion of different values within the above limits. Consider one particular 
combination, as shown in Fig. 10-10. Here, a = 0.2 and the ratio of 



Figure 10-10 
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minimum d to maximum d is 0.5. But these two values may be held con¬ 
stant and we may still obtain many different beams by varying the values 
of the beam width B, the span L, and the value of the minimum d. The 
expression for absolute stiffness was 

AKo 1^ I. ^B dmin 

AbS Ka — i^A j2£ ' 

and that for relative stiffness, 

Rel Ka = fcx 

It is clear, therefore, that if the value of k is known for the group of 
beams as represented by Fig. 10-10, with a = 0.2 and the ratio of minimum 
d to maximum d of 0.5, it is very easy to And either Abs Ka or Rel Ka 
for any combination of values for B, L, and minimum d. In this case, 
then, the reference beam is completely defined as having values of unity 
for B, L, and the minimum d, a value of 0.2 for a, and a ratio of minimum 
d to maximum d of 0.5. 

Carry-over factors, fixed-end moment coefficients and the values of k 
for many different groups of beams may be obtained from curves pre¬ 
pared by the Portland Cement Association. [These curves are reproduced 
in the Appendix, through the courtesy of the Association. Similar in¬ 
formation, but more complete, and in some respects supeiior to that which 
may be obtained from the curves, has been prepared in tabular form by 
the Association under the title Handbook of Frame Constanta. These 
tables are not reproduced in this book.) 

Two examples to illustrate the application of the analogous column in 
the computation of fixed-end moments, stiffness, and carry-over factors 
now follow. 

Example 10-2. The haunched beam of Fig. 10-11 is 12 in. wide. E is 
2000 1^/in^. Using the analogous column, and checking by the curves, find: 

(a) Fixed-end moments at A and B 

(b) Carry-over factor 

(c) Relative stiffness 

(d) Absolute stiffness 

Use a reference depth of 20 in. and reduce the beam to a simple beam. 
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lO'-O . lU k 

1 IF = 30 k » 2.27 k/ft_ B 




Table 10-3. 


Segment 

number 

Length 

(ft) 

Relative 

width 

Relative 
elastic 
area A 

X 

(ft) 



Jlf. 

(ft-k) 

IF 

M, 


2 


0 91 


IM 

91 

34 3 

31.2 

-312 




1 5 



96 

95.9 

143.8 

—1150 




2 


0.67 

72 

148.4 

296 8 

-1782 




2 


0.67 

32 

191.9 

383.8 

-1537 

6 

• 


2 

-2 

0.67 

8 

226.2 

452.4 

-905 

6 


1 

2 

0 

0.67 

0 

232 4 

464.8 

0 

7 


1 

2 

+2 

0.67 

8 

210.7 

421.4 

+843 

8 


1 

2 

+4 

0.67 

32 

179.9 

359.8 

+1439 

9 


1 

2 

+6 

0.67 

72 

139.8 

279 6 

+1678 

10 



1.5 

■f8 

KIlS 

96 

KjS 

136.0 

+1089 

11 



0.91 

+10 

0.3 

91 

32.5 

29.6 

+296 




18 82 


6.29 

598 


2999.2 

-341 
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lQ-31 


2999.2 (-341)(-11) 

“ 18.82 604.3 


159.1 + 6.2 = 165.3 ft k, 


Mb = 159.1 - 0.2 = 152.9 ft k. 


Checking values of 6xed-end moments by curves [see Appendix], we find 


a 




= 0.454. 


Uniform load; 

fixed-end moment coefficient = 0.092, 

fixed-end moment = fWL = 0.092 X 50 X 22 = 101.2 ft-k. 


Concentrated load: 
left end— 


for 6 = 0..30, 

/ = 

0.155, 

for h = O.GO, 

/ = 

0.145, 

for h = 0.36, 

use / = 

0.1.53; 


fixed-end moment = 0.153 X 19 X 22 = 04.0 ft-k; 
right end— 


for h — 0..30, 

/= 0.12, 

for h =■ 0.60, 

/ = 0.12; 


fixed-end moment = 0.12 X 19 X 22 = 50.2 ft*k. 


Total fixed-end moment: 

left end = 101.2 + 64.0 = 165.2, 
right end = 101.2 -4- 50.2 = 151 4 ft-k. 
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Carry-over factors: 


place unit load at left end of the analogous column— 


= 0<« + 0-2«l = 0-254, 

f's = 0.053 - 0.201 = -0.148 


Therefore, 




_ 0.148 
0.254 


0.58. 


Check by curves: 


C = 0.58 


Relative stiffness: 


R*1A-^ f’ABdl, 

= 0.254 X 1 X 1.067“ = 1.17 ff’ 


Check by curves. 


k = 5.6, 

RbIKa = r X BdLn = X 1 X 1.667® =1.17 ft®. 

1j 


Absolute stiffness: 

AbsK^ = Rel X ^ = 1.17 X = 28,100 ft k. 

Ill the above problem no solution is necessary for the location of the 
centroid of the analogous column, since the beam is symmetrical. In the 
case of an unsymmctrical beam the centroid would, of course, have to be 
located. The reference depth is taken as 20 in. in order to give an easier 
solution, but any depth could he so used, even though the depth chosen 
for reference does not actually exist in the beam. • 

Example 10-3. Using the analogous column, find the carry-over 
factors, the relative stiffnesses, and the absolute stiffnesses for the steel 
member of Fig. 10-12. Express stiffne.sses in inch kilopounds and, using 
the curves, check the values of the stiffnesses. 
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Plate -10 X 1 Web plate -i" 


y 

kj” k| I Is] 

1 < 

* « 

! ^ 

1 

it 

1 

1 

1 s 

1 03 

1 

1 

1 

1 is 

1 cS 

1 

, 1 , 

T 

1 

1 


A \ 

Plate —10 X 1 

16'-0 


1 

= 1 

_J 


FiauRE 10-12 


In Table 10-4, the fifth column shows values of the total I at the center 
of each segment. This is noted as also being the value of the equivalent 
The explanation is that the expression substituted for in Eq. 
(l(f-2) to obtain Eq. (10-3) is for the moment of inertia of a rectangular 
cross section only. Consequently, whenever a member is nonrectangular 
in cross section, it is necessary to determine an equivalent member with a 
rectangular cross section and with the same variation in I as the given 
member, before the derived formulas will apply. That is, this equivalent 
member will have the same length and its I will vary along the span in 
the same manner as the given member. If the width of this cciuivalent 
member is arbitrarily made 12 in., then the value of I at any section of 
the given member is equal to d* for the corresponding section of the 
equivalent member. That is, 

j = ^ 12 X d® 

12 12 

This arrangement obviously saves con.sidcrablc work. 


Table 10-4. 


Segment 

number 

Web 

plate 

depth 

(in.) 

/ 

Web 

plate 

(in<) 

1 

Flange 

plates 

fin^) 

Total 1 = 
equivalent 
d^ segment 

Relative 

width 

Segment 

length 

(ft) 

1 

21 

386 

2420 

2806 

■mi 

2 

2 

23 


2880 

3387 



3 

25 

651 

3380 

4031 



4 

27 

820 

3920 

4740 



5 

29 

1016 

4500 

5516 



6 

31 

1241 

5120 

6361 

0.441 


7 

33 

1497 

5780 

7277 

0.385 


8 

35 

1787 

ISI 

8267 

0.339 
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Table 10-5. 


Segment 

number 

Relative 
elastic 
area A 

X 

(ft) 

Ax 

x' 

(ft) 



Ax'^ 

1 

2.000 

1 

2.000 

-5.395 

29.106 

0.7 

58.2 

2 

1.G5G 

3 

4.968 

-3.395 

11.526 

0.5 

19.1 

3 

1.392 

5 

6.960 

— 1.395 

1.946 

0.5 

2.7 

4 

1.184 

7 

8.288 

0.605 

0.366 

0.4 

0.4 

5 

1.018 

9 

9.162 

2.605 

6.786 

0.3 

6.9 

6 

0.882 

11 

9.702 

4.605 

21.206 

0.3 

18.7 

7 

0.770 

13 

10.010 

6.605 

43.626 

0.3 

33.6 

8 

0.678 

15 

10.170 

8.605 

74.046 

0.3 

50.2 


9.580 


61.260 



3.3 

189.8 








3.3 








193.1 


a-'o = 


61.260 

y.580 


6.39 ft. 


Place a unit load of 1 rad at A 


1 (-6.39)(-6.39) 

9.58 193.1 


/'a = 
f'M = 0.104 + 
Ca 


(-6.39) (+9.61) 


193.1 


0.310, 

^ -0.214, 


a214 _ _ 
0.316 


Place a unit load of 1 rad* at B : 


fs = 0.104 + = 0-583, 

fU = 0.104 + = -0.214, 


Cb 


0.214 _ 
0.583 “ 


0.367. 
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Relative stiffness: 

Rel Ka^S^aX = 0.316 X || X 2806 = 886 in®, 

Rel/fa = /i X = 0.583 X j|x 2806 = 1635in®. 

Absolute stiffness: 

K non 

Abs Ka = Rel /Ca X ~ = 886 X = 2,216,000 in k, 

Abs Ka = Rel A'/, X ^ = 1635 X = 4,088,000 in k. 

I 

Check by curves: 

Equivalent d® at ends— 

IA = 333 -f 2210 = 2540 = Equiv 4.i„, 

Ib = 1944 + 6850 ^ 8794 = Equiv dLn, 

& = 0.289, a =10.1 

If the curves for straight haunches are used, the results are 

Ca — 0.69, Ca — 0.37, 

tx = 5.5, Abs Kx = ^ X 12 X ~ X = 2,190,000 in k, 

Jta = 10.4, Abs JCj, = ^ X 2,190,000 = 4,135,000 in k. 

Although the values of C and k, as just obtained from the curves, are 
only approximate, they are usually close enough for purposes of design 
because the variation in depth of the equivalent rectangular member is 
neither linear nor parabolic, and hence the curves do not exactly apply 
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10-4 Fixed-end momentSi sti^ess, and cany-oYer factors by the 
conjugate beam. The conjugate beam provides an effective method for 
computing fixed-end moments, stiffness and carry-over factors for non- 
prismatic members. To demonstrate the method, Example 10-1 will be 
re-solved in Example 10-4. 

Example 10-4. Compute the fixed-end moments, the absolute and 
relative stiffnesses, and the carry-over factors for the beam of Fig. 10-13, 
which is of reinforced concrete and which has a uniform width of 1 ft. 
E is 288,000 k/ft*. 



l 2'-0 , l 2'-0 

Fioube 10-13 

The conjugate beam for computing the fixed-end moments will have no 
real supports and will be held in equilibrium by the elastic loads. The 
width of the conjugate beam corresponding to the segment AB ot the real 
beam will be taken as unity, and the width corresponding to the segment 
BC will be taken as one-eighth. The fixed-end moments Ma and Me will 
be assumed to be positive, that is, to cause compression on the top side of 
the real beam. 

The total intensity of the elastic load on the conjugate beam will be the 
summation of three separate diagrams, as shown in Fig. 10-14(a), (b), 
and (c). The total elastic load for each segment AB and BC resulting from 
the intensity of load represented by each diagram is shown, both in mag¬ 
nitude and line of action, on diagrams (a), (b), and (c). The total elastic 
load op each segment will act through the centroid of the corresponding 
part of the intensity diagram. 

Two unknowns, Ma and Me, exist and two condition equations must 
be written for their evaluation. The first of these is provided by the fact 
that ZF = 0 for the conjugate beam. Physically this means that the 
algebraic sum of all flexural strains in the loaded real beam must be zero. 
If all loads are added in the above diagrams, the result is: 

Wfx + 0.375M^ + me + l.l25Mc + 288 -|- 36 = 0, 
which reduces to 


9.375i»/.4 -h 4.1253/c + 324 = 0. 


(10-9) 
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Figure 10-14 


lA7&Mc 


The second condition equation is provided by the requirement that 
Zilf = 0 for the loaded conjugate beam with respect to any desired point 
in the vertical plane which includes the longitudinal axis of the beam. The 
physical significance of this condition is somewhat more difiScult to under¬ 
stand. It means that if the center of moments is to the right of the right 
en(| of the beam or to the left of the left end, and is connected to the 
near end of the unflexed beam with a horizontal straight line, and if the 
end ot the beam most distant from the center of moments is fixed, then, 
the net vertical deflection of the center of moments must be zero after 
the beam is flexed by the applied load. If the center of moments is between 
the two beam ends, the condition means simply that the vertical deflection 
of the section of the beam on a vertical line with the center of moments, 
as caused by (or consistent with) the flexural strains to the right of the 
center of moments, will be equal to the vertical deflection caused by (or 
consistent u ith) the flexural strains to the left of the center of moments. 
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If the beam center line is taken as the center of moments, the second 
condition equation is 

-288 X 4 + 36 X 4 - 9Jl/^ X 6.C7 + 0.375Jlf^ X 4 - 3Mc X 4 
4 1.125Afc X 6.67 = 0, 
which reduces to 

-f-58.5A/x + 4.5A/r + 1008 = 0. (10-10) 

A simultaneous solulion of Eqs. (10-9) and (10-10) will result in 
Ma = —13.6ft*k and Me — —47.5ft’k. 

Stiffness and carry-over factors are computed by considering that the 
left support of the real beam is simple, with the right end hxed, and that 
a moment equal to A'a is a])plicd at A. The moment induced at the fixed 
end C will be CaKa- The real beam is shown in Fig. 10-15 and the loaded 



conjugate beam in Fig. 10-16. 

, 5:}.r . 


GU7' 

, 4'-0 


0.C7' 5.33' 



Since no vertical deflection of A in Fig. 10-15 has been permitted, the 
moment of all elastit* loads on the conjugate beam must be zero about A. 
Writing 23/ = 0 about A, we obtain 
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+dKA X 5.33 + 0.mKA X 16 ~ 

X 18.67 - 3CaKa X 8 = 0. 


This reduces to 


5i.QKA - 4.5.0 CaKa = 0, 


from which 

Ca = 1.20. 

It is also apparent from Fig. 10-15 that the algebraic summation of all 
flexural strains from il to C must be 1 rad; in other words, the shear at A 
in the conjugate beam must be 1 rad. It will be recalled that in computing 
the loads in Fig. 10-16 the relative width of the conjugate beam for the 
segment AB was taken as unity, while that for BC was one-eighth. Both 
widths, and therefore all loads, should be divided by EIab to obtain 
absolute values: 


4 O.Ogx + 0.375g^ - 1.125 CaK^ - ^CaKa 
288,000 X 0.667 


from which 


9.375Ka - ^.1250aK A = 192,000. 

If the previously determined value of 1.20 is substituted for Ca, a solu¬ 
tion will give Ka = 43,400 ft*k. 


Problems 

10-5. Tlic beam of Fig. 10-17 is of reinforced concrete and is 10 in. wide. 
E — 4000 k/in^. Using the curves in the Appendix, find (a) fixed-end moments, 
(b) carry-over factors, (c) relative stiffness, and (d) absolute stiffness. [Am.: 
Ma “ 181 ft-k, Mb “ 157 ft-k, Ca ^ Cb ^ 0.595, Rel iCx “ Rel Kj* « 
0.258 ft^. Abs Ka - Abs Kb » 12,400 ft-k.l 



Figure 10-17 
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10-6. The reinforced concrete beam shown in Fig. 10-18 is 1 ft wide. E = 
4000 k/in*. Using the curves in the Appendix, determine values for (a) fixed-end 
moments, (b) carry-over factors, (c) relative stiffness, and (d) absolute stiffness. 
[Ans.: il/x = 147 ft-k, Mb = 64 ft-k, Ca = 0.46, Cb * 0.74, Rel- Ka » 
3.0 ft», Rcl Kb = 1.84 ft^, Abs Ka = 144,000 ft-k. Abs Kb = 88,300 ft-k.] 




10-7. In Fig. 10-19, use the column analogy to compute (a) fixed-end 
moments, (b) carry-over factors, (c) relative stiffness, (d) absolute stiffness. 
The beam is 1 ft wide, with an E of 2000 k/in*. Use segments as indicated end 
cut beam free at right end for fixed-end moment computations. Check values by 
curves. [Ans.: Ma = 46.6 ft-k. Mu = 16.2 ft-k, Ca — 0.416, Cb — 0.874, 
Rel Ka = 4.08 ft^, Rcl Kb = 1.95 ft^, Abs Ka = 98,000 ft-k, Abs Kb = 
46,900 ft-k.l 



Figure 10-19 


10-8. The beam of Fig. 10-20 is 1 ft wide, and E — 3000 k/in^. Using seg¬ 
ments as indicated, compute carry-over factors, relative stiffness, and absolute 
stiffness. Clieck values by curves. [.Ins.; C.i = 0.343, Cb = 0.729, Rel Ka = 
6.36 ft’, Rel Kb = 3.00 ft^, Abs K ^ = 153,000 ft-k, Abs Kb = 72,000 ft-k.] 
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1(M] 



Figure 10-20 


10-9. The beam of Fig. 10-21 is 1.5 ft wide. E » 3000 k/in^. Using segments 
2 ft long, compute iixcd-end moments, carry-over factors, relative stiffness, and 
absolute stiffness. Cut the beam free at the right end in order to obtain the M, 
diagram. Bottom curves are parabolic. {An8.: MA = 27.7 ft*k, ilf a = 36.4 ft’k, 
Ca “ 0.953, Cb = 0.526, Rel Ka = 0.60 ft^, Rel Kb = 1.09 ft^, Abs Ka » 
21,700 ft-k, Abs /Tb » 39,400 ft k.l 


10 k 



Figure 10-21 


10-10. Using the analogous column, compute the cairy-ovcr factors, relative 
stiffness, and absolute stiffness of the steel member shown in Fig. 10-22. Use 
segments as indicat<‘(l. E = 30,000 k/in^. Check values by curves. [Am.: 
Ca = 0.694, Cb = 0.462, Rel Ka = 0.76 ft^, Rel Kb = 1.14 ft®, Abs Ka = 
272,000 ft-k, Abs Ku = 408,000 ft-k.J 


I'langc plate Hi X 1 



Figure 10-22 
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10-5 Stiffness of a nonprismatic member with far end pinned. The 
absolute stiffness of a prismatic member with the far end fixed has been 
shown to be 4EI/L. It has also been shown that if the far end of the 
member is simply supported, the absolute stiffness is reduced to ZEI/L. 
In other words, the stiffness at one end of a prismatic member is reduced 
to three-fourths of its former value when a simple support is substituted 
for a fixed support at the far end. The use of this reduced stiffness for 
members having terminal ends simply supported has been shown to de¬ 
crease materially the labor necessary to analyze a structure by moment 
distribution. A similar advantage may be realized in the case of simply 
supported terminal reactions for nonprismatic members. The reduction 
factor, however, is a variable quantity. An expression for this reduction 
factor will now be derived. 

Consider the nonprismatic member of Fig. 10-23. Assume temporarily 



Figure 10-23 


that the member has a fixed support at B, as shown in Fig. 10-24. A mo¬ 
ment is applied at end A of a magnitude sufficient to cause the left end 



of the beam to rotate through 1 rad. This moment is designated by, and 
will be e(]ual to Ka, the absolute stiffness at A. Since the carry-over 
factor from A to B m Ca, the induced moment at B is CaKa- These 
moments are shown as external to the beam in Fig. i0-24. Actually, how- 
evei, the support at B is not fi.xcd, and thus the induced moment CaKa at 
end B must be cancelled. This is accomplished by rearranging the supports 



Figure 10-25 
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of the member as shown in Fig. 10-25, where end B is reduced to a simple 
support and end A is fixed in its previously rotated position of 1 rad. 

The applied moment at B in Fig. 10-25 is CaKa, acting in a direction 
opposite to the induced CaKa in Fig. 10-24. The induced moment at A 
is now CbCaKa, Cb being the carry-over factor from B to,il. If we add 
the moments of Figs. 10-24 and 10-25, the result is as shown in Fig. 10-26, 


A',(i - r,Q,) 



and the absolute stiffness at A for the member AB with a simple support 
at B is Ka{^ ~ CaCb)’ Obviously the corre.sponding value for end B 
with a simple support at A would be A’^Cl — CaCb)- 

A point to be noted is that although Ka has been considered to .represent 
absolute stiffness in the above diseussion, the correction factor (1 — CaCb) 
may, if desired, be applied to relative stiffnesses. 

10-6 Fixed-end moments induced in a nonprismatic member by rela¬ 
tive displacement of the member ends. We have previously shown that 
when one end of a prismatic member is laterally displaced a distance A 
with respect to the other end, w'ith rotation of the mcmlwr ends being 
prevented, the fixed-end moments resulting from this displacement will 
be given Hy 6 j&/A/L*. It is necessary to develop a corresponding expres¬ 
sion for nonprismatic members. 



The distorted member of Fig. 10-27 results from superimposing the 
effects of three successive actions. In its original position the two ends of 
the member arc at the same level. The first action is to drop end A through 
the distance A with respect to B, without any restraint at the ends. Figure 
10-28 results. An external moment of a magnitude sufficient to bring end 
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A back to zero slope is now applied at A. The angle through which end A 
must be rotated to accomplish this will be A/L radians, and the moment 
necessary to effect the rotation will be Kji A/L, wh«« K-a .is the absolute 
stiffness of the member AB. While this moment is being applied at A, 
end B is held in the same rotated position it had in Fig. 10-28. This 
results in a moment being induced at B equal to CaKa A/L, where Ca 
is the carry-over factor from A to B. (See Fig. 10-29.) 



CaKa 


A 

L 


Now consider that the member of Fig. 10-29 is subjected to an addi¬ 
tional external moment ut end B oi & magnitude sufficient to rotate this 
end through the angle A/L radians in order to bring it to the horizontal. 
End A is fixed in the horizontal position it attained in Fig. 10-20. The 
external moments developed and induced by this rotation of end B are 


CbKb^ 

L* 


Figure 10-30 




shown in Fig. 10-30. These moments, it should be noted, are in addition 
to those shown in Fig. 10-29. 

If the moments of Figs. 10-29 and 10-%30 arc added, the sums will be 
the desired expressions for the fixed-end moments resulting from the 
displacement A. The final results arc shown in Fig. 10-31. These expres- 
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{Kb + CaK ,) 


A 

L 


sions, however, may be simplified. By the Maxwoll-Betti reciprocal 
theorem (see Example 3-2), the moment induced at A by a unit rotation 
of B is equal to the moment induced at B by a unit rotation of A. This is 
expressed as 

CaKa = CnKB- 


Consequently, the expression for the fixed-end moment at A reduces to 

Fa = (Ka + CbKb) (Ka + CaKa) j = K^(l +Ca)^- 
Similarly, the expression for the fixed-end moment at B reduces to 

Fb = (Kb + CaKa) j - (Kb + CbKb) | = Kb(1 4 Cb) j ■ 

Example 10-11. The first assumptions for the proportions of a con¬ 
tinuous reinforced concrete bridge are indicated in Fig. JO-32. Find all 
moments resulting from the 2 k load shown. Consider a slice 1-ft wide, 
that is, 1-ft normal to the plane of the paper. 



Fiourc 10-32 
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Fixed-end moments, stiffnesses, and carry-over factors are readily de¬ 
termined by using the curves in the Appendix. 

Fixed-end moments: 

10 ooo _ ^ min d /% c 

V — — 0.333, fit — njr — 0.266, j — 0.5, 

30 30 ’ max d ’ 

Fbc = 0.19 X 2 X 30 = 11.40 ft k, 

Fcb = 0.07 X 2 X 30 = 4.20 ft k. 


Stiffness and carry-over factors: 
Members AB and CD: 


_ ^_- . min d _ 1^ 

~ 20 ~ ■ ' max d ~ 4.0 


0.375. 


1 launched end— 

Cba = CcD = 0.43, k = 9.7, 
kR fi^ 1 

Rel Kba = Rel Kcd = = 9.7 X 1 X ^ = 1.64. 

Small end— 


Cab = Cdc = 0.87, k = 4.8, 


Rel Kab 


Rel Kbc — 4.8 X 


1 X 


1 . 5 ^ 

20 


0.81. 


C’heck— 


CabKab = PbaKba, 


0.43 X 1.64 = 0.87 X 0.81, 
or 

0.705 = 0.705. 


Member BC: 


8 

“ 30 


ocn min d 2.0 


Cbc = CcB = 0.645, k = 7.5, 


Rel Kbc = Rel Kcb = 7.5 X 1 X ^ = 2.00. 
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Members BE and CF: 

Cbe = CcF = 0.50, k = 4.0, 

Rel Kbe = Rcl Kcf = 4 X ^ ^ ^ “ 1.60. 

As previously demonstrated for frames with prismatic members, the 
balancing process will be considerably shortened if the relative stiffnesses 
Kb A and Kcd sre reduced in order to correct for the simple supports at 
A and D. The correction is easily made by means of the formula just de¬ 
rived, and the revised relative Kb a is given by 

Revised Rel Kba = Rel Kba (1 — CbaCab) 

= 1.64 (1 - 0.43 X 0.87) = 1.03. 

The distribution of moments is shown in Table 10-6. 


Table 10-6. 


imBssiiiiii 

Bi 

B 

E 

C 

F 1 

lO 

Member 

AB 

BA 

BE 

BC 

EB 

CB 

CF 

CD 

FC 1 

DC 

K 

0.81 


if 
1 ■■!■■■ 

2.00 


2.00 

1.60 

1.03 


0.81 

Diatnbution 

factor 


0222 

0 346 

0432 

■ 

0 432 

m 

0 222 

■ 


Carry-over 

factor 



050 

m 

■ 

B 



■ 




-2 63 

—3 04 

+11 40 
-4 93 

-1.97 

m 







wm 


+2.06 


m 

+2 56 

+1.63 

+128 




B9 

-0.71 

-0.80 

-035 

-0.67 









+0.15 


+0 24 

+0.20 

+0 13 

+0.10 




-0.03 

-005 


-0.02 

-004 









m 


+0.02 





Total 


-3.02 

-4.70 

+7 72 

-2.34 

-4.64 

+2.77 

+1.77 

+1 38 
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Problem 

10-12. The dimensions first assumed for a reinforced concrete bridge are shown 
in Fig. 10-33. It is required to find the maximum value of the moment Mac for 
a strip of bridge l>ft wide (normal to the plane of the paper), as caused by a 
uniform load of 0.1 k/ft and two concentrations of 2 k each, all loads being placed 
so as to give the required maximum moment. A previously constructed influence 
line for Mac indicates that spans AB, BC, and DE should be completely covered 
with the uniform load for a maximum. In addition, it is indicated (approximately) 
that one concentration should be placed 15 ft from B m the span AB and 15 ft 
from B in the span BC. Find the maximum value of Mac- Include correction 
for side lurch. [/Ins..- Mac - +38.1 ft-k.J 



Fiouki: 10-33 




CHAPTER 11 


THE SLOPE-DEFLECTION METHOD 

11-1 General. The first satisfactory solution of the secondary stress 
problem in articulated structures was presented by Heinrich Manderla in a 
paper (2) published in 1879-80. His method was somewhat similar to 
the slope-deflection method, and quite possibly suggested its development. 
In a paper (4) published in 1892, Otto Mohr presented his improved 
method for handling the secondary stress problem, a method which was 
essentially what is now called the slope-defle(‘tion method. Axel Bendixen, 
in a book (1) published in Berlin in 1914, presented the method in greater 
detail, and a year later, in 1915, Professor G. A. Maney of the University 
of Minnesota published (3) liis development of the method. 

During the decade just prior to the introduction of moment distribution, 
nearly all continuous frames, for which rigorous analyses were required, 
were analyzed by the slope-deflection method. Many engineers still con¬ 
sider that slope-deflection is the better of the two methods and very seldom 
use moment distribution. 

11-2 Development of the method. Two arbitrarily defined properties 
of flexural members previously discu.sscd—the absolute stiffne&s and the 
carry-over factor—are now used again to develop the slopc-dcflection 
method. Since the reader already understands the significance of thc.se 
terms, the method is readily developed. 

Consider the nonprismatic member AB of Fig. 11-1. This is as.sumcd 


Figure 11-1 

to be one of a number of members, both columns and beams, in a contin¬ 
uous frame. As the result of loads applied to this frame, one of w'hich is 
shown acting directly on the member AB, the member is distorted as 
shown in Fig. 11-2. It is apparent that ends A and B have been caused 
to rotate through the angles Oa and dn. In addition, because the support 
at B'has settled a distance A relative to the support at A, the axis of the 
member has rotated through the angle p = A/L (with all rotations ex 
pressed in radians). Any clockwise rotation of a joint, represented by 6, 
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and any clockwise rotation of a member axis, represented by p, will be 
considered to be positive. 

It is required to find expressions for the final member end moments 
Mab and Mba- As in moment distribution, these moments will always 
indicate the action of the member on the joint. A member end moment 
tending to rotate a joint in a clockwise direction will be considered to be 
positive. Each final member end moment will be the initial fixed-end mo¬ 
ment (to be designated as Fab or Fba) plus corrections for end and 
axial rotations of the member. The configuration of the distorted member 
as shown, in Fig. 11-2 may be considered to be the result of the super¬ 
position of several individual joint rotations. 

Consider the member initially in an unfiexed condition with end B a 
distance A below end A . (See Fig. 11-3.) End A is now caused to rotate 


A 



Figure 11-3 


through p radians, in a counterclockwise direction, to bring it to the 
horizontal, with end B fixed in position during the rotation of end A. 
The distorted beam and resulting end moments arc shown in Fig. 11-4. 



Figure 11-4 
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n-2] 

With end A fixed in the position shown in this figure, end B is now caused 
to rotate p radians in a counterclockwise direction. The resulting con¬ 
figuration of the beam and the additional end moments are shown in Fig. 
11-5. 



With end B held in position, a clockwise rotation of 6a radians is im¬ 
pressed on end A of the distorted beam of Fig. 11-5. Additional end 
moments, as shown in Fig. 11-6, will result. Finally, with end A fixed. 



end B is caused to rotate 6n radians in a clockwise direction, and the beam 
is now in the distorted position shown in Fig. 11-2. The additional end 
moments resulting from this last rotation of end B are shown in Fig. 11-7. 



If, for each end of the beam, all the end moments of Figs. 11-4 through 
11-7 are added to the initial fixed-end moments for the respective ends, 
the result will be the expressions for the final end moments of the member 
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AB in the loaded frame: 


Mab = Fab — KabBa — CbaKbaBb -f Kabp + 

( 11 - 1 ) 

= F ba — KbaBb — CabKabBa + Kbap + CabKabp- 

( 11 - 2 ) 

If the subscript N is taken to indicate the near end of a flexural member 
and 'F to represent the far end, a single equation will suffice: 


ilfjv = Fn — KnBs — CfKfBf + iKff + CfKf)P‘ (11—3) 


This is the basic equation for the slope deflection method, and it applies 
to either prismatic or nonprismatic members. In the above equation, Mjf 
represents the final moment at the near end (the end being considered) of 
the member. Mn is the action of the member on the joint, and if its sign 
is positive, it indicates that the member tends to rotate the joint in a 
clockwise direction. Fn is the initial fixed-end moment and is positive if 
the member tends to rotate the joint in a clockwise direction. 6n and Bp 
represent the rotations in radians of the ends of the member, as indicated 
by the subscripts, and are positive if clockwise. The rotation in radians 
of the member axis is designated by p, and it too is positive if clockwise. 
Ks and Kf represent the absolute stiffness of the member at the end 
indicated by the subscript. Cp is the carry-over factor for the far end. 

If all the members in the frame being analyzed are prismatic and if 
both ends of the member are fixed to the frame (not pinned or restrained), 
then, since Kn and Kp are equal to 4EI/L and Cp is equal to Eq. 
(ll-.l) becomes 


J\f N — Fn 


AEI Ss 


L 



(11-4) 


If, however, the far end of the prismatic member is pinned, the opera¬ 
tions in the derivation indicated in Figs. 11-5 and 11-7 are unnecessary 
and are omitted. In addition, the value of Kn is reduced to ZEIIL. 
Consefj[uently, for a pri.smatic member pinned at the far end, Eq. (11-3) 
will reduce to 


A/ .V’ ~ Fn 


^EIBn , 3E/p 


(11-5) 


If one or more of the members in the frame are nonprismatic, then Eq. 
(11-3) should be Avritten as 
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Mjf = F,v 


kyEB CpkpEB dnmiOp 


12L 

, (kffEB rf,®, 

+ V"i2L 


12L 


+ 


CpkFEBd, 

'\2L 


i dLn\ 

: —r 


(n-«) 


In the above equation the symbols B, dnun, L, and k have the same signili- 
ca’.ce as in the discussion of stiffness and carry-over factors as computed 
} y the column analogy in Chapter 10 B n;presents the width of the mem¬ 
ber, dmin the minimum depth, L the span, and k the stiffness factor for 
the “reference beam. ” If the nonprismatic member is of a standard type 
for which information has been computed, the values of Cp, k\, kp, and 
Fff are most conveniently found from the curves in the Appendix or from 
the Handbook of Frame Constants [the Portland Cement Association). 

11-3 Analysis of continuous beams. It is probable that most analysts 
who are familiar with both moment distribution and slope-deflection prefer 
the former method for the analysis of continuous beams. Nevertheless, 
the slope-deflection method is valuable for purposes of checking and every 
structural engineer should be thoroughly familiar with it. A single illustra¬ 
tive example should be sufficient to demonstrate its application 

Example 11-1. In Fig. 11-8 find all moments by slope-deflection. The 
support .at C settles 0.1 in E is 30,000 k/in^ 


k/ft 




h 


I =- 

K - 
A" = 


12{K)iii^ 

IJO 


= 1 




[ 


10 k 


n 


I 

K 

K' 


24(K) 

120 

1 

20'-0 


C 


lO'-O 


I - 7200111* 
A = 240 
A' - 2 _ 


15'-0 




Fkjuki: 11-8 


Fixed-end moments are first computed: 

„ 5 X 20^ , ^ , 10 X 30 , r f. , 

Fab = —jj— — +I 06.5 ft k, Fco = H-g— = +37.5 ff k, 

F DC = — 


Fua =■ — lGG.5ft*k, 


37.5 ft k. 
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If we consider span CD as a propped cantilever with a simple support at 
D, the fixed-end moment is easily computed by moment distribution 
from the above computed values for Fcd and Fdc^ 

F'cd = +37.5 + i(37.5) = +56.25 ftk. 

The values of p for spans BC and CD are computed as 

PBc = + 10 ^^ = 0.000833 rad, 

PCD = “ 30^^ 12 ~ “0.000278 rad. 

The expressions for the final moments at the ends of each span are written 
by means of Eqs. (11-4) and (11-5). Of special note here is the fact that 
although absolute stiffnesses have been used in deriving these equations, it 
is possible to simplify the computations by using relative values of I/L. 
The values of final en^ moments obtained by using these relative values 
are not affected and are correct. If, however, we wish to find the absolute 
value of any unknown 9 or p, an adjustment must be made to correct for 
the use of relative values of I/L in writing the initial equations. (This 
will be demonstrated in subsequent examples.) The relative values of 
I/L to be used in the initial equations are shown as /iC' in Fig. 11-8. 

By Eq. (11-4), and remembering that 6a == 0, 

Mab = Fab - 2EK'6b = +166,5 - 2E0b, (11-7) 

M ba = F ba — AEK'Ob — —166.5 — AEOb, (11”6) 


Mbc = -AEK'Bb - 2EK'9c + 


— —4jE0p — ^EBc + 


6 X 30,000 X 1200 X 0.000833 
10 X 12 X 12 


= -^E6b - 2E9c + 124 . 9 , ( 11 - 0 ) 

/ 

Mcb - -4EK'0c - 2EK'eB + ' 

Jj 


= -iEtc - 2 E»b + 124 . 9 . 


( 11 - 10 ) 
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ByEq (11-5) 


Mcd = Ffco - ZEK^9c + 


= +56.25 - 6E3c + 


3 X 30,000 X 7200 (-0.000278) 
30 X 12 X 12 


= -^E9c + 14.5. (11-11) 

It is apparent that two independent unknowns, 9b and 9ct appear in the 
above expressions for the various end moments. These must be evaluated 
before the end moments can be determined, and two condition equations 
are required to effect a solution. These equations are obtained by writing 
expressions for the equilibrium of all or parts of the structure. In the 
given example it is most convenient to use expressions indicating that the 
sum of the internal moments at joints B and C must be zero. The following 
equations result: 


Mba + Mbc = 0, (11-12) 

Mcb + Mcd = 0. (11-13) 

By subftituting in these equations the previouriy written values for the 
final end moments of the various spans, in terms of fixed-end moments 
and joint rotations, we obtain 


-%.QOE9b - 2mEfic - 41.6 = 0, (ll-12a) 

-2XXiE9B - 10.0E3C + 139.4 = 0. (ll-13a) 

A simultaneous solution wiU result in E9b = —9.14 and E9c = +15.8. 

The foregoing values for E9b and E9c are rdaEve valuea. In spite 
of this, however, they may be substituted back into the expressions for 
the various end moments to give the correct values for these moments. 
For example, 


Mab = +166.5 - 2(-9.14) = +184.8 ft k, 
Mba = -166.5 - 4(-9.14) = -129.9 ft-k. 


Similarly, the remainmg moments are found to be 
Mbc = +129.9 ft-k, Mcb = -80.1 ft-k, Mcd = “80.1 ft-k. 



484 


THE SLOPE-DKPIiECTION METHOD 


[chap. 11 


As previously noted, a positive sign indicates ^t the member tends to 
rotate the joint in a clockwise direction. 

A point of importance here is the fact that if absolute values of 9b snd 
9c (or p, where this is unknown) are desired, certain factors must be 
introduced to compensate for using relative values for stiffness and to 
adjust units. An explanation of these factors follows. 

When Eqs. (11-7) through (11-11) were written, all fixed-end moments 
were expressed in foot-kilopounds. Therefore, to be consistent the units 
of all other terms in these equations must be foot-kilopounds. These other 
terms are all in the form QEIP/L, where Q is a numerical coefficient and 
is an angle of rotation (actually, either 9 or p) expressed in radians. 
In this expression, if E is in k/in^, I in in*, and L in inches, the units will 
be inch-kilopounds. Consequently, an additional 12 should appear in 
the denominator to convert the units to foot-kilopounds. Actually, how¬ 
ever, in writing Eqs. (11-7) through (11-11) the 12 was omitted from 
the denominator and L was expressed in feet. This will make the co¬ 
efficient of each E9 term (and Ep term, if p is unknown) too large by the 
multiplier 144. Moreover, values of K* = K/V2Xi were used in writing 
Eqs. (11-7) through (11-11) in order to permit the use of smaller num¬ 
bers. This procedure will make the coefficient of each EO term (and Ep 
term, if p is unknown) too small by the divisor 120. The net result, there¬ 
fore, is that the coefficients of the E9 terms are 144/120 of their true values, 
and consequently, the values of E6b and E9c are 120/144 of their correct 
values. As a result, the absolute values of 9b and 9c are computed as 
follows: 

- —9.14X144 iinvrin-S J 

~ 120 X 30,000 110 X 10 rad. 


+15.8 X 144 
^ ~ 120 X 30,000 


+189 X 10“* rad. 


Problems 


11-2. In Kg. 11-4 ind all moments by slope-deflcction. [Ana.: Mba 
-36.9 ft k, Mcb =* - 12.4 ft k.] 


i 


15 k 


2k/ft 






/ = 300 in^ 


/ = 3C0 in* 


/ = 240 in* 


1 5'-0 

a 


12'-0 1 12M) 


"D 


Fiourf: 11-9 
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11-3. In Fig. 11-10 find all moments by slope<deflection. The support at A 
lotates clockwise 0.001 rad and the support at B settles 0.1 in. Find the rotation 
of the beam at J3. E • 30,000 k/in^. [dns.: Mab —12.0 ft*k,, Mba 
-12.9 ft-k, Bb - +11.0 X 10“^ rad.l 

Isk 

300 m" 

10'.0 

20^.0 




300 in" 


15'-0 


Fiqube 11-10 


11-4. In Fig. 11-11 find all moments by slope-deflection. [i4n«.: Mab 
-6.7 ft-k, Mba - -11.4 ft-k, Mcb - -60.2 ft-k.] 


^ / = 240in" 

A 



lO'-O 


llQk 


7 = 300 in" 

[b 7,5' 

15'-0 


4k/ft 

C D 

12'-0 


Figure 11-11 


11-5. In Fig. 11-12 find all moments by slope-deflection. Also, find the rota¬ 
tion of joint C, draw the moment diagram, and sketch the deflected structure. 
E - 30,000 k/in*. [Ans.: Mab = -7.1 ft-k, Mba “ -14.2 ft-k, Mcb = 
-36.0 ft-k, Mcb « +22.t) ft-k, Mcd = +14.0 ft-k. Be = 2.24 X lO-^ rad.] 



Fiousfi 11-12 
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11-4 Frames witli one degree of freedom. Frames having one degree 
of freedom to lurch are readily analyzed by the slope^eflection method. 
The independent unknowns consist of one 9 for each joint which rotates 
as the loads are applied (unless a simple support at a terminal end permits 
an end span to be treated as a propped cantilever, as in Example 11-1) 
plus one or more unknown values for p due to the lurch of the frame. 

Example 11-6. In Fig. 11-13 find all moments by slope-deflection. 
Determine the rotation of joints B and C and the direction and magnitude 
of side lurch. E = 30,000 k/in^. (This is the same structure previously 
analyzed in Example 8-17.) 



Fixed-end moments are computed as follows: 


„ 18 X 12 X 6* , o. r. 1 o 18 X 6 X 12* 

=- Toi -= +24 ft k, Fcb = -rss-= “48 ft k. 


18* 


182 


Equation (11-4) is used to write the expressions for the several final 
end moments. Values of K' are shown on Fig. 11-13. 

Mab = -~2EK'9b + 6EIC'p = -AE9b + 12Ep, (11-14) 

Mba = -^K'9b + GEK'p = -%E9b + 12Ep, (11-15) 

Mbc * Fac - ^EK*9 b - 2EK'9c = +24 - 16E»a - SEtfc, (11-16) 

Mcb = Fcb - 2EK'9b - iEK'9c = -48 - SE9b - mE9c, (11-17) 
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Mcd = -AEK*9c + = —\2E9c + 18 j & p , ( 11 - 18 ) 

Mdc = -2EK'9c + BEK'p = -6E9c + ISEp. ( 11 - 19 ) 

Three independent unknowns (9b, 9c, and p) appear in the above 
equations. These must be evaluated by writing three condition equations 
expressing equilibrium of all or parts of the frame, and these equations 
are then solved simultaneously for the three unknowns. The first two 
of these equations are 


from which 


which reduces to 


ZMp = Mba "h Mbc = 0, 

-6E9b - 2E9c + 3£?p + C = 0; 

2Afc = Mcb Mcd = 0, 


-AE9b - UE9c + 9Ep - 24 = 0. 


(11-20) 


(11-21) 


The third condition '^nation is obtained by expressing Z/f = 0 for the 
entire frame. Since no horizontal loads are acting, this means that the 
sum of the column shears must be zero. The column shears in this case 
are found by adding the two moments at the ends of each column and 
dividing by the column length. Since both columns are the same length, 
the division by the length of each column may be omitted, and the con¬ 
dition equation is 


Mab 4 - Mba + Mcd + M^c = 0 , 

from which 

-2EeB - wee + lOAV = 0. (11-22) 

A simultaneous solution of these three condition equations will result in 

E9b = +1.61, E9c = -2.44, Ep = -0.409, 

and substitution of these values in Eqs. (11-14) through (11-19) will give 
the following values for the final end moments: 


Mab = -11.4 ft-k, Mba = -17.8 ft k, 

Mcd — +21.9 ft*k, M dc = +7.3 ft-k. 
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Joint rotations are computed as follows: 


+1.61 X 144 
5 X 30,000 


*= +1.55 X 10”* rad, 


_ ^ _ _2 34 X 10“* rad 

5 X 30,000 “ 2.34X10 rad. 


The angle of side lurch is given by 


—0.409 X 144 
5 X 30,000 


= —3.9 X 10”* rad. 


and the lurch is 


3.9 X 10"* X 26 X 12 = 0.12 in. to the left. 

Example 11-7. In Fig. 11-14 find all moments by slope-deflection. 
(This frame was previously analyzed in Example 8-28.) 






c.m. 

/ 

/ \ 

/ \ 

/ \ 

/ \ 

/ ^ 

/ I 20 k 

y-Of 15*-0 N C 

I = 1000 \ 

^’ = 30 V 

K ' = 5 




,1 / AGO" 


Fiocbe 11-14 


Fixed-end moments are: 


Fbc = = +56-28 ft-k, 

F,,= _20><^^=_.8.75ft.k. 
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In order to obtain the relationship between the values of p for the three 
members, a joint displacement diagram is drawn (see Fig. 11-15) with 



Figuris 11-15 


the assumption that joints B and C are so displaced that the horizontal 
projection of their displacements is 1 in. to the right. From this diagram 
it is apparent that if pab — pcd = +p, then pbc = — p- * 

The expressions for the various final end moments are now written by 
Eq. (11-4): 

Mab = -2EK'eB + QEK'p = -SEBb + 24£p, (11-23) 

Mba = -^EK'Bb + GEK'p = -iQEBB -f 2iEp, (11-24) 

Mbc = Fbc - ^EK'Bb - 2EK'Bc ~ GEK'p 

= +56.25 - 20EBb - lOEBc - SOii’p, (11-25) 

Mcb •-= Fob - 2EK'6b - 4EK'Bc - GEK’p 

= -18.75 - IOEBb - 2QEBc - ZOEp, (11-26) 

Mcd = -4EK’Bc + GEK'p = -12EBc + ISEp, (11-27) 

Mdc = -2EK'Br -4- GEK’p = -GEBc + 18Ep. (11-28) 

Two of the three condition eciuations necessary to evaluate the three 
independent unknowns (Bb, Be, and p) express the fact that Silf = 0 
at joints B and C: 


XMB = ^tsA “f* BC — 0, 
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from which 

-ZeEBB - iOEBc - 6Ep + 56.25 = 0; (11-29) 

"ZMc = Mcb + Mcd — 0 , 

which results in 

-IOEBb - 2,2EBc - 12^;p - 18.75 = 0. (11-30) 

The third condition equation is most easily obtained by expressing the 
fact that ZM = 0 for the entire frame, with the center of moments as 
indicated in Fig. 11-14. Since the center of moments is located at the 
intersection of the two sloping legs, the axial stresses in these legs do not 
appear in the equation. Note that forces and moments external to the 
frame must be used in writing the equation, and that strict attention 
must be given to the signs of the various terms. A clockwise moment 
about the center of moments is considered to be positive. The third 
condition equation is 


S^c.m.' = ~MaB + 


{Mab 4 ~ Mba)^0 
20 


Mjdc + 


(Mcd 4 “ Mjic)^0 
20 


+ 10 X 17.32 - 20 X 5 = 0. 


(11-31) 


The negative signs before the first and third terms are necessary because 
Mab and Mdc are internal moments, and a positive (clockwise) internal 
moment will be opposed by a negative (counterclockwise) external mo¬ 
ment. The second and fourth terms are the moments of the external shears 
acting at A and D, respectively. These are preceded by positive signs 
because positive internal end moments will induce external end shears at 
the reactions, which will tend to cause clockwise, or positive, rotation 
about the center of moments. Equation (11-31) reduces to 

-^OEBb - ZOEBc + 126Ep -f 73.2 = 0. (11-32) 

A simultaneous solution of Eqs. (11-29), (11-30), and (11-32) results in 

EBb = +1.91, EBc = -1.09, Ep = -0.236. 

Substitution of these values in Eqs. (11-23), (11-24), (11-27), and (11-28) 
will result in the following; 

Mab = -20.9 ft k, Mba = -36.2 ft k, 

Mcd = +8.9 ft k, Mdc = +2.3 ft k. 
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Example 11-8. In Fig. 11-16 find all moments by slope^eflection. 
(This frame was previously analyzed in Example 8-29.) 


|5'-0^ i\5'-0 1 
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The relative values of p are computed as follows: 


Rel pab ~ 


+1.414 

21.21 


+0.0667, 


Rel PBC = -jglp = -0.0667, 
-4-0 7^4 

Rel PCD = = +0.0328. 


From these relative values it is apparent that if pab = +Pi then 

PBC = — Pi sod 

_ , 0.0328 _ 

PCD + 0.0667 ^ 

By Eq. (11-4), 


Mab = 

-2EK' 

Bb + 6EK'pab = 

— AEBb + 12Ep, 

(11-33) 

Mba = 

-AEK' 

Bb + QEK'pba = 

SEBb + 12Ep, 

(11-34) 

Mbc = 

Fbc — 

^EK'Bb 

— 2EK'6c + QEK' PBC 


= 

+10 - 

12EBb ~ 

- 6EBc — 

18^?p, 

(11-35) 

Mcb = 

Fca — 

2EK'9b 

- AEK'Bc + 6EK'pcb 


= 

-10 - 

^EBb — 

12EBc - 

18Ep. 

(11-36) 


■ By Eq. (11-5), 

Mcd — PcD — ZEK*Bc + PCD 

= +30 - ^EBc + 4.43Ep. (11-37) 

The necessary condition equations are written as follows; 

Z3/b = Mba + Mbc = 0, 

which reduces to 

~20E9b - ^EBc - 6Ep + 10 = 0; (11-38) 

SA/c = Mcb + Mcd + Mce — 0, 

which results in 

-(jEBb - 2\EBc - 13.57Ep + 80 = 0. (11-39) 
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For the entire structure ZM about the center of moments equals zero. 
Clockwise moments are positive. 

Sif. m- Mab + 

-4X5 + 8X204-4X20= 0, 

which reduces to 

-^E9b - IZ.bEec + 42.64^pab + 145 = 0. (11-40) 

A simultaneous solution of Eqs. (11-38) through (11-40) will give 

EBb = -0.473, EBc = +5.22, Ep = -1.97, 

and if these values are substituted in Eqs. (11-33), (11-34), and (11-37), • 
the following moments result: 

Mab = -21.8 ft k, Mba = -19.9 ft k, Mcd = -25.7 ft k. 


Problebcs 


11-9. In Fig. 11-18 find all moments by slope-deflection. 
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11-10. In Fig. 11-19 find all moments by slope-defleclion. Determine the 
rotation of B, and compute the direction and magnitude of lurch at level of BDE. 
E » 30,000 k/in®. [An».: Mab ^ +48.6 ft*k, Mac = —30.3 ft*k, Mba 
+55.8 ft-k, Mbs * +54.9 ft-k, lurch * 0.60 in. to right, 9b - —0.17 X 
10-* rad.l 



Figure 11-19 


11-11. In Fig. 11-20 find all moments by slope-deflection. 
8.1 ft-k, Me = 10.7 ft k.J 



[Ans.: Mp 


Figure 11-20 
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11-12. In Fig. 11-21 find all moments by slooe-deflection. Determine rotation 
of joints B and C, os well as the direction and magnitude of ude lurch. E » 
30,000 k/in*. [Ans.; Mab * +33.4 ft*k, Mba = —2.5 ft'k, Mcb “ —106.0 
ft-k, Mcd - +66.9 ft-k, Bb » +4.31 X 10"® rad, Be - +1-79 X 10"* rad, 
Pab +2.8 X 10~® rad, lurch * 0.67 in. to right.l 


Figure 11-21 



8k 



11-5 Analysis of gabled frames. The analysis of gabled frames will be 
simplified considerably if certain relationships which exist between the 
values of p for the various members are known. These relationships wiU 
now be derived. 

Consider the frame of Fig. 11-22. Assume that D is held in position 

C' 
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and that B is displaced a distance Aa to the right. In the joint displace¬ 
ment diagram shown in Fig. 11-23, it is obvious that 

Aca cos a = Lqo cos.0. (11-41) 
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from which 


PCB = — 


bhi 


0X2 


-th— PAB (negative by inspection). (11-45) 

“T OTi 


Similarly, from Eqs. (11-43) and (11-44), 


- PAB (positive by inspection). (11-46) 
OT 2 “T 1 

Now if B is held fixed and D is moved to the right a distance Ad, then, 
proceeding as before, it can be shown that 




= " _L Pde (positive by inspection) (11-47) 

0X2 “T OTi 


and 


PCD = — 


ah 


0X2 


PDE (negative by inspection). (11-48) 


If both B and D are displaced, the addition of Eqs. (11-45) and (11-47) 
will result in 


PCB = 


ar2 4- 5ri 


{h2pDE — hiPAs), 


(11-49) 


and the addition of Eqs. (11-46) and (11-48) will give 

a 


PCD = 


ar2 5ri 

U hi = h 2 = h and ri — r 2 = r, then 

hh 


(hiPAD — h2pDE)- 


(11-50) 


PBC — {pde — PAB)f 
PCD = ^ {pAB — pde)- 


If, ill addition, a = b — L/2, as in a symmetrical bent, then 


(11-51) 

(11-52) 


PBC = ~ 


Pf'B “ ^ “ PDe)- 


(11-53) 

(11-54) 
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If the eymmetrical bent is loaded ^yznmetrically, then pdb = —pab and 


PBC = “ 7 P-ab =* + 7 Pl>Bt (11-55) 

PCD = + 7 PAB = — ^ POE- (11-56) 

Example 11-13. In Fig. 11-24 determine all moments by slope-deflec¬ 
tion. The moment of inertia is constant. 




Fixed-md moments are first computed: 


Fbc = + * +5.0 ft k, Fcb = -5.0 ft-k, 


Fcd 


(N^ 1)PL (6* - 1)4 X 30 
12Ar ~ 12 X 6 


+58.33 ft-k, 


FDC — —58.33 ft'k. 




11-5J ANALYSIS OF GABLED FILIMES 

Using Eqs. (11-^1) and (11-52), 

hh , , 30 X 15 ^ 

PBC — \PDB — PAB) =* KPDE — PAB) 

PCD *=® ^ (PAB — PDe) — I (PAB — PDe)- 
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I (pDE 


— PAB)t 


By Eq. (11-5), 


Mba == -ZEK'Bb + ZEK'pab = -C33E^i, + G.ZZEpab, (11-57) 
Mde= -ZEK'Bd + ZEK'pde = -6.33E«/> + G.ZZEpde. (11-58) 


By Eq. (11-4) and the relationships between the several values of p as 
computed above, 

Mbc = Fbc - ^K'Bb - 2EK'Bc + G.75EK'(pde ~ pab) 

= +5.0 - 8.92EBb - 4MEBc + IZMEpde - 15.08Epab, 

(11-59) 


Mcb — Fqb — 2EK'Bb — 4iEK*Bc + G‘!5EK'{pde — pab) 

= -5.0 - AAGEBb - 8.92EBC + 15.08Epbe - ISMEpab, 

> (11-60) 

Mcd — Fcd — AEK'Bc — 2EK'Bd + 2.25EK'(,pab — pde) 

= +58.33 — 4EBc — 2EBd + 2.28Epab — 2.25Epde, 

(11-61) 


Mdc = Fbc — 2EK'Bc — AEK'Bd + 2.25EK'(pab — pde) 

= —58.33 — 2EBc — AEBd + 2.2bEpAB — 2.2bEpDE- 

(11-62) 

The necessary condition equations for evaluating the unknowns {fin, 
9ci 9 d, Pab, and pde) are written as follows: 

Sil/fi = Mba + Mbc — 0, 

from which 

-lb.2bEBB - 4AGEBc - 8.75Epab + 15.08A>z>£ + 5.0 = 0; (11-63) 


'LMc = Mcb " Mcd — 0, 
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which reduces to 

-4.46£tfjj - 12.92Eec - 2 EBd — l2.B3EfiAB 

+ 12MEple - 5.0 =* 0; (11-64) 

XMo = Mdc ”1“ Mde — 0, 

which becomes 

— 2EBc — lO.ZSEBj} -j- 2.25EpAB "i“ 4.08J5pi)jB — 68.33 = 0. (11—65) 

■ 

In Fig. 11-24, XM for A BCD about the center of moments equals zero. 
Clockwise moments about the center of moments are considered to be 
positive. 

28.33 + 42.17 - 

+ 28 X 20 - 10 X 40 = 0, 

which reduces to 

-U.92EBb - QEBc - ^Bd + 15.67Ep^B - 3.75Epde 

+ 218.2 = 0. (11-66) 

Finally, 

^rj _ BA “i~ DE rt 

XH -jg - 0, 

from which 

FiBb + EBd — EpAB — EpDE ~ 0. (11-67) 

A simultaneous olution of Eqs. (11-63) through (11-67) will result in, 
the following: 

EBb = +2.13, EBc == +16.0, EBd = -10.1, 

Epab ~ —8.98, EpBE — +1.02. 

Substitution of the above values in the original expressions for end mo¬ 
ments will result in 


^Iba — —70.3 ft'k, Mcb — +3.0 ft-k, Mde = +70.3 ft'k. 
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11-6 FMunes witii sevsnl degrees of freedom. The slope-deflection 
method can be applied to frames with more than two degrees of freedom, 
but the solution of the necessary simultaneous equations usually involves 
so much labor that other methods are often pr^erred. For example, in 
the case of the three-story, two-bay building bent shown in Fig. 11-25 







Figure 11-25 


there would be twelve independent unknowns, nine joint rotations and 
three values of p, which would rcriuirc the solution of twelve simultaneous 
ccfuations for an analysis by slope-deflection. Although it would require 
four balancing operations, an analysis by moment distribution would 
necessitate the solution of only three simultaneous equations. 

As another illustration consider the rigid frame of Fig. 11-26. An analysis 



by slope-deflection would require the solution of eleven simultaneous 
equations. These equations would express that IM =: 0 at joints B, C, D, 
E, and F; that IH = 0 for the entire structure; and that ZM = 0 about 
the five moment centers shown in the sketch, ^r the parts of the struo- 
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ture indicated for each moment center. An analysis by moment distribu¬ 
tion would require four AJR’s, three balancing operations (if the frame 
is symmetrical), and the solution of four simultaneous equations. In this 
case the general method, using the conjugate structure to compute de¬ 
flections, would be the easiest method to apply. 

11-7 Secondary stresses. As previously stated, the slope-deflection 
method was developed by Otto Mohr as a solution for the secondary 
stress problem, and hence it is not surprising that it is particularly applica¬ 
ble here. The method is most easily explained with an illustrative example. 

Example 11-14. Determine the secondary moments for the truss of 
Fig. 11-27. All WF sections are oriented with their flanges in vertical 
planes. For the analysis, columns above and below the truss are assumed 
to be flxed at the far ends. E = .30,000 k/in^. 



Figure 11-27 


This structure was previously analyzed in Example 0-24; conseciuently, 
the axial strains, and the values of A resulting therefrom, are as determined 
in that example. The properties of the various members, the values of A 
as determined by tHe Williot diagram, and the fixed-end moments as 
«n-"T>uted for Example 9-24 are retabulated for convenience in Table 11-1. 




11-7] 


SECONOABY STRESSES 


503 


Table 11-1. 


Member 

I (in^) 

A (in.) 

L (in.) 

Fixed-end 
moment = 

5^ (ft-k) 

II 

1-2 

1073 

-H).765 

192 

+333 

5.59 

2-3 

1073 

+0.465 

192 

+204 

5.59 

A-B 

568 

+0.765 

192 

+177 

2.95 

B-C 

568 

+0.480 

192 

+111 

2.95 

1-4 

1029 

+0.310 

144 

+230 

7.13 

1-B 

838 

+0.735 

240 

+ 161 

3.49 

2-B 

528 

+0.230 

144 

+88 

3.67 

2-C 

107 

+0.385 

240 

+11 

0.45 

3-C 

350 

0 

144 

0 

2.43 

1-Q 

350 

-0.190 

144 

—48 

2.43 

2-B 

350 

-0.110 

144 

-28 

2.43 

3-S 

350 

0 

144 

0 

2.43 

A-U 

1029 

-0.120 

144 

-89 

7.13 


Since all members ara prisniatic and no loads are applied between 
joints, Eq. (11-4) becomes 


-\ElBx 2EIdF , OA’M 

Mk = --+ -jj- 

G^/A 


= -4EK0.V -- 2EKeF + 


L2 


The above equation is used to write the expressions for the various final 
moments (secondary moments) which follow. (Note that, because of 
symmctiy, joints 3 and C do not rotate.) 

Mi-q = -4 X 2.43J?0, - 48 = -9.72E9, - 48, (11-08) 

3/,-2 = -4 X bMEBi - 2 X 5.59E02 + 333 

= -22.30^^1 - U.lSEOi + 333, (11-69) 

Mi-b = -4 X ^A9E0i - 2 X 3A9E0b + 161 

= -13ME01 - G.9SE0B + 101, (11-70) 

^fl.A = -4 X 7.1ZE01 - 2 X 7.ViE0A + 230 

= -28.52E01 - U.2GE0A + 230. (11-71) 
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Since ttie sinri of the final moments at joint 1 must Ijc zero, then 

il/1 Q I il/l-2 ! 1 li [■ I .1 — 0. 

If Eqs. (11-08) through (11-71) are hulistituted, the resulting expression is 

-l\MEBx - 11.18/1:02 - 14.2()/i’0, - (SmEBn -f 676 = 0. (11-72) 

Similar equations are obtained liy repeating the above proees.s for 
joints 2, /I, and B. 1'he lesulting four condition equations, which must 
be solved simultaneously for the four values of Ed, follow; 

-74.56/i’0, - 11 18/^02 - 14.2O/i’0., - GMEBb + 670 = 0, (11-73) 

-11.18/i’0, - 7O.92E02 - 7.34/?0fl + 008 = 0, (11-74) 

-14.2O/!;0, - O8.84E01 - 5.9O/i’0fl + 318 = 0, (11-75) 

-6.98/t’0i - 7 34E02 - r>.yO/i’0A - 52.24£0 b + 537 = 0. (11-76) 

The above e(|uations can be solved, of course, by the tabular method 
explained immediately following Example 5-14. Observe, however, that 
in each ciiuation the coefficient of one of the unknowns is much larger 
than the coefficients of the other unknowns. Furthermore, the large 
coefficient npplie.s to a different unknown in each cciuation. Consequently, 
these cipiations can be eonvcnientl 3 ' solved by iteration. 

The procedure is to first obtain from each of the condition equations 
an approximati; value for the unknown with the large coefficient. This is 
accomplished by neglecting the unknown terms with the small coefficients. 
The above four condition eciualions [(11-73) through (11-76)] then become 


-74.56/i’0i + 076 = 

0, 

(ll-73a) 

-lOmEBi + 008 = 

0, 

(ll-74a) 

-68.84/?0a + 318 = 

0. 

(ll-75a) 

~o2.2^EBii + 537 = 

0. 

(ll-70a) 


From the above eijuutions the first approximate values for the unknowns 
are 


EBx = 1 9.00, 


/i’02 — 8 59, 


EBa = +4.03, EBb = +10.3. 
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The next step is to substitute these first approximate values with the small 
coeffi''ients into the original condition equations, and to solve again in 
each resulting e(iuation for the revised and more exact value of the un¬ 
known with the large coefficient. When this is done in Eq. (11-73), the 
result is 


-74.5CA’«i - ll.lSC+S.oO) - 14.2G(+4.63) - 6.98(4-10.3) 676 = 0, 

from which 

hBi = ■f*5.92. 

Similarly, from the other three condition e(iuation.s, 

Kdi = +5.53, E0a = 4 1.87, EBb = +7.88. 

The above values are more nearly correct than the first aoproximate 
valu(‘.s. The process is repeated to obtain successive sets of values in which 
each set is more nearly correct than the last, until the increment between 
two con.seeutive sets is small enough to be neglected. In the present case, 
seven cycles were i-equired to give the final values of 

EBi = +6.82, EB-i = +0.68, EBa ^ +2.51, EBb = +8.15. 

3 - 

These valui‘s arc sub.slituted in the cxpre.ssions [as typified by Eqs. (11-68) 
through (11-71)1 for the finul (.secondary) moments. For example, 

M^.q -= -0 72(+U.82) - 48 = -114 ft k, 

yl/i-z -22.36(+G.82) - 11.18(+6.G8) f 333 == +106 ft k, 

Mx B = -13.90(+6.82) - C.98(+8.15) + IGl = [-9 ft-k, 

x = -28.52(+0.82) - 14.2C(+2.51) + 230 = 0. 

Comparison of these moments with the results of Example 9-24 will 
show that they agree almo.st exactly. 
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CHAPTER 12 


INFLUENCE LINES 

12-1 General. In 1867 the influence line was introduced by the German, 
E. Winkler. About twenty years later the important principle whereby 
influence lines for both determinate and indeterminate structures are 
quite easily determined was discovered by Professor hluller-Breslau. 

It will be recalled that in 1886 Miiller-Brcslau published his improved 
version of the general method of Maxwell and Mohr. While developing 
this method, he became aware of the great value of hlaxwell’s theorem 
of reciprocal displacements, and also he discovered the principle now bear¬ 
ing his name. This principle is the basis for determining most influence 
lines for indeterminate structures, regardless of whether the method 
selected is mathematical or experimental. 

12-2 The Miiller-Breslau principle. This important principle may be 
stated as follows: If an internal stress component, or a reaction component, 
is considered to act through some small distance and thereby to deflect or dis¬ 
place a structure, the curie of the deflected or displaced structure will he, to 
some scale, the influence line for the stress or reaction component. This 
principle applies to beams, continuous frames, articulated structures, and 
to determinate as well as indeterminate structures. For indeterminate 
structures, however, it is limited to those for which the principle of super¬ 
position is valid. The significance of this statement will be made clear by 
several demonstrations of its validity. 

Consider, as a beginning, that it is desired to compute the influence line 
for the horizontal i^eaction component at A for the frame shown in Fig. 
12-1. Vertical loads may be applied to BC and horizontal loads to AB. 



fl07 
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A&sume that the influcncG lino ordinate is to be computed for a 1 k load 
acting down at point 0, where 0 may be any point in the span BC. If 
the value of the influence line ordinate (the horizontal reaction com¬ 
ponent at A) is to be computed by the general method, the procedure is 
to place rollers at A. The deflected structure will be as shown in Fig. 
12-2, and the horizontal deflection of A is computed by any method desired. 



A unit horizontal force of I k is next applied at A, and the structure 
deflects as shown in Fig. 12-3 The resulting deflection of A is then 
computed. 



-“I < lA U 

Ficunc 12-3 


By the general method, 
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But, by Maxwell’s reciprocal deflecti i theorem, 

iAhOv = SoiAh- 

Therefore, 

//.* = ( 12 - 1 ) 
OAhAk 

From Eq. (12-1) it is apparent that the deflection curve of the member 
BC is, to the scale that represents 1 k, the influence line for Ha 

for a vertical load on BC. 

By a similar procedure, using a 1 k horizontal load acting at any point 
0 on .iB instead of the 1 k vertical load on BC, we can show that the 
deflected member AB in Fig. 12-3 is, to the same scale as above, the in¬ 
fluence line for Ha for a horizontal load acting on AB. 

As an additional demonstratiot), consider that an influence line for 
moment is desired for any point H between the supports of the continuous 
beam of Fig. 12-4. In accordance with the Miiller-Breslau principle, the 


Figure 12-4 

internal stress component for which the influence line is desired is re¬ 
moved from the beam In other worils, the capabiiiiy of the beam to resist 
moment at section H is removed This is assumed to be accomplished 
by inserting a pin at E Thus the shearing stress component and the 
thrust component (although this does not exist in the present case) are 
not removed A unit load is applied at any point D along the l>cam, with 
the beam deflecting as .shown in Fig. 12-5. The 1 k load is then removed 





Figuri: 12-5 


and a pair of unit couples arc applied to the^.bcam, one couple acting on 
each side of the pin. From this action the dalectcd beam of Fig. 12-C will 
result. 
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Then, as before: 

Mg = ^ ( 12 - 2 ) 

oeE otEE 

and once again it is apparent that the curve of the deflected beam is, to 
some scale, the influence line for Me- 

Aa an additional example, consider that it is required to find an in¬ 
fluence line for shear at point E of the beam of Fig. 12-4. In this case i1 
must be assumed that the beam is cut at E and that a slide device is in¬ 
serted which will permit a relative transverse deflection between the twe 
beam ends at the cut, but which, at the same time, will always requirt 
these ends to have a common slope. In other words, the shearing re¬ 
sistance of the beam has been removed at E but the flexural resistance ha: 
not. 

In Fig. 12-7 a 1 k load is applied at D, resulting in the relative lineai 




r 





Figurk 12-7 


deflection Bed &t E. With this load removed, a pair of 1 k loads an 
applied at E, and the l>eam deflects as shown in Fig. 12-8. As before, th< 
shear at E is given by 


Se = 


Sep 

Bee 


Bde 

Bee 



1 



1 

2 


\E 

i 


iot 


(12-3) 



Figure 12-8 
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Obviously, then, the curve of the deflected beam of Fig. 12-8 is, to the 
scale that See represents 1 k, the influence line for the shear at E. 
Consider now the two>hinged highway bridge arch of Fig. 12-9. In 



this case an influence line for Ha is desired. In order to compute the mag¬ 
nitude of Ha by the general method, assume that rollers are placed at il, 
and also that a 1 k load is applied at panel point 0, where 0 might be any 
panel point along the arch. The left end of the arch will then move to the 
left, as shown in Fig. 12-10. Next, the 1 k vertical load having been 



Fioube 12-10 


removed from panel point 0, a 1 k horizontal force is caused to act to 
the left at A. The arch will then deflect as shown by the dashed lines in 
Fig. 12-11. 
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Again, by the general method and the reciprocal deflection theorem, 


Ha = 


^AhOe 

^AhAK 


^OoAh 

^AhAh 


(12-4) 


The above equation indicates once again that the vertical components of 
the deflections of the various panel points arc, to the scale that Sahah 
represents 1 k, ordinates for the influence line for Ha- 
As a final example, consider the two-hinged arch for a highway bridge 
as shown in Fig. 12-12. An influence line is required for the stress in 



the redundant T. In order to find this stress 7', as cau.sed by a unit vertical 
load acting at any bottom chord panel point 0, the redundant member is 
cut and a spread at the cut results, as shown in Fig 12-13. After the value 



of &TfOv is determined, the 1 k vertical load is removed from 0 and a 
pair of I k forces are applied to the two cut ends of the redundant T. 
The arch will then deflect as shown in Fig. 12-14. As before, 


T = 


irtov 

Stiti 


&OvTt 

irn 


(12-5) 


'I'he vi'rlieal components of the panel point deflections of Fig. 12-14 are 
thu.s seen to lie, to tin* scale that Stiti repiusents I k, the ordinates f<ir 
the infliieiice line for the redundant T. 


12 - 8 ] 


COMTTNUOUS BEAMS WITH PRISMATIC MEMBERS 


513 



FiGURi: 12-14 


The preceding five examples have demoiiKtiated that the Mullcr-Breslau 
principle applies to continuous beams and articulated structures. Actually, 
of course, it will apply to any structure for which the reciprocal deflection 
theorem is valid. 

The Muller-Ureslau principle .sugge.sts two dilh'rent niethod.s by which 
influence line.s for redundant stresses and reactions may be ol)taim'd. The 
first of these is the experimental method reciuiring the use of models. The 
second method is, of course, by computation 

According to the Muller-Brcslau principle, the procedure for obtdining 
the influence line (regardless of ^\hether it be in fact, as with a model, or 
imaginary, as when computing the ordinates lor the influence line) is to 
remove the i*cdundant and to introduce a displacement m the .structure 
at the point of action and in the direction oi the redundant When the 
influence line is being determined expeiimentally by means ot a model, 
the magnitude of this impressed di.splacement is arbitralily selected for 
convenience. The magnitude of the action causing the displacement is of 
no importance. When, however, the influence line ordinates are being 
computed, it is convenient to apply a unit action. 

12>3 Influence lines for continuous beams with prismatic members. 

Probably the easiest method for computing influence line ordinates lor 
continuous beams is by the conjugate beam. This method will be demon¬ 
strated with the several examples wliich follow 

Example 12-1. Compute the ordinates, at intervals of 25 ft, of the 
influence line for R,\ for the beam of Fig 12-1.>. 'J’he moment of inertia is 
constant. 




( 


lO'-O 


lO'-O 
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The redundant reaction at is removed and a 1 k vertical force is 
applied instead, a force which may act either up or down. The befun will 
deflect as indicated by the dashed line in Fig. 12-16. The conjugate beam 


Ilk 

Figure 12-16 

for computing the deflections at the various sections of this beam is dhown 
in Fig. 12-17. The ordinates of the elastic load on this conjugate beam, at 



Figure 12-17 


interx'als of 2.5 ft, are shown in ft-k. {E and / are omitted for convenience.) 
The computations for the moments at the various sections are as follows: 

Mfl = ~ X 2.5 - 2.5 X ^ X ^ = 39.04, 

ilf6=yX5-5x|x| = 62.47, 

il /4 = y X 7.5 - 7.5 X ^ X ^ = 54.65, 

3/i, = 0 , 

JI /3 = 1|2 X 2.5 + 7.5 X 2.5 X ^ -f- 2.5 X ^ X 2 X ^ = 111.99, 
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Mi = ^X5 + 5X5x| + 5x|x2x| = 270.83, 

Mx ^ X 7.5 + 2.5 X 7.5 X ~ + 7.5 X ^ X 2 X ~ = 461.09, 

jjf A = ^ X 10 + 10 X y X 10 X I = 666.66. 

The moments computed above are proportional to the deflections at 
the corresponding sections of the beam of Fig. 12-16. Since a load of 1 k 
acting at A on the beam of Fig. 12-15 will cause a reaction at ^4 of 1 k, 
the moment Ma. — 666.66 represents an ordinate of unity. The deflection 
curve of the beam is, to this scale, the desired influence line. Therefore 
the influence line ordinates for other sections along the beam are obtained 
by dividing the conjugate beam moments by = 666.66. The resulting 
influence line is shown in Fig. 12-18. 



Figure 12-18 


EIxample 12-2. Compute the ordinates, at intervals of 2.5 ft, of the 
influence line for moment at the midpoint of span BC for the beam shown 
in Fig. 12-19. The moment of inertia is constant. 


10 '^) 



lO'-O 



C 


Figure 12-19 


The capability of the beam to resist moment at the section for which 
the moment influence line is desired is removed by inserting a pin. Unit 
couples are applied to the beam on each side of the pin. The modified 
beam, which nill deflect as indicated by the dashed,line, is shown in 
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Pin 


Fioube 12-20 

Fig. 12-20. The various influence line ordinates are computed, as indicated 
in Eq. (12-2), by evaluating a as well as the vertical deflections at the 
necessary sections of the modified beam of Fig. 12-20. The loaded conju¬ 
gate beam is shown in Fig. 12-21, with the magnitudes of the ordinates at 
the required sections in ft*k. 



Figure 12-21 

The shear on the pin at B' is 

'== § X ^ X 2 = 6.67. 

The sum of the sheai s in the conjugate beam to the right and left of the 
support at 5 will be f le reaction at this point of the conjugate beam, and 
it will also be the rel; ive value of the angle a in Fig. 12-20. This is com¬ 
puted as 

ft6 = (37Xy + 2X“X^ = 26.67 up. 

The other two reactions are 


i X ^ X 2 = 33.3 up. 


= 20 - 3.33 - 26.67 = 10.00 down. 


The various moments are computed as follows: 
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Ml = 3.33 X 2.5 - 0.5 X ~ X ^ « +7.81, 

Aft = 3.33 X5-lx|x| = +12.48, 

Af 4 = 3.33 X 7.5 - 1.5 X ^ X ~ = +10.94, 

Mb* = 0 , 

Af 4 = -6.67 X 2.5 - 0.5 X ^ X I X 2.5 - 1.5 X 2.5 X ~ 

= -22.42, 

Af 5 = -6.67 X5.0-lx|x|x5-lX5X2.5= -54.18, 

Af* = -10 X 2.5 - 0.5 X ^ X ^ = -25.52. 

The value of the influence line ordinate at each of the above sections is 
computed by dividing each moment by relative a = 26.67. The resulting 
influence line is shown in Fig. 12-22. 



Exampi e 12-3. Compute the ordinates, at intervals of 2.5 ft, of the 
influence line for shear at the midpoint of span BC for the beam shown 
in Fig. 12-23. The moment of inertia is constant. 


A 



lO'-O 



lO'-O 



C 



Figure 12-23 
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The shearing resistance of the beam at the midpoint of span J9C must 
be removed. Moment resistance, however, must not be impaired. This 
can be accomplished by cutting the beam at this section and inserting a 
slide device which will permit a relative vertical displacement, between 
the two beam ends adjacent to the cut, but which will require that these 
two ends be tangent to a common slope in the distorted beam. When such 
a device is inserted at the midpoint of span BC, and opposing vertical forces 
of 1 k are applied to the two beam ends adjacent to the cut, the deflected 
beam and the induced reactions and couples will be as shown in Fig. 12-24. 



The loaded conjugate beam is shown in Fig. 12-25, and in this figure 


o 



attention is called to the moment at section 5. In Fig. 12-24, points 
D and E deflect relative to each other, D having an absolute deflection 
downward and E an absolute deflection upward. In the conjugate beam, 
therefore, the moment just to the right of the corresponding section must 
be different in sign, and piobably different in magnitude, from the moment 
just to the left of the section. In addition, since the tangent to the deflected 
beam at D must be parallel to the tangent to the deflected beam at E, the 
shear just to the right of the corresponding section in the conjugate beam 
must be equal in magnitude to the shear just to the left. The action of the 
moment will satisfy these requirements. 
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The values of the conjugate beam reactions Rj^, and R^.^ the shear V^, 
on the pin at B*, and the moment M'^ are computed below: 

i X 10 X Y = 16.67 up, 

= 10 X ^ - 16.67 = 83.33 up, 

= f X 10 X ^ = 33.33, 

il/a = 33.33 X 10 + 10 X y X § X 10 = 666.6. 

The correct sense for il /5 is determined by inspection and indicated in 
Fig. 12-25. The relative deflection between points D and E in Fig. 12-24 
is represented by 

The moments in the conjugate beam at intermediate sections are com¬ 
puted as follows: 

Ml = 16.67 X 2.5 - 2.5 X ^ X ^ = +39.1, 

Mz = 16.67 X 5.0 -- 5 X I X I = +62.5, 

Mz = 16.67 X 7.5 - 7.5 X ^ X ^ =■ +54.7, 

ilfa = -33.33 X 2.5 - 7.5 X 2.5 X ^ - 2.5 X ^ X | 

= -111.9, 

Mz = 83.33 X 2.5 - 2.5 X ^ X ^ = +205.7. 

The moments in the conjugate beam just to the right and just to the 
left of section 5 are 

Mzr = 83.33 X 5 — 5XfXf = 395.8, 

Mzl = -666.6 + 395.8 = 270.8. 

Each of the above moments must be divided by the relative deflection 
between D and E, as represented by il/'s, in order to obtain the required 
ordinates. These, when plotted, make it possible to draw the influence 
line as shown in Fig. 12-26. 
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Figure 12-26 

The foregoing illustrative problems demonstrate that any desired type 
of influence line for a continuous beam can be readily computed by use 
of the Muller-Breslau principle and the conjugate beam. Actually, when 
an influence line for shear is desired, it is usually easier to compute the 
required ordinates by statics after the influence lines for reactions have 
been computed. This probably will also hold true for moment influence 
lines. 


Problems 

12-4. Compute the ordinates, at intervals of 2.5 ft, of. the influence line for 
the moment at A in Fig. 12-27. The moment of inertia is constant. [.Ins. 
(inft-k):Ordi - 1.64, Ord 2 = 1.87, Orda = 1.17.] 


2 

lO'-O 





Figure 12-27 

12-5. Compute the ordinates of the influence line for the reaction at C in 
Fig. 12-28. Use intervals of 2.5 ft in span AB and 4 ft in span BC. The moment 
of inertia is constant. [vln«.:Ordi “ —0.028, Orda = —0.045, Ords “ —0.039, 
Ord 4 “ -|-0.149, Ords * -1-0.386, Ordo — -|“0.680.] 



.t 




B 


16'-0 


2 

lO'-O 


Figure 12-28 
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Problems 


o21 


12-6. Compute ordinates of the influence hne for the reaction at C in Fig. 
12-29. The moment of inertia is constant. Compute ordinates at the centers of 
spans AB and BC, and at 10>ft intervals in span CD. [vlna.: Ordi —0.30, 
Orda ■= +0.50, Ordc - +1.00, Orda - +1.31, Ord4 = +0.85.) 



Figure 12-29 


12-7. Compute ordinaies of the influence line for the moment at B in Fig. 
12-30. Use intervals of 2.5 ft for span AB and 4 ft for span BC. The moment of 
inertia is constant. [-4 ns. (in ft-k): Ordi +0.45, Orda = +0.72, Orda “ 
+0.63, Ord4 » +1.62, Ords - +1.85, Ordo - +1.15.] 



Figure 12-30 


12-8. Compute ordinates of the influence line for the moment at B in Fig. 
12-31. Use intervals of 2.5 ft. The moment of inertia is constant, (ilns. (inft*k): 
Ordi ='+0.59, Orda = +0.94, Orda - +0.82, Ord4 - +0.82, Ords = +0.94, 
Orde = +0.59.1 



Figure 12-31 


12-9. In Fig. 12-32 compute the ordinates, at the center of each span, of the 
influence line for the moment at A. The moment of inertia is constant. Use 
moment distribution to compute the loading for the conjugate beam. [ilns. 
(in ft-k): Ordi = +6.35, Orda = -1.76, Orda = +0.57.] 



Figure 12-32 
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12-4 Continuous beams with nonprismatic members. Influence lines 
for continuous beams composed of nonprismatic members are, of course, 
computed in the same manner as previously demonstrated for prismatic 
memliers. The variation in the moment of inertia, however, must be taken 
into account, and this is most conveniently accomplished by the use of 
segments. The example which follows will illustrate the procedure. 

]!^x.AMPLE 12-10. The elevation of a two-span continuous steel girder 
is shown in I'ig. The bottom flange is parabolic. The web is f in. 

thick and flange plates aie IG in. X 1 in. Out to out of flange plates is 
.30 in. at the ends and 72 in. over the center support. The moments of 
inertia at the centers of the various 5-ft segments are given in Table 12-1. 
Deterniine the influence line for the reaction at A, computing influence 
line ordinates at the centers of the 5-ft segments. 



The .support at .1 is i-emoved and a 1 k force, acting up, is applied at this 
oint, with the loaded simplified beam as shown in Tig. 12-.34. It is neccs- 


1 2 :t 4 o 6 7 8 n 10 10' «J' 8' 7' (}' S' 4' 3' 2' 1' 



ary to compute the d<'flection.>5 at the centers of the various .segments. The 
oaded conjugate Iwam is sIkivmi in I'lg. 12-.3.5, and (he neces.sary coinputa- 
ious are given in Table 12-2 
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Table 12-1. 


Segment 

I (in^) 

1 

12,300 

2 

13,000 

3 

14,000 

4 

lj.9(M) i 

5 

18,700 

G 

22.G00 

7 

27 «i0() 

8 


9 

43,300 

10 

54,700 


Table 12-2. 


(1) 

(2) 

(3) 

<4) 

(>) 

(0) 

(7) 

(8) 1 

(91 

S(>Kmoiit 


Rclativi- 

1/ ASl_ 

Sheui 

Mmnpnt 

Moment at 

1 

i 

numbor 

.1/ - 

j 

/ 

llflutlVO J 

s'.r 

nil iriupnt 

neKinpot 

.50 - X ] 

(50 - x)S, 

lO-IO* 

47 5 

1000 

2 37 

2 37 

1185 j 


2.5 

35 

*-9' 

42 5 

79 1 

208 

505 

25 25 

11 85 

7 3 

106 

8-S' 

37.-1 

62 0 

299 

8.04 

40 20 

3710 

12 5 

177 

7-7' 

32 5 

505 

3 22 

11.26 

.56 30 

77 30 

17 5 

247 

0-«' 

275 

41 3 

3 33 

14.59 

72 95 

133 60 

22 5 

317 

a-5' 

22 5 

34 2 

3 29 

17 88 

8940 

206 53 

27 3 

388 

4-4' ■ 

17 ■> 

291 

300 

20 88 

104.40 

295 05 

32.5 

458 

3-3' 

12 5 

25 6 

2 44 

23 32 

11660 

400 33 

37 5 

529 

2 2' 

75 

23 R 

1 58 

24 90 

124 .50 

510 95 

12.5 

000 

I-l' 

25 

22.4 

o.'ie 

25 16 

6.160 

641 45 

17 3 

670 

A 






705 0.5 


705 



(10) 

(11) 


(12) 

(13) 


Mompnt at 



Moment at 



Bpgmi’nt 

InOupncp 


segment 

Influence 

1 KcKIlli’tlt 

-i-jau — 11 «B. 

(>i dtnati* 

SoRinont 

-(50 - r)Rf 

ordinate 

10 

+35 

+0 025 

10' 

—35 

-0 025 

9 

+ 118 

+0 084 

O' 

-94 

-0067 

8 

4214 

+0.152 

8' 

-140 

-0099 

7 

1.324 

40 230 

7' 

-170 

-0.121 

6 

+451 

+0 320 


183 

—0 130 

5 

+ 594 

+0.420 


-181 

-0120 

4 

-!754 

+0 535 


-162 

—0116 

3 

4929 

+0 669 


-129 

-0091 

2 

+1117 

4-0 791 


-83 

-0059 

1 

+1311 

4-0 930 


-29 

-0020 

.1 

+1410 

+1000 



0.000 




705.05 





Shear at B' = 


14.10. 



In the above table, columns (2), (3), and (4) are used for computing 
the magnitudes of the elastic loads. The total elastic flexural strain for 
each segment is considered to art as a concentrated load on the conjugate 
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beam at the center of that segment. Note that the values shown in (‘olumn 
(5) are the shears in span B'A’ resulting from the elastic loads acting di¬ 
rectly on span B'A'. The moments about the centers of the segments 
between B' and A', or between B' and C', as caused by the concentrations 
acting at the centers of the segments (excluding the moment resulting 
from the shear at B'), are computed in columns (5), ((>), and (7), The 
moments at the centers of the segments, resulting from the action of the 
shear at J5', are shown in column (9). The total moments at the centers of 
segments 10 to 1 are obtained by adding the values of columns (7) and (9). 
The results of this addition are shown in column (10). The total moments 
at the centers of segments 10' to 1' are obtained by subtracting the values 
in (9) from (7), and are shown in column (12). The final influence line 
ordinates will result when the values in (10) and (12) are divided by the 
relative deflection of A in Fig. 12-H4. This is found to l>c 1410, by adding 
the values in columns (7) and (9) for point A. The final ordinates are 
shown in (11) and (13), Note that could have been omitted in comput¬ 
ing the values of the relative clastic weights in column (4) since segment 
length is constant. 

Problems 

12-11. C’omputc the urdlnates of the influence line for moment at the center 
of span AB of the two-span continuous girder of the preceding example (Fig. 
12-33). Compute ordinates at the centers of 5-ft segments and at center of AB. 


Segment 

Influence 

Segment 

Influence 

number 

ordinate 

number 

ordinate 

2 

-{-2.29 ft-k 

2' 

— 1.46 ft-k 

4 

-{-5.86 ft-k 

4' 

-2.88 ft-k 

[An*.; i^AB 

-f9.25 ft-k 

6' 

-3.26 ft-k 

7 

-f5.75 ft-k 

8' 

-2.46 ft-k 

9 

-+2.09 ft-k 

10' 

-0.62 ft-k 

12-12. Assume that the support at A 

of the two-span continuous girder of 

Example 12-10 (see Fig. 12-33) is fixed. 

Compute the ordinates of the influence 

line for the moment at A at the centers of the 5-ft segments. 

Segment 

Influence 

Segment 

Influence 

number 

ordinate 

number 

ordinate 

2 

-5.55 ft-k 

2' 

-1-1.26 ft-k 

4 

(.Ins.: g 

-7.35 ft-k 

4' 

-f2.46 ft-k 

-5.78 ft-k 

6' 

-f 2.78 ft-k 

8 

-3.12 ft-k 

8' 

4-2.11 ft-k 

12-13. Compute the ordinates of the influence lino for the reaction at B of 


the three-span continuous bridge girder of Fig. 12-36. Compute ordinates at 
the centers of the 10-ft segments. The rclati\ e values of the moments of inertia 
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at the centers of the .segments are us follows: 



Segment 

Rt'lativc 1 



1, 10, 10', 1' 

2.5.8 



2, 9, 9', 2' 

30.6 



3, 8, 8', 3' 

42.1 



4, 7, r, 4' 

63.6 



o, 6, 6', 5' 

100.0 


Segment 

Influence 

S(‘gment 

Influence 

number 

ordinate 

number 

ordinate 

2 

-f 0.42.5 k 

2' 

—0.089 k 

4 

+0.833 k 

4' 

-0.095 k 

B 

+ 1.000 k 

C 

0 000 k 

7 

-1 1.081 k 

r 

-fO.151 k 

9 

+0.990 k 

9' 

+0.474 k 



0 10 10 ' !)' 8 ' 

lOO'-O 


7' G' 5' 4' :V 


H—- 


.TO'-O 


2' I' 



Fiourk 12-36 


Su^esfe'l viethod of solution. Remove the support at B in Fig. 12-36 anti apply 
a 1 k vertical force. The result is shown in Fig. 12-37, and tliis structure is 


^ A ' 1 k 

Figuri, 12-37 

indeterminate. Remove the sujjpoit at // and apply an unknown upward 
force R which replaces the reaction. Figuit' 12-38 will lesult, and the loaded 

A-I" 71" ^ ^ C" 

Fiuuri: 12-3S 

eonjugaie beam will be as shown in Fig. 12-39. Since the girder at D* in Fig. 



Fig u hi: 12-39 
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12*37 cannot deflect, the moment at I/" in the conjugate beam must be sero. 
This condition equation permits IK to be determined. The value of A is used to 
obtiun the magnitudes of the moment ordinates on the conjugate beam which 
were at first expressed in terms of JR. Finally, the moments in the conjugate 
beam at the centers of the various segments are computed. 

12-14. Compute the ordinates of the influence line for the moment at a 
section Q, which is 30 ft to the right of B, in the continuous girder of Problem 
12-13 (see Fig. 12-36). Compute ordinates at the centers of the 10-ft segments 


and at the section Q. 

Segment 

Influence 

Segment 

Influence 

number 

ordinate 

number 

ordinate 

2 

-1.99 ft'k 



4 

-2.12 ftk 

4' 

4-0.14 ft-k 

[Ans.: 7 

4-3.48 ft-k 

7' 

—0.28 ft-k 

Q 

4-9.42 ft*k 

9' 

-0.07 ft-k 

10 

4-3.15 ft-k 

W 

-fO.95 ft-k 


12-5 Influence lines by moment distribution. The preceding sections 
have demonstrated how influence lines for continuous beams can be ob¬ 
tained by use of the conjugate beam. If the members of the continuous 
beam are prismatic, or if they are standard nonprismatic types for which 
the stiffness, carry-over factors, and flx^-end moments may be obtained 
from tables or curves, the various influence lines can be obtained more 
easily by moment distribiUion. If, however, this information is not avail¬ 
able for the nonprismatic members, then the method previously demon¬ 
strated is to be preferred. 

The method of moment distribution has one important additional ad¬ 
vantage: it can be applied to more complicated structures, such as con¬ 
tinuous bridge decks supported on, and continuous with, tall piers. Two 
examples are now presented to demonstrate the method. 

Example 12-15. Usihg the method of moment distribution, compute 
the ordinates at 5-ft intervals of the influence line for Mba in Fig. 12-40. 

/ « 450 in‘ ^ — 400 in* ^ j) 

K » IS K =20 

15 

30'-0 I 20'-0 

Fioube 12-40 

The method of solution is first to assume that a fixed-end moment of 
4-100 ft'k exists in end B of the member BA. No other fixed-end moments 
are considered to exist. This 1(X) ft*k moment is balanced out in the usual 
way, and the moments obtained from the balancing operation are the 


S^A t = 400in*! 
K =20 
= 15 

I 20'-0 
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member end moments which will result when a fixed-end moment of + 100 
ft*k is introduced at end B of member BA. A fixed-end moment of +100 
ft*k is next introduced at end B of member BC. This, again, is considered 
to be the only fixed-end moment in the structure. The final moments are 
again found by moment distribution and, in the same way, the effects of 
+100 ft'k at C 6 f CB and at C of CD are determined. 

The balancing operations are shown in Table 12-3. Note that only one 
complete balance is necessary because of symmetry. 


Table 12--3. 


Joint 

II 

B 

C 

D 

Member 

AB 

BA 

BC 

CB 

CD 

DC 

K 


15 

15 

15 

15 


Distribution 

factor 


0.5 

0.5 

0.5 

0.5 




+100.0 

-50.0 

-50.0 

-25 



F SA “ 

'+100 ft-k 


• 

+6.2 

+12.5 

+12.5 



-3.1 

—3.1 

-1.5 





+0.3 

+0.7 

+0.7 




-0.1 

-0.1 






+46.8 

-46.8 

-13.3 

+13.2 


Fbc “ 



+100.0 




+100 ft-k 


-53.2 

+53.2 

-13.3 

+13.2 


Fcm =• 




+100.0 



+100 ft-k 


-i-13.2 

-13.3 

+53.2 

-53.2 


Fcd " 





+100.0 


+100 ft-k 


+13.2 

-13.3 

-46.8 

+46.8 



Having found the final moments resulting from the introduction of 
+100 ft*k at every point where fixed-end moments can exist in the struc¬ 
ture, we can now write the equation for Mba (and all other member end 
moments, if desired) in terms of the initial fixed-end moments: 

Mba * +0.468Fba - 0.6a2FBc + 0.132 Fcb + 0.132Fcd. 
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The fixed-end moments, caused by a 1 k load placed successively at each 
of the points for which an influence line ordinate is desired, are computed 
in Table 12-4. 
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The above values of the fixed-end moments are substituted in the 
equation above for Mr a, and the influence line ordinates aro computed 
in Table 12-5. 
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It is apparent that once the influence lines for member end moments 
have been obtained (as demonstrated above), ordinates of influence lines 
for reactions, shears, or moments at intermediate sections may be easily 
computed by statics. 


Problems 

12-16. For Pig. 12-41 compute the ordinates, at lO-ft intervals, of the 
influence line for Mba- The moment of inertia is constant. [Am. (in ft-k): 
Ordi - -1.84, Orda - -2.30, Ords = -3.95, Ord 4 = -4.83, Ords - 
—3.74, Ords - —1.77, Ord? » +0.71, Ordg » +0.57.] 



30'-0 50'-0 30'-0 


Figure 12-41 

12-17. The first assumptions as to the proportions for a continuous reinforced 
concrete bridge are indicated in Fig. 12-42. Consider a strip 1-ft wide normal to 
the plane of the paper. Using moment distribution, write the equations for M ba 
and Mbc in terms of the fixed-end moments. Compute' influence line ordinates 
for Mba at 5-ft intervals across the entire span. 



20'-0 30'-0 20'-0 


Figure 12-42 

[/ins.; 

iVjjx - -i-Q.lGOFBA - 0.240 Fbc + O.OflBFca + 0.066Fci), 


Mbc -0.mFBA + O.filSF/w - 0.170Fca - 0.170Fcj>. 
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Distance from A 
(ft) 

5 

10 

15 

25 

30 

35 


Influence ordinate 
(ft-k) 

-3.03 

-4.73 

-3.54 

-1.03 

-1.56 

-1,38 


Distance from .4 
(ft) 

40 

45 

55 

60 

65 


Influence ordinate 
(ft-k) 

-0.96 

-0.35 

+0.31 

+0.41 

+0.26 


12-18. The dimensions first assumed for a reinforced concrete highway 
bridge are shown in Fig. 12-43. Continuity is provided between the bridge 
deck and piers. Using the method of moment distribution, write the equations 
for Mb A, Mac, and Mca in terms of the fixed-end moments of all deck spans. 
Compute the ordinates at the 0.1, 0.3,0.5, 0.7, and 0.9 points of all spans for the 
influence line for Mac- 



\Ans.: 

Max * +0.720F^a — 0.280Fjc + 0.085Fcs 
+0.085Fcn — 0,028Fx)c — 0.028Fx)s» 

Mac * —0.407Fsi* + 0.593Fsc — 0.181Fcs 
—0.181Fcn + O.OSSFxtc "f" 0.058Fi>x» 

Mcb *“ — 0.200FaA — 0.200F^c + 0,622Fcj 
—0.378Fcz) + 0.122Fnc + 0.122Fxjx. 
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(ft) 

(ft-k) 

(ft) 

(ft*k) 

3 

+1.09 

74 

-0.67 

9 

+2.89 

82 

-1.58 

15 

+3.70 

90 

-1.57 

21 

+3.10 

98 

-0.91 

27 

+1.28 

106 

-0.25 

34 

+2.21 

113 

+0.18 

42 

+5.12 

119 

+0.44 

50 

+5.08 

125 

+0.53 

58 

+2.92 

131 

+0.41 

66 

+0.80 

137 

+0.15 


12 -^ Influence lines for articulated structures. In Section 12-2 it was 
demonstrated that the same methods which apply for computing influence 
lines for continuous structures also hold for articulated struci^upes. Two 
problems relating to two-hinged arches were discussed in connection with 
Eqs. (12-4) and (12-5). It is believed unnecessary, therefore, to present 
any special illustrative problems dealing with influence lines for articulated 
structures. The reader should be particularly aware of the fact, however, 
that the Williot-Mohr diagram will usually be found to be the best method 
for determining the deflections of an articulated structure. 

12-7 Qualitative influence lines by flie Miiller-Breslau principle. It 
has been demonstrated that the Miiller-Breslau principle is of extreme 
importance in the determination of quantitative influence lines, that is, 
influence lines with definite arithmetical values for the ordinates. The 
principle also makes it possible to sketch qualitative influence lines. These 
are indispensable in determining the correct loading patterns for'maximum 
values of moment, thrust, and shear in various types of structures. 

For example, suppose it is necessary to determine which spans of a six- 
span continuous beam should be loaded with a uniform load to cause a 
maximum positive moment (compression on the top side) at the center 
of the span BC (see Fig. 12-44). A pin is inserted at this point in the span 
and couples are applied with a sense to cause compression on the top side. 
The beam will deflect as shown in Fig. 12-44. Any action which tends to 
restore the beam to its unstrained position will cause the same kind of 
stress due to flexure (compression on the top side) at the given section 
as the applied couples. Obviously, then, spans BC, DE, and FG should 



Figure 12-44 


12->7] INFLUENCE LINES BY THE MULLER-BRESLAU PRINCIPLE 


533 


be loaded if a maximum positive moment is desired at the center of qpan 
BC. Actually, of course, the effect of the load in span FG on the moment 
at the center of span BC is negligible. 

If a maximum negative moment is desired at C, a pin is inserted at this 
point and couples (to cause tension on the top side) are applied on each 
side of the pin. The beam will deflect as shown in Fig. 12-45, and it is 




Figure 12-45 


apparent that spans BC, CZ), and EF should be loaded. 

Again suppose that it is required to find the position of uniform load to 
give maximum positive shear (the part of the beam to the left of the sec¬ 
tion tends to move up with respect to the part on the right) at a section 
tchthe right of B. The beam is cut at the given section, a roller and slide 
device is inserted, and two vertical forces of equal magnitude are applied 
to the beam ends adjacent to the device. Each force acts with the sense 
required to give shear of the desired sign at the section. The deflected 
beam, and therefore the qualitative influence line, is shown in Fig. 12-46. 




A 



Ffl 


G 


Figure 12-46 


The qualitative influence line is particularly valuable in the analysis of 
building frames. For example, the influence line for positive moment at 
the center of span B4-C4 is shown in Fig. 12-47. The influence line for 



Figure .'2-47 
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mfticimiim negative moment at the left end of span C4-*Z)4 is shown in 
Fig. 12-48. Note that in bay CD the indication is that a small portion at 



ABODE 
Fiqurk 12-48 


the right end of the beams at levels 3 and 5 should not be loaded. In 
addition, at levels 2 and 6, a short loaded length is theoretically required 
at the right end. For a practical analysis, levels 3 and 5 in bay CD would 
be entirely loaded, while levels 2 and 6 would be unloaded. The influence 
line for moment causing tension on the right side at the top of column 
C3-<74 is shown in Fig. 12-49. 

G 
5 
4 

3 
2 

1 

ABODE 
Figurt: 12-49 



Of special note hero is the fact that theoretical loading patterns are 
indicated in Figs. 12-47, 12-48, and 12-49. Practically, however, the 
effect of the load in a given bay on a stress component in a member two 
or three bays distant is negligible. Specifications, therefore, permit the 
analysis of large building frames by dividing them into sections. In 
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analyzing a given run of girders and the adjacent columns immediately 
above and below these girders, it is permissible to consider that all columns 
are fixed at their far ends. The ends of girders two bays away from the 
stress component being evaluated are also considered to be ^ed. This 
has the obvious effect of greatly simplifying the analysis, with only a slight 
loss in accuracy. 
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ELASTIC ARCHES 


13-1 General. A true arch may be defined as a structure which depends 
(usually in considerable degree) for its ability to support applied vertical 
loads on the development of horizontal reaction components, acting toward 
the center of the arch span, at the two end supports. These horizontal 
reaction components are the means of differentiating between the true 
arch and the "corbeled arch,” which consists of a series of cantilevers, 
each superimposed upon and projecting a little beyond the cantilever 
below, with a simple beam span closure at the top center. 

As stated in Chapter 1, the corbeled arch was used extensively in ancient 
Egypt as an architectural unit. Only one true arch of ancient origin, 
discovered in a tomb at Thebes and dated about 1500 B.C., has been found 
in all that country. The Assyrians and Babylonians also used the corbeled 
arch quite commonly, Avith the latter using pointed brick arches in the 
construction of their sewers. These existed as early as 1500 B.C. and 
possibly many centuries before. It is said that a series of brick arches 
spanned the Euphrates in 2000 B.C. In general, however, very few of these 
early structures were true arches. 

It appears that the true arch was first used to any great degree by the 
Etruscans, people of Asiatic origin who invaded northern Italy about 1300 
B.C. Gradually, during the next thousand years, certain rules of thumb 
were evolved whereby true arches of a sort could be built. The engineers 
of the Roman Empire developed the true arch to the point where, for five 
centuries (from about 300 B.C. to perhaps 200 A.D.), many great arch 
bridges and aqueducts Avere built in all parts of the Empire. The out¬ 
standing examples of this period were of cut stone blocks placed without 
mortar. 

The collapse of the Roman Empire in the West in 476 A.D. marked the 
beginning of the Dark Ages and the ce.s8ation of most road and bridge 
building throughout Europe. In 1176 A.D. the construction of the original 
London Bridge Avas begun, and this ugly structure, consisting of a scries 
of short-span arches, lasted for six centuries. In the tAvelfth century the 
members of a religious order known as Fralres Ponies (“Brothers of the 
Bridge”) dedicated themselves to the repair of existing bridges as aa-cII as 
the building of new ones. In the fourteenth century the first bridge Avith a 
masonry deck slab supported by masonry arch ribs was built. Throughout 
all these centuries, hoAvever, the engineering skill of the Romans Avas never 
eciualled in Europe. 
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Begiiming in Italy in the fourteenth century and spreading from there 
to the rest of Europe, the Renaissance was a period of general revival of 
economic life and ne^v interest in art and in construction. Roads and bridges 
were needed and builders had to learn again how to construct arches. Like 
the arches of the Romans, these were built by rule of thumb. 

The Frenchman, Lahire (1640-1718), first applied statics in an attempt 
to analyze the arch, and, in a memoir published in 1773, Coulomb con¬ 
sidered the types of arch failures and proposed a theory. Both, however, 
considered the arch to be inelastic. In his work on the strength of ma¬ 
terials published in 1826, Navier (1785-1836) seems to have made the first 
important contribution to the theory of bending of curved bars. Apparently 
including in his theory only the effects of flexural strain, Navier nevertheless 
explained how axial strains could be considered. He applied his theory 
to find the horizontal reaction components of circular and parabolic sym¬ 
metrical arches. 

No particular attention appears to have been given to the question* of 
the most advantageous shape of the arch axis until Yvon Yillarceau (1813- 
1883) presented a famous memoir on arches to the French Academy of 
Sciences in 1845. Yillarceau understood that the complete solution re¬ 
quired consideration of the elastic deformations of the rib. He reasoned, 
however, that insufficient information was available regarding the elastic 
properties of materials, and theiefore considered the arch blocks to be 
absolutdy rigid. It was his conclusion that the best arch axis to use in a 
given case would be that which coincided with the funicular polygon for 
the applied loads. 

The Frenchman, J. Y. Poncelet (1788-1867), apparently was the first to 
suggest (in an article published in 1852) that an arch must be considered 
as an elastic bar if a rational theory is to be applied. 

Jacques Bresse (1822-1883), also a Frenchman, published a book in 
1854 dealing with the deflection of curved bars, and in it he included the 
effects of both axial and flexural strains and demonstrated the application 
of his theory in the design of arches. 

In 1866, C. Culmann (1821-1881), a German, published his famous 
book on graphic statics, a part of which is devoted to a consideration of the 
analysis of arches and retaining walls. Culmann introduced the very im¬ 
portant concept of the elastic center, which permits the analysis of hingeless 
arches without the use of simultaneous equations. 

E. Winkler (1855-1888), a German, published in 1867 his book on 
strength of materials. Whereas Navier and Bresse had previously con¬ 
sidered the deflection of curved bars for which the ratio of the initial radius 
of curvature to the radial thickness of the bar is lai^, Winkler discussed 
the case where this ratio is small. When this ratio is less than ten, the 
errors involved in applying the ordinaiy theory of flexure usually beemne 
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significant. This, of course, is not encountered in the design of arch bridges 
but applies to hooks, chain links, anifsimilar designs, Winkler discussed 
the two-hinged arch problems previously considered by Bresse and ex¬ 
tended the theory to include hingeless arches. In Winkler’s book tables are 
included for different loading conditions of circular and parabolic arches 
with constant cross section. 

Otto Mohr (1834-1918) made two important contributions to the elastic 
theory of arches. The first appeared in a paper published in 1870, in which 
Mohr presented the idea of computing the influence line for the horizontal 
reaction component of a two-hinged arch as the bending moment diagram 
for a conjugate beam loaded with the yfEl diagram for the arch. (The 
term y is the vertical distance from the plane of the hinges to the arch 
axis at any section.) Mohr obtained this moment diagram by graphical 
methods. His second contribution, appearing in a paper published in 
1881, was an extension of the concept of the elastic center (neutral point) 
to include articulated arches. 

Chiefly as the result of work by Winkler and Mohr, supplemented by 
carefully controlled tests conducted by the Society of Austrian Engineers 
and Architects, the elastic theoiy was finally accepted for the analysis of 
arches. More recent contributions to the theory and methods of arch 
analysis are those of A. Strassner in 1927, J. Melan and T. Gesteschi in 
1931, and E. Morsch in 1935. 

Down through the centuries, as methods of analysis and design and as 
materials and methods of construction have improved, the spans of new 
arch bridges have constantly increased. The longest steel highway arch 
bridge existing at the time of this writing is the Kill Van Kull Bridge, 
which connects Staten Island with Bayonne, New Jersey, and has a span 
of 1652 feet. The longest steel railway arch, with a span of 1650 feet, is 
over Sydney Harbor, Australia. Both bridges have braced ribs with two 
hinges. The longest reinforced concrete highway arch is the Sando Arch 
in Sweden, with a span of 866 feet. A reinforced concrete arch railway 
bridge at Esla, in Spain, holds the record for this type with a span of 
645 feet. 

For shorter spans it is possible to analyze the arch as an elastic structure 
and to neglect the effects of the change in shape of the arch axis resulting 
from the elastic strains; in other words, the deflection of the arch is 
neglected. For short spans the resulting errors are not significant. When 
the arch span is long, however, the neglect of the elastic deflection will 
usually result in significant, and perhaps serious, overstress. [A deflection 
theory for arches was published by A. Freudenthal in 1935. Additional 
information is available in the form of papers in the Transactions of the 
American Society of Civil Engineers.] 
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13-2 Types of arches. Arches may be classified, of course, on the bads 
of the materials of which they are built. The most common are steel, 
reinforced concrete, and timber. From the standpoint of stniotural be¬ 
havior, arches are also clasdfied as hingcless (sometimes designated as 
fixed), two-hinged, or three-hinged. (The thrce-hiiigcd arch is determi¬ 
nate and will not be considered in this discussion.) Arches are also con¬ 
veniently, and necessarily, classified as to the shape and structural arrange¬ 
ment of the rib, with several types shown in Fig. l.'l-l. 


Crown 





Figure 13-1 
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A solid rib arch, as shown in Fig. 13-1 (a), may be used with two hinges 
at the ends or may be hingeless. Reinforced concrete ribs are almost always 
hingeless. Shorter span steel arches with solid ribs, say spans of 500 or GOO 
feet and under, are usually two-hinged, but solid steel ribs of longer spans 
are always hingeless. For example, the Henry Hudson steel arch in New 
York City, spanning 800 feet, and the Hainbow Arch at Niagara Falls, 
spanning 950 feet, arc hingcless. In the case of a two-hinged trial arch 
designed as a preliminary study for the Rainbow Arch, it was found that 
deflection of the rib ijicreased the rjuarter point stress by 29% over the 
\'alues given V)y an analysis by the elastic theory. In the hingelcss arch 
which was actually erected, the deflection of the rib increase<l the quarter 
point stresses by only 7%. Thus the greater stiffncbs of the hingelc.ss arch 
is a distinct advantage in long spans. 

The type of braced rib shown in Fig. 13-l(b) illustrates the essential 
features of both the Kill Van Hull and the Sydney Harbor arches. In both 
cases the deck is hung from the arch as shown by the dashed lines. Many 
other steel arches of this same type have been built. 

The cre.sccnt arch of Fig. 13-1 (c) is not commonly used. The spandi-el- 
braced arch of 13-l(d) is e.s.sentially a deck trii.-^s with horizontal thrusts 
developed at the two ends. 

Since horizontal thrust reaction components are cs.sential for an arch, 
it is apparent that excellent foundation conditions must exi.st at the .site. 
If .such conditions arc not available, then the horizontal reaction com¬ 
ponent may l>c provided by a tie, as shown in Fig. 13-1(e). 


13-3 Curve of arch aids. I'he arch is structurally advantageous because 
the internal moments resulting from applied loads are very much smaller 
than those which would I’csult if the same loads were applied to a truss or 
beam of the same span. This, of course, is due to the negative moments 
resulting from the horizontal thrusts at the ends. Figure 13-2(a) shows a 
simple beam and the moment diagram re.sulting from a single concentrated 
load. Figure 1.3-2(1)) .shows an arch of the .same span .subjected to the same 
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load, and the resulting moment diagram. It is obvious that the maximum 
positive moment is greatly reduced by the arch action. At the same time, 
of course, important axial stresses will exist in the arch rib. 

The moments in the rib should be as small as possible. Consequently, 
the center line of the rib, whether it be solid or braced, should closely 
approximate the funicular polygon for dead load plus, perhaps, some por¬ 
tion of the live load. The funicular polygon will usually be fairly well 
approximated by a segment of a ciif'le, a multi-centered circular curve, or 
a parabola. 

The economy of any particular arch will, of coufse, be influenced by the 
rise-to-span ratio. In many cases this ratio will be determined by conditions 
at the site, if the structure is to be a bridge, or by headroom requirements, 
if the design is for a hangar, drill hall, or similar building. Where conditions 
permit the most economical rise-to-span ratio to be used, it is probable that 
this ratio will be from 0.25 to 0.80, although special considerations may 
void these limits. 

13-4 Analysis of two-hinged articulated arch ribs. This classification 
includes both the braced rib and the braced spandrel arch. For the pur¬ 
pose of the discussion consider the rib of Fig. 18-3, which is indeterminate 



to the first degree. If this arch is subjected to static loads, it is most easily 
analyzed by the general method. One end is placed on rollers and the 
horizontal displacement of this end, as caused by the loads, is determined 
by virtual work. Stresses in the determinate truss, due to both the real 
and fictitious loads, are readily found by graphical methods. The horizontal 
displacement of the end on rollers, as caused by a horizontal load of 1 k 
acting at this end, is next computed by virtual work. The division of the 
first deflection by the second will give the magnitude of thu horizontal 
reaction component. All bar stresses may then be computed by statics. 

If the arch of Fig. 13-3 is to be analyzed for moving loads, an influence 
line for Ha is required. End A is placed on rollers, and a horizontal load 
of any convenient magnitude is applied at this end. The resulting horizontal 
displacement of end A, and the simultaneous vertical deflections of all 
panel points at which loads will be applied, arc evaluated. These are most 
easily determined with a Williot or, if necessary, a Williot-Mohr diagram. 
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Then, by the Mullcr-Breslau principle, the several ordinates of the influence 
line for Ha. arc determined by dividing each vertical displacement of a 
panel point by the horizontal displacement of end A. After the influence 
line for Ha has been determined, the influence lines for stress in the 
various members of the arch can be computed by statics. 

As is the case with all indeterminate structures, complete dimensions 
of all parts of the arch rib obviously must be known or assumed before an 
analysis is possible. If experience is lacking, the first analysis may be made 
by assuming that all members have the same cross-sectional area. All bar 
stresses are determined on the basis of this assumption and the members 
are designed for these stresses. Then the arch is again analyzed, using the 
new member cross-sectional areas. The resulting new bar stresses are used 
to revise the first design for the individual members of the rib, if this is 
necessary. A third analysis will usually be required to determine to what 
extent the various stresses may have been changed by the last revision of 
cross-sectional areas. The process is continued until further adjustment of 
members is unnecessary, with three or four analyses usually being sufficient. 


Problems 

13-1. Compute the ordinates, for loads at IJi and V 2 , of the influence line 
for the horizontal reaction component of the braced rib of Fig. 13-4. Assume 
that ail members have the same cross-sectional area. Find the stresses in the 
various members as caused by the indicated loads. [Ans.: Influence ordinates— 
Ui -• 0.38, 1/2 * 0.44; stresses— LoLi = —8 k, LqUi = —11 k, UiLi -» 
-3 k, L 1 L 2 « -6 k, = -2 k, UiU 2 » -5 k, U 2 L 2 = -6 k.l 



Figure 13-4 
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13-2. Compute the ordinates, for loads at U\, U3, Ua, and Ua, of the in* 
fluence line for the horisontal reaction component of the braced rib shown in 
Fig. 13-6. All members are assumed to have the same cross-sectional areas. 
Find the stresses in the members as caused by the indicated loads. [.Ins.: 
Influence ordinates— Ui « 0.14, Ua » 0.24, Ua 0.31, Ut » 0.33; horisontal 
reaction component for loads » 16.8 k; stresses— LqUq « 4-8 k, UiUa » 
-20 k, UaU* - -25 k, hUi - -26 k, LoLi - -46 k, I 1 L 2 - -20 k, 
LaLa « +8 k, UaLa - 0 k.j 



Figure 13-5 


13-5 Two-hinged solid arch ribs. This t3rpe of rib is analyzed by the 
general method, using a procedure similar to that described for an artic¬ 
ulated rib. Ill the case of the articulated rib, the horizontal displacement 
of the end on rollers is the result of axial elastic strain in the component 
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bars. In the solid rib, however, this horizontal displacement is the result 
of a combination of shearing, axial, and flexural clastic strains. Theoreti¬ 
cally all these strains should be considered in the analysis. The following 
example Avill demonstrate how this may be accomplished. 

Example 13-3. Determine the value of the horizontal reaction com¬ 
ponent of the indicated two-hinged solid rib arch (see Fig. 13-6) as caused 
by a concentrated vertical load of 10 k at the center line of the span. 
Consider shearing, axial, and flexural strains. Assume that the rib is a 
24WF130 with a total area of .38.21 in^, that it has a web area of 13.70 in^, 
a moment of inertia etiual to 4000 iii^, E of .30,000 k/in^, and a shearing 
modulus G of 12,000 k/in^. 



Consider that end C is placed on rollers, as shown in Fig. 13-7. A unit 
fictitious horizontal force is applied at C. The axial and shearing com¬ 
ponents of this fictitious force and of the vertical reaction at C, acting on 
any section 9 in the right half of the rib, are shown at the right end of the 
rib in h'ig. 13-7. The expression for the horizontal displacement of C is 




I Jil ju dx 

~in~ 



Vr (is 

Au.0 



Nn ds 
AE'‘ 


(13-1) 
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From Pig. 13-7, for the rib from C to B, 

M = ^ (100 — R cos 6), m = 

V = sin d, V = 

JV = ^ cos 0, n = 

ds = R dd. 

If the above values are substituted in E(i. (13-1) and integrated between 
the limits of 0.898 and ir/2, the result will be 

Aca = 22.55 + 0.023 - 0.003 = 22.57. (13-2) 

N The load P is now assumed to be removed from the rib, and a real 
horizontal force of 1 k is assumed to act toward the right at C in conjunc¬ 
tion with the fictitious horizontal force of 1 k acting to the right at the 


l(/?sin e - 125.36), 
cos 6, 

— sin I 
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same point. The horizontal displacement of C will be given by 


ickCh 


-zf ^ + 2f ^ + 2f ^ 

~ ^Jc ei + ^Jc A,G + ^Jc A 


d8 


rc EI ' Ay,G ' ‘‘Jc AE 
= 2.309 + 0.002 -f- 0.002 = 2.313 in. 
The value of the horizontal reaction component will be 

If only flexural strains are considered, the result is 


(13-3) 




For the given rib and the single concentrated load at the center of the 
span it is obvious that the eifects of shearing and axial strains are insignifi¬ 
cant and can be disregarded. Erroneous conclusions as to the relative 
importance of shearing and axial strains in the usual solid rib may be drawn, 
however, from the values shown in Eq. (13-2). These indicate that the 
effects of the shearing strains are much more significant than those of the 
axial strains. This is actually the case for the single concentrated load 
chosen for the demonstration, but only because the rib does not approxi¬ 
mate the funicular polygon for the single lo^. As a result, the shearing 
components on most sections of the rib are more important than would 
othenvise be the case. The usual arch encountered in practice, however, is 
subjected to a series of loads, and the axis of the rib will approximate the 
funicular polygon for these loads. In other words, the line of pressure is 
nearly perpendicular to the right section at all points along the rib. Con¬ 
sequently, the shearing components are so small that the shearing strains 
are insignificant and are neglected. 

Axial strains, resulting in rib shortening, become increasingly important 
as the rise-to-span ratio of the arch decreases. It is advisable to determine 
the effects of rib shortening in the design of arches. The usual procedure 
is to first design the rib by considering flexural strains only, and then to 
check for the effects of rib shortening. 

Example 13-4. Design a two-hinged, solid welded-steel arch rib for a 
hangar. The moment of inertia of the rib is to vary as necessary. The 
q>an, center to center of hinges, is to be 200 ft. Ribs are to be placed 35 
ft center to center, with a'‘riset>f35ft. Roof deck, purlins, and rib will be 
assumed to weigh 25 Ib/ft^ on roof surface, and snow will be assumed at 
40 Ib/ft* of this surface. Twenty purlins will be equally spaced around the 
rib. 




Figure 13-8 
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The center line of the rib will be taken as the segment of a circle. By 
computation the radius of this circle is found to be 160.357 ft, and the 
length of the arc AB to be 107.984 ft. For the analysis the arc AB will be 
considered to be divided into ten segments, each with a length of 10.798 ft. 
Thus a concentrated load is applied to the rib by the purlins framing at 
the center of each segment. (The numbered segments are indicated in 
Fig. 13-8.) Since the total dead and snow load is 65 Ib/ft^ of roof surface, 
the value of each concentration will be 

10.798 X 35 X 65 = 24.565 k. 

The computations necessary to evaluate the coordinates of the centers 
of the various segments, referred to the hinge aj^ A, are shown in Table 
13-1. Also shown are the values of Ax, the horizontal projection of the 
distance between the centers of the several segments. 

If experience is lacking and the designing engineer is therefore at a loss 
as to the initial assumptions regarding the sectional variation along the 
rib, it is recommended that the first analysis be based on the assumption 
of a constant moment of inertia. Even the experienced engineer will often 
find that this is the best procedure. The value of H having thus been de¬ 
termined, moments and axial thrusts are computed throughout the rib. 
Cross-sectional areas at the various sections are then designed for these 
moments and axial i^hrusts. A new value for H, as well as revised values 
for momentsoimd axial thrusts throughout the rib, are determined.for the 
new rib with the varying cross section. Stresses are checked in the rib, 
and the whole process is repeated if necessary. This procedure will be 
followed in the present case. 

By the general method, assuming that end A is on rollers, 

AaK + HA^AhAk = 0 . 


Deflections will be computed by virtual work, and thus this expression 
becomes 



Mm AS 
El 


+«ay:, 


m* AS 
El 


= 0 . 


Since E and AS are constant and, for the first analysis, the moment of 
inertia is constant, the final expression for Ha is 


Ha= - 


"LMm 
2m2 ' 


(13-4) 


All the computations necessary' for the first evaluation of Ha are shown in 
Table 13-2. 
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The moments at the centers of the various segments of the rib, nm'ng 
the approximate value just determined for Ha, are computed in Table 
13-3. A moment is considered to be positive if it tends to cause com¬ 
pression on the upper surface of the rib. 


Table 13-3. 


Segment 

HI 

M 

simple 

beam 

(ft-k) 

. 

Total M 
at segment 
(ft-k) 

A 

0 




1 

3.29 

1,050 

-1,100 

-50 

2 

9.44 

3,010 

-3,150 

-140 

3 

14.98 

4,830 

-5,000 

-170 

4 

19.88 

6,490 

-6,640 

-150 

5 

24.13 

7,950 

-8,060 

-110 

6 

27.69 

9,200 

-9,250 

-50 

7 

30.57 

10,220 

-10,210 

+10 

8 

32.73 

11,000 

-10,930 

+70 

9 

34.18 

11,530 

-11,420 

+110 

10 

34.91 

11,790 

-11,660 

+130 

Crown 

35.00 

11,790 

-11,690 

+100 


The thrust AT, normal to the cross section at the center of each segment, 
must be computed before the section requirements can be determined. 
As a matter of interest the various values of S, the total shear on the cross 
section, will also be computed for the center of each segment. N and S 
are obtained by combining components of H and the vertical shear V at 
the center of each segment, a combination which is shown in Fig. 13-9. 

From this figure it is apparent that 

S = F cos a — ^ sin a, 

N = V sin-a + H cos a. 

Values of S and N are computed in Table 1.3-4. The values of S are in¬ 
cluded in support of the statement previously made to the effect that 
shearing forces are small in the usual arch rib. 

Inspection of the values for the moment M in Table 13-3 and for the 
thrust N in Table 13-4 will indicate that segment 3 is critical in the region 
of negative moment and segment 10 in the region of positive moment. 
The necessary sections for the rib, at the centers of these two segments, 
must be determined in accordance with the specifications of the American 
Institute of Steel Construction before Table 13-5 can be completed. 
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Table 13-4. 


Segment 

Vik) 

V cos a 

— H sinot 

=s 

S(k) 

Fsina+//coBO - AT (k) 

A 

245.6 

192 

-208 

ss 

-16 

153 

+261 - 414 

1 

221.1 

177 

-199 


-22 

132 

+268 - 400 

2 

196.5 

165 

-181 


-16 

106 

+281 - 387 

3 

172 0 

150 

—162 

= 

-12 

83 

+292 - 375 

4 

147.4 

133 

-142 

ss 

-9 

62 

+303 « 365 

5 

122.8 

114 

-121 

as 

-7 

44 

+311 « 355 

6 

98.3 

94 

-100 

s 

-6 

29 

+319 - 348 

7 

73.7 

72 

-78 

as 

-6 

17 

+325 « 342 

8 

49.1 

48 

-56 


-8 

8 

+329 - 337 

9 

24.6 

24 

-34 

=s 

-10 

2 

+332 - 334 

10 

0.0 

0 

-11 

as 

-11 

0 

+334 - 334 

Crown 







+334 - 334 
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In this equation the value of L is 10.798, since ribs arc laterally braced at purlin framing points. 
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Thickness of flange and web plates and width of web plates are matters 
of judgment. The total depth determined for the center of segment 3 is 
used from the center of this segment to the end of the rib. The depth de¬ 
termined for the center of segment 10 is arbitrarily used for the rib depth 
at the crown. The total depth of the rib from the center of segment 3 to 
the crown is made to vary linearly. The adequacies of the sections thus 
determined for the centers of the several segments are checked in Table 
13-5. 

It is necessary to recompute the value of Ha because the rib now has a 
varying moment of inertia. Equation (13-4) must be altered to include 
the / of each segment and is now written as 

,, 'SMm/1 

~ ~ ZmV/ ' 

The revised value for Ha is easily determined as shown in Table 13-6. 
Note that the values in column (2) of Table 13-6 are found by dividing the 
values of Mm for the corresponding segments in column (8) of Table 
13-2 by the total 1 for each segment as shown in Table 13-5. The values 
in column (3) of Table 13-6 arc found in a similar manner from the values 
in column (9) of Table 13-2. The simple beam moments in column (5) of 
Table 13-6 are taken directly from column (7) of Table 13-2. 


T.vble 13-0. 


(1) 

Segment 

(2) 

Mm 

r 

(3) 

in- 

T 

(4) 

Revised- 

HaU 

(ft-k) 

(5) 

M 

simple 

beam 

(ft-k) 

(6) 

Revised 

moment 

(ft-k) 

1 

1.00 

0.0031 

1,100 

1,050 

-50 

2 

8.10 

0.02.36 

3,160 

3,010 

-150 

.3 

20.79 

0.0644 

5,020 

4,830 

-190 

4 

40.67 

0.1247 

6,660 

6,490 

-170 

5 

66.95 

0.2032 

8,080 

7,950 

-130 

6 

98.57 

0.2967 

9,270 

9,200 

-70 

7 

134.13 

0.4012 

10,240 

10,220 

-20 

8 

173.82 

0.5174 

10,960 

11,000 

+40 

9 

214.41 

0.6357 

11,450 

11,530 

+80 

10 

252.35 

0.7472 

11,690 

11,790 

+100 

Crown 



11,720 

11,790 

+70 

2) 

1010.85 

3.0192 
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2 X 1010.85 
2 X 3.0192 


= -334.81k. 


The revised values for the axial thrust N at the centers of the various 
segments are computed‘in Table 13-7. 


Table 13-7. 


Segment 

Revised 

F sin a + W eos a = N 

(k) 

A 

153 

262 

415 

1 

132 

269 

401 

2 

106 

282 

388 

3 

83 

293 

376 

4 

62 

303 

365 

5 

44 

312 

356 

6 

29 

320 

349 

7 

17 

326 

343 

8 

8 

330 

338 

9 

2 

333 

335 

10 

0 

335 

335 

Crown 


335 

335 


The sections previously designed at the centers of the .segments are 
checked for adequacy in Table 13-8. From this table it appears that all 


Table 13-8. 


Segment 

N 

A 

(k/in*) 

Me 

1 

(k/in2) 

N/A 

Fa 

Mc/1 

Fb 

Decimal 

of 

capacity 

A 

10.4 


0.66 


0.66 

1 

10.1 

2.0 

0.64 

0.11 

0.75 

2 

9.8 

6.0 

0.62 

0.30 

0.92 

3 

9.5 

7.6 

0.60 

0.38 

0.98 

4 

9.4 

7.1 

0.59 

0.36 

0.95 

5 

9.3 

5.7 

0.58 

0.29 

0.87 

6 

9.3 

3.3 

0.58 

0.17 

0.75 

7 

9.3 

1.0 

0.58 

0.05 

0.63 

■ 8 

9.3 

2.1 

0.58 

0.11 

0.69 

9 

. 9.4 

4.5 

0.59 

0.23 

0.82 

10 

9.6 


0.60 

0.31 

0.91 

Crown 

9.7 

mM 

0.61 

0.23 

0.84 
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sections of the vib are satisfactory. This cannot be definitely concluded, 
however, until the secondary stresses caused by the deflection of the rib 
are investigated. These stresses wilt be considered in Section 13-8. 

Example 13-5. Determine the effects of rib shortening and temperature 
changes in the arch rib of the preceding example (see Fig. 13-8). Consider 
a temperature drop of lOO^F. 

In order to determine the effects of rib shortening it is first necessary to 
find the horizontal displacement of end A which will result if the elastic 
axial strains, which occur in the actual loaded arch, are introduced into 
the rib while end A is on rollers. It is then necessary to find the horizontal 
displacement of end A, caused by a horizontal force of 1 k acting at A, 
considering both flexural and axial strains in the rib. The horizontal dis¬ 
placement of A, resulting from the rib shortening caused by the real loads, 
is given by 

L N n AL 
AE ’ 

where N is the axial thrust taken from Table 13-7, n is the axial thrust 
caused by a 1 k fictitious horizontal force acting at A and equal to cos a 
in Table 13-1, AL is the length of each segment, and A is the right sectional 
area. The horizontal displacement of A, resulting from the rib-,shortening 
caused by a 1 k horizontal force acting at A, is given by 

n* AL 

The necessary computations for evaluating these two deflections of A 
are shown in Table 13-9. 


Table 13-9. 


Segment 

N 

(k) 

n — cos a 

(k) 

A 

(in*) 

Nn 

A 

vl 

.1 

1 

401 

0.8023 

39.75 

8.07 


2 

388 

0.8406 

39.75 

8.21 

0.0178 

3 

376 

0.8752 

39.75 

8.30 

0.0193 

4 

365 

0.9057 

39.05 

8.49 

mi 

5 

356 

0.9322 

38.35 

8.68 

0.0227 

6 

349 

0.9544 

37.65 

8.86 

0.0242 

7 

343 

0.9724 

36.95 

9.04 

0.0256 

8 

338 

0.9859 

36.24 

9.22 

0.0268 

9 

335 

0.9949 

35.55 

9.41 

0.0286 

10 

335 

0.9994 

34.85 

mm 

0.0278 

2 




87.88 

0.2300 
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The horizontal displacement of A, resulting from the rib shortening caused 
by the real load, is 


r JVn Alt 
~~AE~ 


2 X 87.88 X 10.798 X 12 
30,000 


0.760 in.. 


and that resulting from the rib shortening caused by a 1 k horizontal load 
at il is 

r n* AL 2 X 0.2300 X 10 798 X 12 « . 

TT =-jpoo- 

The relative value of the horizontal displacement of Ay resulting from 
the flexural strain caused by a 1 k horizontal force at A, has previously 
been determined in column (3) of Table 13-6. The absolute value for 
this displacement is 


2 X 3.019 X 10.798 X 1728 
30,000 


3.755 in. 


The total value for the displacement of A due to both flexural and axial 
strains resulting from a 1 k horizontal force at A is therefore 


3.755 + 0.002 = 3.757 in. 


The reduction in Ha due to rib shortening is given by 


0.760 

3.757 


0.20 k. 


An additional reduction in Ha ^vill result from any drop in the tempera¬ 
ture of the rib below that temperature at which the arch is erected. This 
occurs, of course, because some additional shortening of the rib will result. 
The decrease in the length of the horizontal projection of the rib resulting 
from a temperature drop of 100®!’ will be 


6L = 


0 . 


umiii 


5 X 


100 X 200 X 12 = 1.56 in. 


The resulting decrease in Ha will be 


1 .^ 

3.757 


0.42 k. 


The total decrease in Ha due to both rib shortening and temperature drop is 

0.20 + 0.42 = 0.62 k. 
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This will have the effect of increasing the moment near the center oi the 
span. Inspection of column ((>) in Table 13-8 indicates that segment 10 
should be checked for possible overstress as the result of this increase. 
The increase in moment at segment 10 will be given by 

AM = for segment 10) = 0.62 X .34.91 = 21.6 ft‘k. 

The moment of 100 ft-k, as previously detennined for segment 10, is ac-' 
curate only in the first two places, and hence the revised total moment 
for .segment 10 will be 


100 + 20 = 120 ft-k. 

The thrust of 335 k, previously determined for segment 10, is accurate to 
three places. The change in Ha due to rib shortening and temperature 
change must therefore be rounded to 1 k in order to determine the corrected 
thrust in segment 10. This corrected thrust will be 

335 - 1 = 334 k. 


The extreme fiber stress is 


. Me 120 X 8 23 X 12 

•' I 1631 


7.25 k/in*. 


The section at segment 10 is checked, as indicated in Table 1.3-8, by 


N/A Mc/I 
Fa Fb 


.334/34.85 7.25 

16.01 ■*' 20 


0.60 + 0.36 = 0.96, 


and obviously the section at segment 10 is adequate. 

No consideration has been given to the effects of a temperature rise, 
since such a rise can occur only during the summer months when no snow 
loading is piossible. Conseciuently, this phase of the problem has no practical 
significance. 

The method of analysis just demonstrated will apply equally well to a 
reinforced concrete or a timber two-hinged arch. As previously stated, 
however, very few reinforced concrete arches are built with two hinges. 

Of special note here is the fact that, in addition to axial strain and tem¬ 
perature drop, the shrinkage of the concrete in a reinforced concrete rib 
will also cause rib shortening. The shrinkage coefficient should be deter¬ 
mined for the mix to be used and applied in the analysis in the same gen¬ 
eral way as demonstrated above for the temperature coeflficient. 
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13<-6 Two-hinged parabolic arch with a secant variation of the moment 
of inertia. A method for designing a two-hingud arch rib was demon¬ 
strated in Example 13-^. It was suggested therein that the first analysis 
for the redundant H can very well be based on the assumption of a con¬ 
stant moment of inertia for the rib. An alternate approach to the problem 
is available because of the fact that it is possible to devise a rather simple 
expression for the value of H provided two recjuircments arc imposed upon 
•the shape and proportions of the rib. These two rec|uiremcnts arc, first, 
that the curve of the axis of the rib must be parabolic: and, second, that 
the moment of inertia of the rib at any particular section must be c(iual 
to the moment of inertia at the crown multiplied by the secant of the angle 
a, where a is the angle between the horizontal and the tangent to the arch 
axis at that particular section. 



Consider the rib of Fig 1.3-10 loaded with the single concentration P. 
Assume that the moment of inertia of the rib varies so that 

I = le sec o, 


where Je is the moment of inertia at the crown and / the moment of inertia 
at any section. The arch axis is parabolic. The criuation for the parabola, 
referred to A, is 



Assume that end -i is on rollers Then, by the general method, 
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„ ^ ^Ah SMm ds/EI 

Sahah fm^dsfEl 

whore Aah is the horizontal deflection of A as caused by P, and SAhAh is 
the horizontal deflection of A resulting; from the action of a 1 k horizontal 
force acting to the left at A. The moment in the rib at any section (with 
end A on rollers) as caused by P is represented by M, and m is the moment 
caused by the 1 k horizontal force at A. 

In the equation above the following relations apply: 


m = y, ds = sec a d.r, / = /« sec a. 


When th< fte substitutions are made, the above expression for ff reduces to 

rr dx 

J //2 dx ‘ 


For X < qfj, 


M = P(1 - ry).r. 


and for .r > (jL, 

M = PU - f/)x - P(x - qL) = Pq{L - x). 

When the values for M and y aic substituted in the above e(jiiation for H 
and the indicated integrations perfornu'd, the result is 

H = (« - 2/ q% <13-5) 

Although the above eciiiation is derived for the particular type of rib as 
previously dcscril)ed, it is of some value in the preliminary analysis of two- 
hinge<l solid ribs having axial curves other than parabolic and having I 
variations other than proportional to the secant of a. The resulting values 
of H will, of course, be approximate but may be used in proportioning a 
first trial rib. If, for example, Eq. (13-5) is applied to the loaded rib of 
Example 13-4, the computed value of H will be 339.14 k. The correct 
value was found to be 334.81 k. 

Note that if an influence line for U is rc<iuircd, then P is taken as unity 
and values of q are .substituted that correspond to the various sections for 
which influence line ordinates are desired. 
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13—7 Hingelsss arches. The hingeless arch has two advantages. First, 
the positive moments near the center of the span will be smaller than the 
positive moments near the center of a corresponding two-hinged arch. 
Second, the deflections of the hingeless arch will be somewhat less than 
those of the two-hinged type, and this advantage is important when spans 
are long. The hingeless type has the disadvantage, however, that it may 
be difficult to assure absolute fixity at the ends of the arch. 

When an arch is to support a highway or railway, influence lines for the 
stress components (thrust, shear, and moment) will be required for various 
sections of the rib. The rib as finally designed in Example 13-4 will be 
considered to be fixed at the ends to illustrate the method of computing 
influence lines for a hingcless arch. Influence line ordinates will be com¬ 
puted for Hq, Fo, and Mq, the redundant reaction components acting at 
the elastic center. This procedure will not only demonstrate the method 
for computing influence lines but will also indicate the effects of fixing the 
ends of the rib. 

Attention is called to the fact that when hingeless arches are subjected 
to static loads, they may be conveniently analyzed either by the method 
of the elastic center or by the column analogy. Neither method offers any 
real advantage over the other. However, when influence lines are required, 
the elastic center, combined with the Miiller-Breslau principle, is definitely 
the better method. Note that the method of the elastic center may be 
applied ^n two ways, as demonstrated in Example 5-30. If the arch is un- 
symmetrical, the rigid bracket is attached to one end and conjugate axes 
of inertia may be used. If, however, the arch is symmetrif*al, it is best to 
cut it at the center and use two rigid brackets, as indicated in the second 
analysis of Example 5-30. This latter metho<i will be used in the following 
example. 

Example 13-C. The loaded arch rib as finally designed in Example 13-4 
is considered to be fixed at the ends (see Fig. 13-11). The flange plates of 
the rib are 12 in. X 1 in. and the web is f in. thick. Depths, sectional areas, 
and moments of inertia are given in Tal>le 13-10. Compute ordinates at 
segment centers and the crown for the influence lines for H©, F©, and il/©. 
Using these influence lines, determine the decimal of capacity load through¬ 
out the rib, at segment centers and the crown, when it is loaded as in Ex¬ 
ample 13-4. 

The first step in the analysis is to locate the clastic center. This, of 
course, w'ill be on the center line of the span. The elevation above the two 
ends of the arch Mill be given by 

2 ASy/EJ _ Zy/1 
^ ” ZA&JEl 21 //' 
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Table 13-10. 


Section 

or 

segment 

Total 

depth 

(in.) 

.\rea 

(in*) 

Moment of 
inertia 

(i»^) 

A 

23.00 

39.75 

3483 

1 

23.00 

39.75 

3483 

2 

23.00 

39.75 

3483 

3 

23.00 

39.75 

3483 

4 

22.07 

39.05 

3172 

5 

21.13 

38.35 

2865 

6 

20.20 

37.65 

2585 

7 

19.27 

36.95 

2329 

8 

18.32 

36.24 

2071 

9 

17.40 

35.55 

1838 

10 

16.47 

34.85 

1631 

Croun 

16.00 

34.50 

1527 


The necessaiy computations are shown in Table 13-11. The last column 
in this table gives the value of y", the vertical distance from the elastic 
center to the center of each segment. 


T.4BLE 13-11. 


Segment 

y 

(ft) 

7 

1000 

m^j 

1000 

I 

y"- 
y — y 

1 

3.29 

3.483 

0.94 


+22.40 

2 

9.44 

3.483 

2.71 


+16.25 

3 

14.98 

3.483 

4.30 


+10.71 

4 

19.88 

3.172 

6.27 


+5.81 

5 

24.13 

2.865 

8.42 

0.3490 

+1.56 

6 

27.69 

2.585 

10.71 


-2.00 

7 

30.57 

2.329 

13.12 


-4.88 

8 

32.73 

2.071 

15.80 


-7.04 

9 

34.18 

1.838 

18.60 

0.5441 

-8.49 

10 

34.91 

1.631 

21.40 

0.6131 

-9.22 





3.9819 



. _ 102.28 
^ "■ 3.9819 


25.69 ft. 
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lligid brackets arc attached to the cut ends of the arch rib at the center 
and two 1 k horizontal forces are applied as shown in Fig. 13-12(a). By 
the Muller-Hi’Cislau principle the resulting vertical deflection component 
of any definiti* point on the an-h rib, divided by the horizontal spread 
between the ends of the two rigul brackets, Mill be the Hq influence line 
ordinate for a vertical load at the definite point on the rib. 

3'he conjugate structure for the left half rib, for computing deflections, 
is shown in Fig. 1.3-12(b). 4'ertical deflections are computed for the 
centers of th(‘ segmeni.s and relative values for these deflections appear in 
colujuii (8) of Table J.3-12. One-half the spread between Ol and Or is 
repre.sented relatively by the sum of column (9). Ordinates for the in¬ 
fluence line for //n are shown in column (10). The value for Hq for the 
loaded rib i.s obtained by multiplying twice the sum of column (10) by the 
purlin concentration on the rib. Conseciuently, for the loaded rib, 

//„ = 2 X G.973 X 24.505 = 342.0 k. 

In Fig 13-13(a) t\vo vertical forces of 1 k, one up and one doMii, arc 
applied to the ends of the rigid brackets. Again, by the Mullor-Breslau 
principle the resulting vertical deflection component of any definite point 
on the rib, divided 03 ”^ the resulting vertical spread between Ol and Or, 
will be the T'^o influence line ordinate for a vertical load at the definite 
point on the rib. The conjugate stnicture for the left half of the rib is 
shown in Fig. 13-13(b), and all computations are .shoM’n in Table 13-13. 
Note that all Fq influence line ordinates for points in the right half of the 
arch M'ill have the same value as for the opposing points in the left half, 
but M'ill have a negative sign Consequent!}', Fq for the loaded rib M'ill be 
zero. 

Finall}', a pair of unit couples arc applied to the ends of the rigid brackets 
in Fig. 13-14(a). As before, by the Muller-Breslau principle the vertical 
deflection component of any definite point on the rib, divided by the 
resulting rotational spread between Ol and Or (in radians), will be the Mq 
influence line ordinate for a vertical load at the definite point. The con¬ 
jugate structure is shoM ii in Fig. 13-14(b), and all computations arc shoM'u 
in Table 13-14. The value of Mq for the loaded arch i.s determined b}' add¬ 
ing the influence line ordinates for segments 1 through 10, doubling thi 
value to include the other half of the rib, and multipl 3 'ing the total by the 
purlin concentration. For the loaded rib. 


il/o = 2 X 05.55 X 24.505 = 3220 ft-k. 



Figure 13-12 
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Having determined the values of Hq, I'o, and Mq for the loaded rib, 
we must now evaluate the thru^t and moment at the centers of the various 
segments of the rib and at the crown. The moment at the crown i.s com¬ 
puted by statics (sc6 Fig. 13-15) as lollow.s; 


24 aU k. each roncontiatioii 



Mb -- -r3220 — X !) 31 ~ +30 it-k (counterclockwise). 


The moments at the centers of the various segments are most easily com¬ 
puted by first finding the value f)f the external moment at the left erd of 
the arch. This is ea.'-ily dclcriniii<*d with the information shown in Fig. 


13-15. 



H 




Mh = 30 ft k 
I{e«ultiiiit niuniotit of purlin 
coiu'cnliations ■= lljyOftk 


\Jl - 342.0 k 


Figurl 13 -lG 


If Ma is assumed to be clockwise, and elockwi-so moments arc considered 
to be positive, the equation expressing the fact that = 0 is 

Ma + 11.790 - .30 - .342.(» X .35.00 =- 0, 


from which 


Ma = f2.30ft-k 

The moments at the centers of the various .segments art^ computed in 
Table 13-15. Note that the simple beam moments .shown in column (3) 
are taken from Table 13-2. 
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Table 13-15. 


Segment 

(2) 

V 

(ft) 

(3) 

Simple 
beam M 
(ft-k) 

(4) 

Ma 

(ft-k) 

(6) 

Hy 

(ft-k) 

(6) 

Total 

moment 

(ft-k) 

A 

0.00 

0 

+230 


+230 

1 

3.29 

+1,050 

+230 

-1,130 

+150 

2 

9.44 

+3,010 

+230 

-3,230 

+10 

3 

14.98 

+4,830 

+230 

-5,130 

-70 

4 

19.88 

+6,490 

+230 

-6,810 

-90 

5 

24.13 

+7,950 

+230 

-8,270 

-90 

6 

27.69 

+9,200 

+230 

-9,490 

-60 

7 

30.57 

+10,220 

+230 

—10,470 

-20 

8 

32.73 

+11,000 

+230 

-11,210 

+20 

9 

34.18 

+11,530 

+230 

-11,710 

+50 

10 

34.91 

+11,790 

+230 

—11,960 

+60 

Crown 

35.00 

+11,790 

+230 

-11,990 

^-30 


The values for the axial thrust N at the centers of the various segments 
are computed in Table 13-16. 


Table 13-16. 


Segment 

V sin a 4 

H cos a 

= .V(k) 

.1 

153 

26$ 

421 

1 

132 

275 

407 

2 

106 

288 

394 

3 

83 

300 

383 

4 

62 

310 

372 

5 

44 

319 

363 

6 

29 

327 

356 

7 

17 

333 

3.50 

8 

8 

338 

346 

9 

2 

341 

343 

10 

0 

343 

343 

Crown 

0 

343 

343 


Finally, in Table 13-17, the adeciuacy of the rib is checked at the 
springing, the crown, and the centers of the various segments. 
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Table 13-17. 


Segment 

AT 

A 

(k/in2) 

Me 

I 

(k/in2) 

.VM , 

11 * 

/'A 

Mc/I 

Fb 

Decimal 
=» of 

capacity 

A 

10.6 

9.1 

0.67 

0.45 

1.12 

1 

10.2 

6.0 

0.64 

0.30 

0.94 

2 

9.9 

0.4 

0.62 

0.02 

0.64 

3 

9.6 

2.8 

0.61 

0.14 

0.75 

4 

9.5 

3.7 

0.60 

0.18 

0.78 

5 

9.5 

4.0 

0.60 

0.20 

0.80 

6 

9.5 

2.8 

0.59 

0.14 

0.73 

7 

9.5 

1.0 

0.59 

0.05 

0.64 

8 

9.5 

1.1 

0.60 

0.06 

0.66 

9 

9.7 

2.8 

0.60 

0.14 

0.74 

10 

9.8 

3.6 

O.Gl 

0.18 

0.79 

Crown 

9.9 

1.9 

0.62 

0.10 

0.72 


The values in the extreme right column of Table 13-17 indicate that a 
larger section is required at the springing, and that from .segment 1 to the 
crown the rib may be somewhat over-designed. This cannot be stated with 
assurance, however, until the scfondary stresses due to deflection of the 
rib are determined. These will be considered in Section .3-8. 

Example 13-7. An arch bridge with a span of 200 ft is to be built on a 
private road. The deck is to be wide enough for one lane of traffic. The 
anticipated loads are such that two ribs like those of Example 13-6 may 
be satisfactory. Construct the influence lines for thrust, shear, and moment 
at the crown, left quarter-point, and left springing so that the adequacy of 
the rib may be cheeked at these sections. The general arrangement of the 
bridge is shown in Fig. 13-17. 



When loads arc transmitted from the bridge de< k to the rib through 
columns, the resulting structurc is known as an open spamtrcl arch. The 
spandr('l of an an*h is that portion of the .striictui’c which is locatcfl above 
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the ribs or, in the ease of a filled spandrel arch, above the ring. The open 
spandrel arch usuaMy has two rihs supporting the dock. In the case of a 
filled sjjiindrel arch only one rib (ling) is used, but the width of this ring 
is e(iual to the full width of the .structure. Extending up to the roadway 
level from each side of the ring are jna.sonry or reinforced concrete walls. 
Tlu‘ space between the.se walls is filled with gravel or with other suitable 
fill and the roadwa 3 ' slab built o)i top Most (if not all) arch bridges now 
built arc of the open .spandrel type. 

In the ca.se of l‘Aanij)le (’» the rib ^\a.s analyzed for full load. The 
procedure was to <*oni])ute the ordinates, at .segment centers, for the in¬ 
fluence lines for //(i. I'o, and d/o The ordinates for each of these were 
then added and multiplied b,v 2 in ordiT to obtain the total for the entire 
rib In each ca.se this total was then multiplied by the concentration to be 
applied at each .segment c('nfer in order to obtain the values for Fo» 
and d/o for the fully loaded rib Then, by static.s, stre.sse.s were obtained 
throughout the rib. 

'riiis procedure is based on the as.sumiition that a partial loading of the 
rib, resulting in a more critical combination of stre.sses, i.s impossible. That 
is, it i.s considered vovy unlikely that a heavy snow load will accumulate 
on one-half of the roof while the other half remains unloaded. Occa- 
sionall.v it may be necc.s.sury or desirable to consider partial conditions of 
load, even for arc h ribs .supporting the roof of a structure. In some cases 
movable loail.s may be .suspended from the inside. When the arch rib is to 
supj)ort a bridge deck, moving loads must, of course, be considered. In¬ 
fluence line.s \\ill be re(|uired, and the.se will now be discussed. 

The extreme right colums of Tables 18-12, 1.8-l.‘l, and 18-14 show the 
ordinates of the influence lines for //„, and J\fo for the rib under con¬ 
sideration. The.se act as shown in Fig. 1.8-18. It is appariMit that He and 



r,., the thru.st and .shear, respectively, at the crown, are equal to Hq and 
Therefore' the ordinate's for the influence line.s for Ho and Tq may be 
2 )lotted directly to obtain the influence lines for He and Vf. The influence 
line ordinates for cro\\n inonient, Me, mu.st be computed from the ordi¬ 
nates for Ho ami Mo in accordance with 
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Me = il/o - 9.31//0. 


Those computations arc given in Table 13-18. 


Table 13-18. 


Segment 

Mi) 

(ft-k) 

//,. 

(k) 

. 5 : ^ 

0 

1 

Me 

(ft-k) 

1 

2 

0.32 

0.07 

0.05 

-0.33 

3 

0.99 

0.20 

1.80 

-0.87 

4 

2.03 

0.38 

3 54 

— 1.51 

5 

3.49 

0.58 

5.40 

-1.91 

G 

5.45 

0.80 

7.45 

-2.00 

7 

7.9r) 

1.01 

9.40 

-1.45 

8 

n.OG 

1.19 

11.08 

-0.02 

9 

14.85 

1.33 

12.38 

-f2.47 

10 

19.41 

1.41 

13.13 

-f6.28 

Crow li 

22.11 

1.41 

13.13 

+8.98 


The influence lines for He, and Me are diawn as dashed curves in 
Fig 13-19. These curves would be tlie correct influence lines for He, Ve, 
and Mg if loads could be applied directly to the rib throughout its entire 
length. It is proposed, however, to build the bridge with seven panels in 
the deck and six columns extending down to the rib. Therefore, loads 
actually can only be applied to the rib through these six columns. Con¬ 
sequently, the six points corresponding to these columns will be the only 
points of the reijuired influence lines which will be on the dashed curves 
of Fig. 13-19. Each influence line will consist of a series of straight lines 
between the.se points, and these are shown on this figure. The values of 
the ordinates at the six column points, as read from the dashed curves, arc 
shown in Table 13-19. 


Table 13-19. 


Load 

point 

Thrust 
He (k) 

Shear 

Ve (k) 

Moment 
.1/c (ft-k) 

1 

0.30 

-0.052 

-1.30 

2 

0.90 

-0.193 

-1.80 

3 

1.35 

-0.390 

+3 00 

4 

1.35 

+0.390 

+3.00 

5 

0.90 

+0.193 

—1.80 

6 

0.30 

+0.052 

-1.30 




+8 0 
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Having obtained the critical ordinates for the influence lines at the crown, 
we may in turn use these ordinates to compute the critical ordinates for 
the influence lines at the left springing and at the left quarter-point. 

In Klg. 13-20, a is the angle between the horizontal and the tangent to 
lh(‘ rib at any section for which the influence lines arc desired. He, Ve, 
and Me are all shown with positive senses. That is. Me will cause com- 
pre..sion on the top side of the rib. Hr will cause a thrust in the rib, and Ve 
indicates the sense of the shearing action when positive shear exists, lii 
this case, positive shear is arbitrarily deflned as the shearing action when 
the part of the rib to the right of a section tends to move down relative to 
the part of the rib to the left of the section. Note in l’’ig. 13-20 that the 

1 k load is shown dotted at load point 2 merely to indicate the two com¬ 

ponents into which this unit load will lx; resolved when acting at load 
points 1, 2, or 3. When this 1 k load is actually acting at any one of these 
thi-ee points, Ve will have a sense opposite to that indicated in this figure. 

From Fig. 13-20 it should be apparent that the thrust, shear, and mo¬ 
ment at the left springing, respectively designated by T„ S„ and M„ will 
be given by the following: 

-{■Hr. COS a, 4- Vr .sin o, + l*sin a, = T,, 

—Hr sin a* Vr co.s a, + 1-eos a, = S,, (13-6) 

I 35.00^e - IOO.OOT; 4- Mr - l(a- of 1 k load) = ilf,. 

Note that the last term in the expression for M, will have a value only 
when the 1 k load is at column points 1, 2, and 3. 

The equations for T,, Sq, and Jl/,, the tiuarter-point thrust, shear, and 
moment, respectively, arc 

-\-Hc cos oq -f- Ve sin a, 4- 1 -sin a, = Tq, 

—He sin aq 4- FpCosa, 4- I sin (13-7) 

4-7.99//* - 50.00F„ 4- il/* - 1 (j: of 1 k load) = Mq. 

The last term of the expression for Mq will have a value only when the 
1 k loud is at column points 2 and 3. 

The. coordinates for the required influence lines at the left springing 
and at the left fquarter-point are computed in Tables 13-20 and 13-21. 
Theserinfluence lines are plotted in Figs. 13-21 and 13-22. The rib can be 
cheeked for adequacy at these sections by placing the live loads on the 
.span in positions, as indicated by the influence lines, to give possible critical 
combinations of stresses. 
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Table 13-20. 


Ordin.vtes for Influence Li.nes for Left SpRiNcnxa 


Load 

point 

-f//f cos a, 
-1-0.624// c 

-| V, .sin a, 
1 0.7S2r, 

Thrust 

-f-l'sin a, 

-1 0.782 

II 

1 

-1 0.19 

WBSi 

-h0.7S 

-hO.93 

2 

-f-0.56 



f 1.19 

3 

-fO.84 


1 0.78 

1-1.32 

4 

-fO.84 



-f-1.14 

5 

-fO.56 

1 0.15 



6 

-I-0.19 


0 

-fO.23 




Shear 


Load 

— Ilf sin a. 

\ Vf cos a 

! Itosqt* 

= Sf 

point 

-0.782//, 

-i-0.624Fc 

-1-0.624 

(k) 

1 

-0.23 

-0.03 

-1-0.62 

-f-0.36 

2 

-0.70 

—0.12 

-1-0.62 

-0.20 

3 

—1.06 

-0 24 

1 0.62 

-0.68 

4 

—1.06 

-! 0.24 

0 

-0.S2 

5 

-0.70 

( 0.12 

0 

- 0.58 

6 

-0.23 

-f0.03 

0 

- 0.20 


Load 

point 

-1-35.00^ c 

-lOO.OOT, 

Moment 

-f -1/ f — 1 (.r of I k load) -= 

(tt-k) 

1 



-1.3 

-28 6 

— 14.2 

2 


■IE9 

-1.8 

- 57 1 

-8 1 

3 

+47.2 

+39.0 

+3.0 

• S5.7 

-f-3.5 

4 

+47.2 

-39.0 

-1-3.0 

0 

f-11.2 

5 

+31.5 

-19.3 

-l.S 

0 

-1-10.4 

6 

+10.5 

- 5.2 

-1.3 

0 

-1-4.0 
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Table 13-21. 


Ordinates for Influence Lines at Left Quarter-Point 


Load 

point 

-\-He cos a, 
+0.950//, 

+Vc sin a 
+0.3127, 

Thrust 

t +l'sin a, 

+0.312 

T, 

(k) 

1 


+0.29 


0 

+0.27 

2 




+0.31 

+1.11 

3 


+1.28 

-0.12 

+0.31 

+1.47 

4 


+ 1.28 

+0.12 

0 

+1.40 

5 


+0.86 

+0.06 

0 

+0.92 

6 


+0.29 

+0.02 

0 

+0.31 





Shear 


Load 

—He sin Of, 

+7, cos a, 

, +l'COsa, = 


point 

-0.312^c 

+0.9507, 

+0.950 

(k) 

1 




0 

-0.14 

2 


-0.28 


+0.95 

+0.49 

3 


-0.42 



+0.16 

4 


-0.42 

+0.37 

0 


5 


-0.28 

+0.18 

0 

-0.10 

6 


-0.09 

+0.05 

0 

-0.04 




Moment 


Load 

+7.99ffc -SO.OOVc 

+Mc - 

-1(® of Ik load - 25.00) 

M, 

point 





(ft-k) 

1 


+2.4 +2.6 

-1.3 

0 

+3.7 



+7.2 +9.6 

-1.8 

-7.1 

+7.9 


+10.8 +19.5 

+3.0 

-35.7 

-2.4 


+10.8 -19.5 

+3.0 

0 

-5.7 

5 


+7.2 -9.6 

-1.8 

0 

-4.2 

6 


+2.4 -2.6 

-1.3 

0 

-1.5 
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^ Figure 13-21 

Eh 


+1.4 

+1.2 

+1.0 

+0.8 +8.0 
+0.6 +6.0 

-M>.4 +4.0 
+ 0.2 + 2.0 
0.0 0.0 
- 0.2 - 2.0 
-0.4 -4.0 
- 0.6 -60 
- 0.8 - 8.0 




Figure 13-22 
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13*8 Secondary stresses in arches. As indicated in Section 3-7, i^e 
stresses in an arch rib may be materially afifeeted by the deflection of the 
rib when loads are applied. If a rib is analyzed by the “elastic theory," the 
effects of deflection aix* iKiiowd. When the effects of deflection are included 
in the analysis, the arch is (‘onsidered to have been analyzed by the “de¬ 
flection theory.” In each case the rib is considered to be clastic. 

When the elastic theory is applied, it is assumed that the lever arms of 
the horizontal reaction components will be ecjual to the vertical ordinates 
to the axis of the unloaded rib. Obviously this is incorrect because the 
horizontal reaction components cannot e:(ist until the arch is loaded and 
in its deflected position. The deflected position cannot be determined until 
the moments are known throughout the loaded rib. 

A satisfactory procedure for including the effects of deflection in the 
analysis of an arch rib is as follows: 

(1) Having analyzed the rib by the elastie theory and having designed 
it, compute the vertical deflection components for all segment centers 
and the crown as caused by the moments obtained by the analysis. Since 
only vertical deflection components arc required, these may be obtained 
by applying the elastic loads to a conjugate beam with a span equal to 
the span of the arch. If a hingeless arch is being analyzed, the conjugate 
beam Avill have no reactions, since the arch ends will not rotate or deflect. 
If the arch is two-hinged, the conjugate beam will be a simple beam with 
an external reaction at each end. Apply the deflections thus determined 
as corrections to the vertical ordinates to the undcflected arch axis in order 
to obtain the ordinates to the deflected rib. 

(2) Make a second analysis by the elastic theory, using the vertical 
ordinates to the deflected rib as determined in (1). If the arch is two- 
hinged, the computations of Table 13-0 will have to be repeated using the 
new values of m = y. If the arch is hingeless, the computations of Tables 
13-11 and 13-12 will have to be repeated and a new value for Hq de¬ 
termined. In either case new moments must be computed for all ^gments. 

(3) Compute a new set of deflection components using the revised mo¬ 
ments obtained in (2), and then make another analysis as in step (2). The 
cycle is repeated until the differences between the values of the horizontal 
reaction components, moments, and deflections for two succeeding cycles 
are considered to be negligible. 

It will be found that two-hinged arches are more seriously affected by 
deflections than are hingeless arches. It is important to note that unless the 
series of corrections as determined by the cycles of computations (as de¬ 
scribed above) converge, the rib will collapse. 

In the case of the two-hinged rib of Example 13-4, the computations 
of steps (2) and (3) above were repeated five times. The differences between 
corresponding values, as given by the fourth and fifth cycles, were small 
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enough to indicate that additional cycles wore unnecessary. These com¬ 
putations were based on initial moments, obtained from a first cycle., 
which were accurate to the nearest ft‘k. Moments and deflections for the 
first, second, and fifth cycles are shown in Table 13-22. Negative moments 
cause tension on top of the rib and positive deflections are up. 

Table 13-22. 


V' 

Segment 

or 

section 

Moment (ft-k) 

Cycle 1 Cycle 2 Cycle 5 

Deflection (in.) 

Cycle 1 Cycle 2 Cycle 5 

1 

-54 

-65 

-70 

+0.31 

+0.39 

+0.43 

2 

-151 

-182 

-196 

+0.87 

+1.11 

+1.21 

3 

-186 

-229 

-249 

+ 1.21 

+1.55 

+1.70 

4 

-172 

-219 

-243 

+ 1.24 

+1.62 

+1.78 

5 

-130 

-175 

-198 

+0.94 

+1.26 

+1.39 

6 

-73 

—105 

-122 

-+0.34 

+0.51 

+0.55 

7 

-12 

-25 

-33 

—0.45 

-0.52 

-0.61 

8 

-H2 

+50 

+55 

-1.29 

— 1.64 

-1.89 

9 

+82 

+110 

+124 

-2.01 

-2.61 

-3.00 

R) 

+103 

+141 

+163 

-2.43 

-3.19 

-3.67 

Crown 

+72 

+111 

+133 

-2.43 

-3.19 

-3.67 


The values of H, the horizontal reaction component, for the first through 
the fifth cycles are 334.8 k, 335.5 k, 335.9 k, 336.0 k, and 336.1 k. A check 
on the decimal capacity of the rib, as in Table 13-8, will indicate that its 
design capacity is exceeded at segments 3 and 10 by abput 10%. The rib 
section ^ould be enlarged and the entire analysis repeated. 

In the case of the hingeless rib of Example 13-6, three cycles of computa¬ 
tions were required, and the results of these are shown in Table 13-23. 
Moments are accurate to the nearest ft*k. 

The value of H, the horizontal reaction component, increases from 342.6 k 
in the first cycle to 343.8 k in the second cycle, and finally to 344.1 k 
in the third cycle. A check of the decimal capacity of the rib indicates 
that it is satisfactory at the crown but that its design capacity is exceeded 
by about 20% at the springing. 

It is interesting to note that while designing the Rainbow Arch for 
Niagara Falls, Hardesty, Garrelts, and Hedrick (1) found that values for 
the moments at various sections of a two-hinged rib, as obtained by the 
deflection theory, can be rather closely approximated by completing two 
cycles of computations and then applying the following eiiiiutioii: 


(13-8) 
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Table 13-23. 


Segment 

or 

section 

Cycle 1 

Moment (ft'k) 

Cycle 2 Cycle 3 

Deflection (in.) 

Cycle 1 Cycle 2 Cycle 3 

A 

+227 

+253 

+258 




1 

+149 

+170 

+174 




2 

+5 

+12 

+13 

+0.24 

+0.27 

+0.28 

3 

-72 

-79 

-80 

+0.49 

+0.57 

+0.58 

4 

-96 

-115 

—118 

+0.63 

+0.75 

+0.77 

5 

-89 

-109 

-114 

+0.58 

+0.71 

+0.73 

6 

-59 

-77 

-81 

+0.33 

+0.42 

+0.44 

7 

—21 

-30 

-33 

-0.07 

-0.06 

—0.07 

8 

+17 

+17 

+17 

-0.53 

-0.64 

-0.67 

9 

+46 

+57 

+60 

-0.95 

-1.16 

-1.23 

10 

+61 

+78 

+83 

-1.20 

-1.48 

-1,57 

Crown 

+30 

+47 

+51 

-1.20 

-1.48 

-1.57 


In £q. 13-8 is approximately the value for the moment at a given 
section which would be obtained if the deflection theory were applied; 
Af • is the value obtained for the moment at the same section by the 
first cycle of the elastic theory; and Am is the difference in the given 
moment as indicated by the first and second cycles of the elastic theory. 
If the appropriate values in Tables 13-22 and 13-23 are substituted in 
this equation, the results will be as shown in Table 13-24. 


Table 13-24. 


Segment 

or 

section 

Moments (ft*k) 

Two-hinged rib Hingeless rib 

.1 

0 

+256 

1 

-68 

+173 

2 

-190 

0 

3 

—242 

-80 

4 

-237 

-120 

5 

-199 

-115 

6 

-130 

-85 

7 

0 

-37 

8 

+52 

+17 

9 

+124 

+61 

10 

+163 

+85 


These results agree very \vell, particularly for the hingelcss arch, with the 
fiiiid values for moments in Tables 13-22 and 13-23. 
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MODEL ANALYSIS OF STRUCTURES 

14-1 General. Structiinil model analysis has lieen iiiercasingly recog¬ 
nized during the jjast two or tin ex' de( ades us an important tool of research 
ajul as a vahiahle supplement to the usual theoretical methods of structural 
analysis and design. Th(' i-easons for using a model to i»olve a structural 
problem are Miried. A mod('l analysis is indicated, for e.\ample, when an 
alternate mathematical analysis is either impossible or impractical. 
Occasionally a model aiiiil\>'i.s is r(*(|uired to verify the mathematical 
analysis of an unusual or complicated structure, as ha> been the case with 
several suspc'iisioii bridges built in n*ceiit > cars. As another example, an 
engineer who works alone will olleii find that a simple model analysis is 
the best way to verity the tmal design of an mdeterininate structure. 

rnfortunately, howi'ver, it is not always jiossible to design and load a 
model so that its ivspoiise will he similar to that of the structure it is 
8uppo.scd to simulate, l or c\ample, structural details such as welding or 
riveting do not scale up or down successfully. Reliable experimental in¬ 
formation as to stre.ss distribution in the immediate vicinity of these de¬ 
tails must tlMTcfon' be determnu'd directly from the prototype. Another 
difficulty is due to the fact that the various conditions which must be satis¬ 
fied to achieve comidctc .similarity between the model and the prototype 
may be incompatible. In this case a model analysis is either impossible 
or of doubtful value. I’liis difficulty is most often encounten'd with 
dynamic loads. 

If the prototype In to be subjected to static loads, then the model will 
he loaded statii'idly. In this ca.se the principles involved in the design 
of the model, and the actual testing, arc (luite simple. Valuable experi- 
mi'iital verification of a mathematical analysis can often be obtained with 
a simple nuKlel of cellulose acetate; hard cai’dboanl can also be used with 
considerable succe.ss. If dynamic loads arc to be considered, however, 
the principles involved are mow complicated and expc'iisivo recording 
c<|uipmeiit is n'<|uired. (I)ynuinic loading of models will not he considered 
in this discussion, although some pertinent refewnces will be found in the 
bibliography at the end of this chapter.) 

The various methods for the model analy.sis of structures subjected to 
static loads are conveni(*ntly divided into two clas.sirications. These very 
logically have* been de.sigiiated (Hi) as the indirect and the direct types. 
In the indirei't t.v|K' of analy.sis the loading of the model is completely 
univlaled to the loading of the prototype. No readings of strain are taken 
« 5S4 
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oil the model. A known displacement or distortion is impressed at the 
point of action and in t}\e direction of a desired external rcaction or in¬ 
ternal stress component, '■md the resulting displacements of all load points 
are measured. Then, in accordance with the Muller-Breslau principle, an 
influence line is obtained for the reaction or stress component. In the case 
of a direct type of analysis, however, the model is usually loaded in exactly 
the same manner as the prototype. Strain mea^suring devices are often 
mounted directly on the model and the strains recorded. Model deflec¬ 
tions are also observ'ed, and corresponding stresses and deflections in the 
prototype are determined from these model strains and deflections. 

Regardless of which type of analysis is used, the model must be designed 
in accordance with certain principles in order to establish definite relation¬ 
ships or similaritie.s between the response of the loaded model and the 
response of the loaded prototype. The principles which establish these 
relationships arc known as the principles of similitude: they govern both 
the design of the model and the extrapolation of the results to predict the 
prototype response. The principles are few and simple for any indirect 
type of model analysis and are slightly more numerous, but still simple, 
for a direct analysis of many common types of structures under static loads. 

3* 

14-2 Structural similitude. Although this chapter will be restricted to 
consideration of the design and use of statically loaded structural models, 
it is nevertheless advisable to consider briefly the physical significance 
of the mechanics of similitude. In this discussion, frequent use will be 
made of the words homologous and prototype. The word homologous signifies 
the state or condition of having, or being in, the same relative position, 
proportion, or value. The word prototype means the original (in this case, 
the actual) structure. Thus homologous strains are strains in corresponding 
fibers of prototype and model for the same relative condition of load. 

Similitude, or similarity, between two objects may exist with regard 
to any one of their physical characteristics. In reference to the required' 
relationships between a prototype and a suitable model, however, three 
kinds of similitude will, in the general case, be necessary and suflScient: 
(1) geometric similitude, (2) kinematic similitude, and (.3) dynamic and/or 
mechanical similitude. 

Geometric similitude is similarity of form. This means that all homol¬ 
ogous dimensions of prototype and model must be in some constant ratio. 
As this discussion develops, it will become evident that in some structural 
models certain dimensions, which do not affect the response of the model, 
may be exempted from this requirement. 

Kinematic similitude is similarity of motion. This means that during 
any impressed movement or deflection all homologous particles of proto¬ 
type and model must traverse geometrically similar paths and t|^at the 
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velocities of these homologous particles must always be in some constant 
ratio. When the loading is static this requirement means simply that the 
deflections of all homologous points of prototsrpe and model must be in 
some constant ratio. 

Dynamic and/or mechanical similitude is similarity of masses and/or 
forces. This means that kinematic similitude must, first of all, exist. In 
addition, the masses of all homologous parts of prototype and model, 
and all homologous forces which affect the motions of prototype and model, 
must be in some constant ratio. Absolute dynamic similitude is always 
difficult and usually impossible to achieve. In the case of static loadings, 
however, mechanical rather than dynamic similitude is required. Only 
gravitational and elastic forces are involved, and similitude can often be 
realized. 

To summarize the last three paragraphs as they apply to statically loaded 
structural prototypes and models, the requirements for similitude are: 
(a) all homologous linear dimensions must be in some constant ratio, (b) 
all homologous linear deflections must be in some constant ratio, and (c) 
all homologous external loads, internal elastic forces, and dead loads must 
be in some constant ratio. These constant ratios are known as scale 
factors. When these scale factors are determined and applied to the 
several dimensions, properties, and loads of the prototype, the corre¬ 
sponding dimensions, properties, and loads for the model will result. 

Scale factors for structural models may be derived by either of two 
methods: 

(1) By the application of structural mechanics to express mathematically 
the conditions of similitude between the model and the prototype. 

(2) By dimensional analysis. 

Both methods will be discussed in.this chapter. 

14-3 Fundamentals of indirect model analysis. Consider the prototype 
beam shown in Fig. 14-1 on which the point 0 may be located an 3 rwhere 



Fioub'e 14-1 

between A, B, and C. Assume that this beam is acted upon by two different 
systems of loads and reactions, as shown in Figs. 14-2(a) and 14r-2(b). 
Applying the Maxwell-Betti reciprocal theorem to Systems 1 and 2, we 
obtain 


Rb • Abb — 1 • Aqb = 0, 
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(a) 



from which 


Rb = 1 


Abb 


(14^1) 


Thus it is apparent, since 0 may be any point along the beam between 
reactions, that the deflected beam of Fig. 14-2(b) is the influence line for 
Rb' 

As an alternate to System 2 in Fig. 14-2(b), consider System 3 as shown 



in Fig. 14-3. The Maxwell-Betti reciprocal theorem applied to Systems 
1 and 3 results in 

Ta ' 9a A — 1 • A5x — 0, 


m _ 1 AojI 

Ia — I - ■ 

9aA 


(14-2) 


and therefore 






588 


MODEL ANALYSIS OF STRUCTURES 


[CHAF. 14 


As before, since 0 may be any point along the beam between reactions, 
the deflected beam of Fig. 14-3 is the influence line for 7U- 
Equations (14-1) and (14-2) have been written for the prototype. The 
same procedure can be applied to a model. The corresponding equations 
(if a bar over a symbol represents a quantity on the model) would be 


Ta 


^bb' 

(14-3) 

^AA 

(14-4) 


Before the model results can be extrapolated to obtain influence lines for 
, the prototype, however, the relationships of Rb with Rb and of Ta with 
Ta must be established. Obviously these relationships depend on the 
relative deflections of the prototype and the model, and these can be 
determined by virtual work deflection equations. For the prototype of 
Fig. 14-2(b), 

^OB = J Mb ' mo - ^ - (14-5) 

I 

In the above equation, Mb in the moment at any section of the prototype 
caused by R^, and mo is the moment at any section due to a unit vertical 
fictitious load at 0. The corresponding equation for a model of the proto¬ 
type of Fig. 14-2(b) would be 

Vb-Ho — - (14-6) 

In this case, Mb is the moment at any section of the model caused by 11%^ 
'And Wo is the moment at any section due to a unit vertical fictitious load 
at 0 on the model. 

Assume that the following scale relationships exist between the model 
and the prototype; 

k'Tj — L, n - 1 = I, q-R = E, v-T = F, 

where A', n, q, and v arc scale factors and where L represents length, I is 
moment of inertia, E is the modulus of elasticity, and F represents force. 
It follows that 



kvMs = Mb, kWo = mo, kWe = dx. 
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Substituting in Eq. (14r-5), 

£ioB = j (kvl^B)iklflo) 

= ~ • ^B- (14-7) 

gn 

This same relationship holds for all linear deflections of corresponding 
points of the prototype and the model. If Eq. (14-7) is substituted 
in Eq. (14-1) and compared with Eq. (14-3), the result is 


p — 1 ik\/qn) • 3ob _ Aqb _ -p 
^ (kH/qn) • I^bb ^bb ^ 


(14-8) 


It is thus evident that force reaction components for the prototype can 
be computed directly from an influence line obtained from a model and 
that they will be independent of the scale factors k, n, g, and v. In other 
words, the influence line for any force (external reaction component or 
internal shear or axial thrust) induced by loading of the prototype will 
be identical to the corresponding influence line obtained for the model. 

Next, consider the prototype of l^'ig. 14-3. By virtual work the expression 
for Baa is 

Oaa = j Ma • niA ■ » (14-9) 


where Ma is the moment at any section of the prototype resulting from 
rj', and Ma is the moment at any section caused by a unit fictitious couple 
at yl. In a model of the prototype of Fig. 14-3, 


9aa 


J "Ma ’ Tin A • 


dx 

m ' 


(14-10) 


where 317^ is the moment at any section of the model resulting from the 
couple Tx, Rnd Wa is the moment at any section caused by a unit fletitious 
couple at il. In this case. 


V • "Ma = Ma and = tba. 

Substituting in Eq. (14-9) and comparing with Eq. (14-10), we obtain 



kdx _ ^ 2 
{qE){nt) qn 


(U-II) 
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The expression for for the prototype of Fig. 14-3 is 

= / MaMo ^ I (14-12) 

Avhere Ma is the moment at any section of the prototype as caused by 

and mo is the moment at any section caused by a unit vertical 

fictitious force at 0. For the model, 

AbA = jMAMo^. (14-13) 


where I^a is the moment at any section of the model as caused by T'Ji, 
and Wlo is the moment at any section caused by a unit vertical fictitious 
force at 0. Since the moments and are applied loads, then 


and consequently, 


Also, 



vMa = Ma. 


kfKo — 


Substituting in Eq. (14-12) and comparing with Eq. (14-13), we find that 
t>hA = j (iiWA)(kmo) =^-ZbA. (14-14) 

If Eqs. (14-11) and (14-14) are substituted in Eq. (14-2), the result is 

TA^k-^- (14-15) 

Substitution of Eq. fl4-4) in Eq. (14-15) yields 

TA = k- Ta. (14-16) 

Thus it is apparent that influence line ordinates for a moment reaction 
component of the prototype may be obtained by multiplying by the linear 
dimension scale factor k the corresponding ordinates of the corresponding 
moment influence line obtained from the model. It can be demonstrated, 
in a manner similar to that used above, that this multiplication by k is 
also necessary when evaluating the ordinates of influence lines for in- 
tenial moments in the prototype. 
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On the basis of the preceding discussion, it is apparent that a model 
which is to be used for an indirect analysis of a prototype in which only 
flexural strain is important must be designed in accordance with the 
following relationships: 

kh ~ L, nl = /, qE == E, vT = F. 

The first of these relationships requires that some constant k times a 
linear dimension in the model must equal the corresponding dimension 
in the prototype. This is applied to axial dimensions only. When flexural 
strains alone are important, it is not necessary to apply the linear scale 
factor to cross-sectional dimensions. 

The second relationship, however, does govern the cross-sectional di¬ 
mensions to the extent that the moments of inertia of corresponding sec¬ 
tions of homologous flexural members of model and prototype must be in 
.some constant ratio, designated by n. 

The third condition simply indicates that in all practical cases the mod¬ 
ulus of elasticity of the constniction material must be uniform throughout 
the model at any instant. It is permissible for this modulus to vary with 
time provided that the same variation occurs simultaneously for all the 
material in the model. 

The fourth condition stipulates that homologous forces and loads, 
external and internal, must be in a constant ratio, designated by v. Al¬ 
though this requirement does apply, it is not important in indirect analysis 
since the magnitude of the applied force or moment necessary to produce 
a given distortion need not be known. 

A noteworthy fact is that although the fundamentals of indirect model 
analysis have been developed in connection with a structure composed of 
flexural members, a similar development would have resulted if the proto¬ 
type had been articulated. It is important to note that the second condi¬ 
tion, nl = 7, applies only to flexural members. If an articulated prototype 
had been used lor the demonstration, then this condition would have been 
replaced by eZ — A, Avhere e is the scale factor for cross-sectional areas 
and A represents the cross-sectional area. 

If several members are subjected to both axial and flexural loads, then 
l>oth conditions theoretically should be satisfied. Although this may be 
possible, the conditions will often be found to be incinnpatible. Conse- 
<]uently, that condition should be satisfied which applies to the primary 
function of the member, that is, whether it be to resist flexural or axial 
loads, and the other condition should be satisfied as nearly as possible. 

The properly designed model is subjected to an impressed displacement 
at the point of application and in the line of action of an external reaction 
component or internal stress component. The resulting deflection curve of 
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the model, as measured at the points of application and in the direction 
of the loads to l)c applied to the prototype, will to some scale be an in¬ 
fluence line for that external reaction component or internal stress 
component. 

The impressed di.splaccments ne(‘(‘ssary to obluin various influence lines 
may l)c explained by Maxw(‘U’s recipro<*al deflection theorem. Suppose, 
for example, it is desired to compute the ordinates for an influence line 
for the reaction at B in the beam of l’’ig 14-4(a). Let D ho any point along 




1 ) 

(a) 

k 

(c) 

Figure 14-4 







the beam between supports. The support at B is considered to be removed 
and a load of 1 k is assumed to act at B as shown in Fig. 14-4(b). The re¬ 
sulting deflections, Bbb nnd Sbb, ere evaluated. The 1 k load is then moved 
to act at point D and the magnitude of the deflection Sbd i» determined. 
By the general method, 


Rb = 


ijip 


but by the reciprocal deflection theorem, 


Bbd = Sdr 


Therefore, 



It is thus demonstrated that the deflection curve of the beam, with the 
reaction at B removed and a unit load applied at B, is an influence line 
for the reaction at B. Actually, any vertical force P could have been as- 
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sumecl instead of 1 k without -changing the value of the influence line 
ordinate as given by the right side of the last equation above. In this case 
both numerator and denominator would ha^'e Ijiccn multiplied by Pj 

If the influence line is to be determined experimentally by indirect 
model analysis, the magnitude of the force applied at B is of no importance. 
Conseciucntly, the point B is caused to deflect a known amount. The 
influence line ordinate for the reaction at P, for any load point such as D, 
will then be the deflection of D divided by the impressed deflection at B. 

If influence line ordinates are to he computed for the internal moment 
at B, the flexural continuity of the beam is assumed to be removed at this 
point. This is accomplished by considering a pin as inserted in the 
beam at B. A load of 1 k is applied at any point D and the beam deflects 
as shown in Fig. 14-5(a). The rotational deflection a'^j) having been 



(a) 


UBB 



Figure 14-5 

# 

evaluated, the 1 k load is removed. Two unit couples arc then applied to 
the ends of the two kpans at B, and the values of the deflections aaa and 
are determined. Then, by the general method and the reciprocal 
deflection theorem, 

aoB otBB 

The manipulation of a model to determine the same influence line 
experimentally is indicated by Fig. 14-5(b). The model is cut through 
at B but each span is still pin-connected to the support. A known relative 
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rotation is impressed between the ends of the two spans. The dis¬ 
torted model must be free to rotate about the pin support at to a 
position of cc|uilibrium. Any interference with this rotation will result in 
incorrect results. The ihfluence line ordinates for Mb for a load at any 
point such as D will be equal numerically to the linear deflection i'^B 
divided by the rotational deflection ubb, measured in radians. As pre¬ 
viously demonstrated, each quotient must be multiplied by the linear scale 
factor k to obtain the proper value for the prototype. If S^b is measured 
in inches, the influence line ordinate indicates the moment Mb in inch- 
kilopounds or in inch-pounds. If i'oB ^ measured in feet, the ordinate 
signifies the value of ilf b in foot-kilopounds or foot-pounds. 

Computation of the ordinates for the influence line for moment at any 
point E between supports is explained by means of Fig. 14-6(a) and (b). 
The beam at this section is assumed to be incapable of resisting the par¬ 
ticular stress component for which the influence line is desired. Conse- 



(b) 

Fioure 14-6 

quently, a pin is considered to exist in the beam at E. In Fig. 14-6(a) 
a unit load is applied at D and the magnitude of the relative rotation 
a'sD portions of the beam on each side of the pin is computed. 

The unit load is removed and a pair of unit couples is applied as shown 
in 14-0(b). The resulting deflections, and ftre evaluated. Then, 
as before, 

if* = 2^ = 

«A'£ asE 
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Since D may be any point along the beam between supports, the curve of 
the deflected structure in Fig. 14-G(b) is an influence line for the internal 
motnent at E. 

When the influence line is to be determined directly from observed 
deflections of a model, the model is cut at section E. A device is clamped 
to the model at this cut which makes it possible to impress some small 
uee of known value. This device must not exert any external action other 
than to cause the relative rotation Thus the model is free to assume a 
position of equilibrium consistent with the impressed distortion. The 
influence line ordinate for the moment at E for any load point such as D 
will then be ecjual to the observed linear deflection of D divided by the 
impressed relative rotation ass- The quotient must be multiplied by the 
linear scale factor k to obtain the correct value for the prototype. 

Ordinates for an influence line for shear at any point such as E can also 
be computed. Consider that the beam of Fig. 14-7(a) is cut at E and that 




(a) 



(b) 

FiGURh 14-7 


a device is inserted which permits a relative transverse deflection between 
the two beam ends at the cut, but which requires that these ends shall 
always have a common slope. In other words, the shearing resistance of 
the beam has been removed at E, but flexural resistance has not. In 
Fig. 14-7(a), a 1 k load is applied at D resulting in the relative linear de¬ 
flection 5ed at E. Application of a pair of 1 k loads at E, as in 14-7(b). 
results in See and As before, 

C ___ SeD __ SjiE 
^ See ^eb 

In the use of a model to obtain the influence line, a cut is made at and 
a device as described above is actually clamped to the model on the two 
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sides of the cut. A known Bee is applied and the deflected model, after 
assuming a po.sition of equilibrium consistent with the imprc.s.scd distortion, 
is to some scale the recpiired influence line. 

14-4 Model materials for indirect types of analysis. Certain charac¬ 
teristics are obviously de.sirablc in a material to be used for constructing 
a model. The material should, of course, be inexpensive and easily ob¬ 
tainable. It should be ea.sy to cut, shape, and join together. Its physical 
properties should not change with time, humidity, stress, or temperature. 
It should obey Hooke’s law and it should be isotropic. 

Xo one material will .sati.sfy all these reciuirements. Steel, brass, alum¬ 
inum, wood, and conercte have all been used as model construction ma¬ 
terials with varying degi'ees of success. All things considered, however, 
it is probable that cellulo.se acetate Avill be found to be the most satisfactory 
material for the constniction of models to be used in indirect analysis. 
It is easily machined and it is isotropic. It is readily joined by means of a 
<*ement made by dissolving scraps of the material in acetone. It is inexpen¬ 
sive. Time, humidity, and temperature will, however, cause the elastic 
properties to change In addition, cellulose acetate will creep considerably 
under load. When a constant load is applied to a cellulose acetate model, 
about SoCr of the total deflection will occur during the first few seconds. 
Another 13%, or perhaps 14%, Avill occur during the next fifteen to 
thirty minutes. Additional creeping will (‘oiitinue slowly after this. 
Thus, if a definite constant load is applied to a model made of this ma¬ 
terial and the irsulting deflection is desired, there will be considerable 
(luestion as to exactly when the final deflection ha.s been reached. 

As previously demonstrated, in indirect model analysis it is not necessary 
(fortunately) to apply a definite load and read the resulting deflections. 
Instead, the model is caused to deflect a known amount at a given point 
and hehl in this position while simultaneous deflections of other points 
are jioted. The magnitude of the force causing the known deflection is 
of no importance, and consecpiently the creep of the model will, in this 
respect, cause no difficulty. 

One other passible effect of ci-eep has to Ihj considered, however, before 
cellulose acetate can be judged acceptable as a model constniction ma¬ 
terial. This is the possibility that the creep may cause the shape of the 
deflected stnicturc to change with time. This, of course, would mean that 
a dilTerent influence line for a given stress function Avould be obtained for 
every different time of reading. Tor a demonstration that this does not 
occur, consider the beam of Fig. 14-8. A load Pt is applied at point C 
of span AB oi .sufficient magnitude to cause the deflection Ac- Pt is not 
a constant loud; instead, it varies as necessary to maintain a constant Ar 
as the modulus of elasticity Et of the cellulose acetate varies with time. 
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Figprk 14-8 


It has been established that the modulus of elasticity of this matcriul 
docs not vary \Aith stress intensity, and thercfore Et is uniform at any 
instant throughout the loaded model. Consequently, the tleflection of 
point C Td&y be expressed as 


= Qli ‘ 


Pj 

Et' 


where Qb is a constant depending on the dimensions of the beam. Thus, 

El — ^S. — K 

Et ~ Qb ~ ’ 

where K \a & constant and therefore does not ^’ary with time. The de¬ 
flection of any other point N along the beam may be expressed as 

Ajv = Qs • ^ = Qn ■ K. 


We therefore conclude that the deflection curve of a cellulose ai'etate 
model which is subjected to a constant deflection at a given point will not 
change with time, and that as a conse<|uence, thi.s material is suitable 
for the construction of models for indirect analysis. 

14-5 The spline method of indirect analysis. The simplest of the 
indirect methods utilizes a long flexible strip, or spline, of some material 
such as brass, steel, or wood for the model. The moment of inertia of 
homologous sections of the prototype and model must, of course, be in 
some fixed ratio. Consequently, if brass or steel strips or wires are to be 
used, the method is practically limited to continuous beams with constant 
moments of inertia within individual spans. Othei^vise, strips or wires 
would be required with depths or diameters varying so as to agree ivith 
the prototype, and these would require special machining. The strip is 
mounted on a flat surface with small nails driven as close as possible against 
the top and bottom edges at all points of support, except the one for which 
the reaction influence line is desired. This reaction point of the mo^Iel is 
then displaced a known amount and the resulting deflections, in the direc- 




598 


MODEL ANALYSIS OF STRUCTURES 


(chap. 14 


tion of applied loads, arc rccord(‘d for all load points. The reaction influence 
line ordinate for each load point will be the recorded load point deflection 
divided by the impressed deflection of the reaction point. 

The Gott.schalk continostat (11) is a refinement of the above method. 
The simplest way of measuring deflections is to mount the model on cross- 
section paper and to read these deflections directly on this as a background. 
When this is done, a rather large impressed deflection must be used in 
order to minimize the effect of errors in reading. This introduces other 
errors, however, as will be di.scusscd in the section which follows. 

14-6 Errors resulting from changes in geometry. Large deflections 
introduce errors because of tlie change in geometry of the model. These 
may be minimized by iinpre.ssing one-half of the desired total displacement 
alternately in each direction from the neutral position of the model. The 
total movement of any load point is then measured from one deflected 
position to the other. This has the advantage of reducing the possibility 
of overstrain mg the model. .V denion.stratioii similar to that given by Wil¬ 
bur and Norri.'< (1(>) will explain why this procedure will tend to eliminate 
errors caii.sed by a change in geometry. 

Suppo.se that in I'ig 14-9 an infliienee line is required for the vertical 



Figuim 14-9 


reaction component at ('. Horizontal loads will lie applied to AB and verti¬ 
cal loads on JiC in the prototype. Hy the Miiller-Breslau principle, if end 
C of the model is moved either up or down, the deflection curve is supposed 
to lx*, to some scale, the dcsireil influence line. Actually, if the impressed 
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displacement of C is relatively large, the curvature of the member BC 
will cause a horizontal displacement of B, which will introduce an error 
in all measured horizontal deflections of load points on AB. Vertical de¬ 
flections of load points on BC will not be affected and will be correct. 
Considering a deAnite load point on AB, such as X, if C is moved to Cu and 
the horizontal deAection of X is measured from the neutral to the deAected 
position, the distance XXu will be recorded. This will be too large for 
inAuence line computations by the distance XX'. If, on the other hand, C 
is moved to Cl, then the horizontal deAection of X from the neutral posi¬ 
tion to the deAected position will be XXl, and this will be too small by 
the distance XX'. Obviously, if C is Arst moved to one deAected position, 
say CiT, and the location of Xv noted, and then C is moved to Cl, the 
distance XuXl can be measured and will be correct for inAuence line 
ordinate computations. The correct ordinate value for the inAuence line 
would be the distance XuXl divided by the distance CuCl- 

The above procedure is satisfactory for eliminating errors due to chang¬ 
ing geometry in models of the general type shown in P'ig. 14-9. Errors 
due to changing geometry can be eliminated in all cases, however, if the 
impressed deAections are sufAciently small. This is a common procedure 
when accurate results are desired. In this case, the impressed deAection 
must be carefully controlled and the dcAections thereby induced must be 
precisely measured. Various instruments have been designed to permit 
this exact control and precise measurement. Two of these are well known 
and give excellent results. A third, developed and built at Rensselaer 
Polytechnic Institute in 1953, also gives excellent results. These instru¬ 
ments will now be described. 

14-7 The Beggs deformeter. The Beggs deformetcr (1),(2),(3) was 
introduced in 1922 by the late Professor George E. Beggs of Princeton 
ITniversity. This instrument and the technique of its operation have been 
extremely well discussed by McCullough and Thayer (12) but a brief 
description will be given here. A typical assembly is shown in Fig. 14-10. 

The model is usually cut from a .sheet of some elastic material to 
I in. thick. Hard cardboard has been used with some success, even though 
it is not isotropic, but cellulose acetate is usually preferred because of its 
greater strength and ease of fabrication. The deformeter consists essen¬ 
tially of several gages and one or more microscopes. The gages are placed 
at each reaction of the model and may be usnd either to impress a known 
di.splacement or to supply the n'actio.i f*ompo Each gage is con¬ 

structed as shown in Fig. 14-11. The hxed bur is rigidly and permanently 
fastened to the clamp base plate at each end. A vertical hole for a wood 
sci-ew is provided at each end of the Axed bar for fastening the gage to the 
mounting board. The movable bar is free tq slide on the gage base {dates. 
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Figure 14-11 


Its only conneftion with the rest of the ga'p:e is effected by two small rods 
which project through oversized holes in the fixed bar and are connected 
with a flexible joint in oversized holes in the movable bar. Between the 
outer edge of the fixed bar and the knurled nut on each rod are compression 
springs. These springs tend to pull the movable bar toward the fixed bar. 
The rods on which they operate do not, however, interfere with sidewise 
movement of the movable bar. The gages are placed in their neutral posi¬ 
tion by inserting a pair of "neutral” plugs in the plug slots. 

Assume that a model for a two-span rigid frame with rigid column bases 
is to be mounted for analysis. A smooth table top or drawing board is 
placed in a horizontal position, and on this board the positions of the column 
bases are carefully located. The three gage clamps retjuired, one for each 
column base, are cart'fully screwed to the board in the proper location with 
neutral plugs in each gage. Orientation marks are provided on the gages 
for accurate mounting. The model columns arc then clamped to the 
movable bar of each gage with the clamp plate and screws; these columns 
arc usually made 2 or ‘A in. longer than scale length to permit mounting 
in the gages. The model must be free to move at all points between gages, 
and this is made possible by supporting it on small ball bearings, perhaps 
i in. in diameter, which roll on small pieces of plate glass. Lead weights 
arc usually placed on top to prevent buckling. The model is now ready 
for the analysis. 

If an analysis is desired for column bases pinned, holes are drilled in the 
base of the model columns at points to correspond to the actual pin loca¬ 
tion in the prototype. The clamp plates are removed from the movable 
bars and pins are inserted in the pin holes. The holes in the model columns, 
which must be drilled for a smooth fit, permit the mounting of the model 
on these pins. 

To obtain the influence lines for thrust, shear, and moment at the 
base of a given column, it is necessary to impress known axial, trans¬ 
verse, and rotational displacements of the column base of the model. 
To underetand how the Beggs gage makes this possible, consider 
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^ Neutral position 


Small thrust plugs 



(a) 


(b) 



(<■) 

Figurk 14-12 




Fig. 14-12(a), (b), and (e). The known axial displacement is impressed by 
the use of two pairs of "thrust” plugs, each pair having a different diameter, 
as illustrated in 14-12(a). The neutral plugs are removed from the gage 
and the smaller thrust plugs are inserted. A reading is taken on one or 
more load points, depending on the number of reading instruments avail¬ 
able. The small thrust plugs are then removed from the gage, the larger 
plugs are inserted, and another reading is taken on each load point previ¬ 
ously observed. The impressed displacement Ak is known by the observer 
from a previous calibration of the thrust plugs. 

The transverse displacement of the column base is impressed by use of 
the “shear"plugs [see Fig. 14-12(b)], plugs of equal diameter but flattened 
on one side. They are inserted in order to produce a displacement, 
first in one transverse direction and then in the other, to give a total 
calibrated throw of Ajp. 

The rotational column base displacement is produced by the "moment” 
plugs, which are round and of different diameters. As indicated in Fig. 
14-12(r), these plugs are inserted in the gage and will cause the movable 
bar to rotate a small amount in one direction from the neutral position. 
Reversal of these plugs will cause rotation in the opposite direction from 
this neutral position. The total rotational throAv will be 20, and its value 
will have l)cpn determined by a previous calibration. It is important to 
note that only one type of displacement is impressed at one time; for ex¬ 
ample, the shear plugs will cause transverse displacement without any axial 
or rotational movement. The impressed displacements are very small. 
To illustrate, the axial throw Ay of Fig. 14-12(a) is about four-hundredths 
of an inch. 

The reading instruments arc microscopes set in heavy frames for stabil¬ 
ity (see Fig. 14-10). A scale is engraved on glass within the instrument 
and in the field of view. CVoss-hairs on another glass are caused to move 
along this scale by a micrometer movement. The system is so arranged 
that one division on the micrometer index represents a movement of an 
observed point on the model of about one six-thousandth of an inch. 
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In the event an influence line is rccjuircd for internal thrust, shear, or 
moment at a given cross section of the model, one of the gages, with neutral 
plugs inserted, is located at that section. It is positioned so that the orien¬ 
tation marks coincide with the model cross section extended. The model 
is rigidly fastened to both bars of the gage with clamp plates. After the 
motlel is clamped, it is carefully cut between the two bars of the gage, 
and ball bearings running on pieces of plate gla.ss arc in.sei ted beneath 
the gage base plates. Thus the gage is capable of impres-sing axial, trans¬ 
verse, or rotational relative displacements between the cut ends of the 
model without restraining the resultant model deflections. This arrange¬ 
ment provides what is called a “floating” gage 

The Beggs deformeter permits extremely accurate work in indirect 
model analysis when it is operated by a skilled analyst. However, con¬ 
siderable experience in the u.se of the etiuipment (which is relatively ex¬ 
pensive) and groat care in its manipulation are nccessarj’ to produce the 
excellent results of which it is capable. For the best results the Beggs 
deformeter should be used in a room with controlled temperature and 
humidity. Incandescent lamps should be kept away from the cellulose 
acetate model because the resultant differential heating will seriously dis¬ 
turb the deflections. Without the observance of the.se precautions the re¬ 
sults are likely to be mediocre to poor. It should be noted that extended 
periods of use of this deformeter w’ill result in considerable eye straiti. 

14-8 The Eney defonneter. The Eney deformeter was developed about 
19.35 by Profes.sor W. J. Eney of Lehigh University ((>),(?),(8). A typical 
assembly is shown in Fig 14-1.3. 

Gages are u.sed in the Eney deformeter to perform the same function.s 
as in the Beggs equipment. They are, however, very dilTerent in detail. 
The external reaction gages consist essentially of tivo plates. The lower 
plate is rectangular in shape and is screwed to the mounting board or table 
top. The upper plate is smaller and semi-circular in shape. It is provided 
with threaded holes and small clamping plates for rigidly connecting the 
model if a fixed support is desired. Upper and lower plates arc not con¬ 
nected together but a series of pin holes are provided in both plates. Two 
removable pins inserted in matching holes prevent translation and rot.i- 
tion of the upper plate relative to the lower, unless removed. These holes 
are drilled so that axial or transverse displacements may be impres.sed on 
the model in i-in. increments in either direction from the neutral po.sition 
simply by removing the pins, sliding the top plate to the desired po.sition, 
and then replacing the pins in the new sets of mati hing holes. 

If it is desired to impress a rotational deflection, both pins arc removed 
and one is inserted in a pair of matching holes provided at points in tlu' 
two plates corresponding to the center of the model rt*action. The rota- 
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Fig. 14-13. The Eney deformeter. 
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tional deflection may be impressed in definite increments in either direction 
from the neutral position by rotating the top plate and inserting the other 
pin in matching holes provided on the arc of a circle centered on the hole 
in which the first pin was inserted. 

The internal gage, used for determining influence lines for internal .sec> 
tions, is mounted on a rectangular plastic base. A bar is rigidly connected 
to this base and is provided with threaded holes to receive screws to hold 
a clamping plate for gripping the model. Another bar is provided which 
has threaded holes for clamping the model. This second bar is not perma¬ 
nently connected to the base but is provided with pin holes which serve 
the same purpose as already described in the case of the upper plate of the 
external gage. The entire gage is mounted on the model by carefully 
orienting it with respect to the section for which the influeiice line is de¬ 
sired and with two pins inserted in the pin holes of the movable bar to 
hold it in the neutral position. After the model is clamped to both bars, 
it is carefully cut between them. The entire gage is “floated” on ball 
bearings on glass. This gage pennits an impressed relative axial, trans¬ 
verse, or rotational displacement between the two ends of the model at 
the cut. This is accomplished in a manner similar to that already de¬ 
scribed for the external reaction gage 

Deflections are read on a scale graduated to one-hundix'dth of an inch. 
The lower end of this scale is fastened to a fitting on a heavy stc'el rod 
screwed to the mounting surface. This rod is parallel to the main a.xis of 
the model and permits the sliding of the scale along the model to read 
deflections at any desired point. 

The Eney defomieter i.s easier to use than the Heggs c(iuipmcnt, costs 
very much less, and gives excellent results. (It is not patented, since 
Professor Eney has preferred to make it available to the professio.’i.) 

14-9 The R.P.I. deformeter. The R.P.I. deformetcr (.sec Fig. 14-14) 
was designed and built (14) in the structural model laboratories of Ren.sse- 
laer J’olytcchnic Institute in HlA'l. In principle it is the same as the dc- 
formeters just described In detail it is entirely difTerent. The reaction 
gage is provided with three movements, as were the corresponding gages 
in the Beggs and Em*y equipment. These movements arc controlled, how- 
evor, with three micrometers reading directly to one-thou.sandth of an inch. 
The internal or floating gage also is provided with three movements 
controlled with three micrometers. 

Deflections are read by clamping targets on the mo<Ie] load points for 
which influence line ordinates are desired. The.se targets have a verti(*al 
face projecting up from the model. In the center of this face is mounted 
a needle projecting horizontally therefrom, and opposite this needle .are .set 




Fig. 14-14. The R.P.I. deformeter. 
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mifroinctcrs juouiited in heavy steel bases. Needle and niicroineter are 
oriented in the line of action of the prototype load, Kaeh niicroineter and 
its opposing target are connected in scries with a contact indicator (to 
be described in the section which follows). When a reading is to lie taken, 
the micrometer is carefully turned up until the indicator shows that the 
circuit has been closed. 

When it is used with a contact indicator, the R.IM. deformeter will give 
results comparable to the Beggs equipment (and no eye strain is involved 
in its use). The floating gage is more difficult to use, however, than that 
in the Eney defonneter. The K.P.I. deformeter is more expensive than 
the Eney eipiipment, but much less so than the Beggs deformeter. 

14-10 The contact indicator. The contact indicator (13) is an extremely 
valuable piece of auxiliary equipment when it is desired to measure deflec- 
tion.^' accuralelj* with micrometers Simple and inexpen.siv'e to build and 
easy lo u.se, it i'^ e.xtremely sensitive and will indicate contact of a microm¬ 
eter and an opposing needle within thr(?e- or four-millionths of an inch. 
The Muall box shown in Fig. 14-14 contains one of these instniinents. 
The wiling diagiain is shown in Fig. M-l.'i 



14-11 The moment deformeter. The moment deformeter was developed 
(l(i),(17) at the Mas.saehiisotts In.stitutc of Technology. It is most 
ingenious and provides a means for determining the influence line for in¬ 
ternal moment in a structural member. The in.strumcnt Is clamped to 
the model meinlicr and centen*d on the sei'tion for which the moment 
influence line is do.sircd. This deforms the model so that it is possible to 
obtain the influence line for internal momeiit at the desired section. 
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The Dioment deformcter is easy to use. It is unnecessary to cut the 
model ill order to obtain the influence line, llowev’er, this deformeter has 
the disadvantage that it can only Ih' used on members which have a con¬ 
stant section. 

14-12 The brass spring model for articulated structures. The brass 
spring model was introduced (.>) by Anders Bull in 1930. The members 
are made of #2G brass drill rod, and the model is made geometrically similar 
to the prototype so far as the length of all members are concerned. Mechan¬ 
ical similitude for static loading is achieved by assuring that homologous 
clastic forces in model and prototype are in some fixed ratio. In other 
words, the ratio of the total axial strain in a gi\*en member of the model 
resulting from unit loads applied at its ends, to the total axial strain in the 
corresponding member of the prototype as caused by unit loads applied 
at its ends, must always be constant. This is achie\'ed by inserting a brass 
leaf spring in each mem tier of the model. 

The method was not used to any great extent until it was much improved 
by Professor Eney at Lehigh l^niversity. In 1940 he obtained excellent 
results with this method in an analysis of a large bridge (9). 

Actually the brass spring method is somi'thing more than an indirect 
type of analysis. A bra.ss spring nuKlel can, of course, be used to determine 
influence lines in the same way as a model made from cellulose acetate. 
In addition, liowever, it can be used to determine deflections of the proto¬ 
type. 

14r>13 Model design for indirect analysis. It warn demonstrated in 
Section 14-3 that usually only two scale factors have to be considered in 
the design of models for indirect analysis. The first of these, the linear 
scale factor k, is applied to axial dimensions only. The second scale factor 
may be either e or w, depending upon whether the prototype is an articu¬ 
lated structure or acts primarily in flexure. If the prototype is articulated, 
with the various members conseiiuently being subjected chiefly to axial 
loads, the propi'r ivlationship between homologous cross-sectional areas 
of model and prototype will be c.l = ,1. If the stresses are primarily the 
result of flexure, the i-elation.ship between homologous moments of inertia 
is expressed by nl = /. If both flexural and axial strains are important, 
then both redationships shouUl Ik* satisfied, and in this case, c* = n. 
An illustrative example will most clearly explain the method of design 

Example 14-1. The prototype is a two-span eontinuous steel girder as 
shown in Fig. 14-16. The curve of the bottom flange is parabolic. The web 
IS f in. thick and flange plates are 12 in: X 1 in. Design a model for indirect 
analysis. 
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Figure 14-16 

Two restrictions arc assumed to be imposed by the equipment available. 
The first of these requires that the model must not exceed 4 ft in length. 
Consequently, k is taken as 25, although in the given problem this actual 
value is of no particular interest. In the ease of a model design for an 
articulated structure, however, the factor k would be applied to the lengths 
of all members, as well as to the span length. The second restriction on the 
model dimensions is imposed by the dimensional capacity of the dc- 
formeter gages. In the given case it will be assumed that the gages will 
accommodate the model if the depth at the ends is 1 in. 

As previously indicated, the model depth is designed so that at homol¬ 
ogous sections 

n' ■= /. 

Since the model is to be cut from a sheet of material of uniform thickness, 
the al>ove equation becomes 


where I is the thickness of the sheet and d the required depth (both in 
inches) of the model at a given section. Consequently, 


d = c<n, 


where C is a constant and equal to ^ 12/nZ and can have any desired value, 
since n may be arbitrarily chosen. In Table 14-1, the at the end of 
the prototype is 23.1. Therefore the constant C is taken as 1/23.1, the 
model depth at the end will be 1 in. as desired, and the depths of the 
model at the other sections are readily computed. 

The depths shown in Table 14-1 should be carefully marked out on the 
model material at the corresponding sections. The points thus obtained 
are carefully joined with a smooth curve and the material cut and filed 
to this line. Observation points are scribed on the surface of the model 
at desired intervals and, after mounting the deformeter gages as pre¬ 
viously described, the model is ready for use. 



«10 


MODEL ANALYSIS OF STlirCTUIlES 


[chap. 14 


Tvblb J4-1. 


Distance 

Di.stancc 

• 


Model 

fioni .1 on 

from .1 on 



(Ic])th 

prototvpc 

model 

1 

<1 

d 

(ft) 

(ft) 

(m^) 


(in.) 

0 

0 

12.300 

23 1 

1.00 

5 

0.2 

12,550 

23.3 

1.01 

10 

0.4 

13,4(K1 

23.8 

1.03 

15 

0.6 

14,<K)0 

24.6 

1.07 

20 

O.K 

17,300 

25.0 

1.13 

25 

1.0 

20,500 

27.4 

1.19 

30 

1.2 

25,000 

29.3 

1.27 

35 

1 4 

31,(KMJ 

31.4 

1.36 

40 

1.6 

.38,600 

33.8 

1.46 

45 

1.8 

48,700 

26.5 

1.58 

50 

2.0 

01,900 

39.6 

1.72 


JilxAMPLE 11-2. Assume that a trial design has been'made for a two-span 
coiitimious tims to have the dimensions indicated in Fig. 14-17. The 
heaviest 1 russ member has been designed to have a cross-scetional area of 
lOT.ti in"', and the .smallest an area of 23.0 in^. It is desired to build a 
model by means of which influence lines may be obtained to check the 
hist mathematical anuh.si.s. De.sign the moilcl. 



Fujuiir 14-17 

Assume that liecuuse of space limitations the model cannot exceed G ft 
in length. Conseciuenlly, the linear scale factor k is 100, and the depth 
of the model at the center will therefore Imj 0.5 ft. T’le lengths of all mem¬ 
bers of the model are determined by applying the same linear scale factor 
to the lengths of corrc.sponding members of the prototype. 

The cross-sectional arcus of all truss members must be such that 

ei? = A. 

Since (as before) the members are to be cut from material of uniform thick¬ 
ness, the above eipiation becomes 

ctb = A, 
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where / is the material thickness and b the required width of the model 
member. Conseiiuently, 

b == QA, 


where Q is a constant and cijual to 1/et. Q may have any desired value 
(since e can be arbitrarily selected), and is chosen so that the widest model 
member will not be too wide and stiff and, at the same time, so that the 
narrowest member will not be too narrow. I'his is a matter of judgment 
based on experience, but this is experience easily obtained. In the present 
case, it seems that a maximum width of 0.75 in might be suitable. Accord¬ 
ingly, based on the heaviest member, 


max b 
max A 


0.7500 

107.6 


0.00697. 


The narrowest member, therefore, will have a width of 

min b ~ Q(min A) — 0.00697 X 23.6 = 0.164 in. 

The widths of all other membcifii in the model arc determined by multiply¬ 
ing the areas of corresponding members in the prototype by Q. If the lighter 
model members are so located that they will not buckle when a displace¬ 
ment is impre.ssed, the above value of Q is probably satisfactory. 

If the model members are made of cellulose acetate or .similar material, 
they are connected at the joints with cement made by dissolving scraps of 
the material in acefone. The prototyi)c would be analyzed on the assump¬ 
tion of frictionless pins at the joints Despite this, the quite rigid joints 
of the model often do not appear to have any significant effect on the re¬ 
sults. However, heavy members in the prototype which may, depending 
on the value of Q, result in unusually wdde and therefore stiff model 
memliers, can affect the rc.sults. In the example above, for iii.stance, if it is 
decided that the narrowest members should be doubled in width to prevent 
buckling in the model, then the heavie.st member would be 1.5 in. wide. 
For the length of the members involved, this would be too stiff. In this 
ease it would be advisable to fabricate the initial member in the model 
0.5 in. wide, and then to cement strips 0.5 in. wide on each face in order 
to build the member up to the required area. 


14-14 Direct model analysis. It was indicated in Section 14-2 that 
in order for structural similitude to exist between prototype and model, all 
homologous linear dimensions must be in some fixed ratio, all homologous 
lineur deflections must be in some fixed ratio, and all homologous loads 
and forces must be in some fixed ratio. In this discussion these three ratios 
will be called primary scale factors. 
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The first primary scale factor deOiics the length relationship between 
prototype and model, and the third defines the force relationship. The 
second primary scale factor defines the deflection relationship. Deflection, 
however, is a function of strain and is a linear dimension. Strain is a func¬ 
tion of force p(M- unit area and area is a linear dimension squared. Conse¬ 
quently, the dcfi(‘ct on scale factor is a function of both the length and force 
scale factors. I n other words, any two of the three primary scale factors 
may be assigned arbitrary values, but the third must then be computed 
from these two 

In addition <o the primary scale factors, certain secondary scale factors 
must be evalmilcd before a model can be designed. These define the ratios, 
between prototype and model, of such measurable quantities as cross- 
sectional area.<, density or mass, moment of inertia, or moment of a force. 
All of these, however, are easily determined from the primary scale factors. 

When wo design a model for direct analysis, the logical procedure is 
first to assign a value for the linear scale factor k This is selected so that 
over-all dimensions of the model will be convenient and workable. One 
of the other two primary scale factors must be assigned a value, or other¬ 
wise defined. Since the most valuable information obtained from the model 
will probafily l)c the .strains as determined by SR-4 strain gages, it will be 
most convenient to design the model so that homologous unit strains in 
prototype and model will be eciual. This immediately establishes three 
important relationships: (1) homologous rotational deformations will be 
equal, (2) the .scale factor for homologous total strains will be k, and (.3) 
as a consequence of (1) and (2), the scale factor for linear deflcction.s will 
be k. The other required scale factors Avill now be derived. 

In accordance with the above discussion, 

kl == L. (14-17) 

The various forces acting on ajid in any structure may be divided into 
external and internal. The external forces are those resulting from the 
aetion of gravity on the loads applied to the structure. These loads will 
be represented by ir. Internal elastic forces arc those which develop con¬ 
currently with the elastic straining of the various members. An intenial 
elastic force will be designated by F. Therefore, ' 

F = Aa ■- .4/i’€. (14-18) 

In the above expression: 

A = cross-sectional area of an axially loaded member, 

(T = unit stress, K- - modulus of elasticity, 

< = unit strain. 
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For mechanical similitude it is noeossary that the ratio of all homologous 
forces in the prototype and the model he a constant value. Consciiuently, 


W F 

-s=r = — constant. 


(14-19) 


(This constant is selected for greatest ronvcnience.) Since k — L/Ti 
and since cross-sectional area is the product of two linear dimensions, it is 
possible to write 


A = = i.i 

3 


(14-20) 


Therefore, if desired, may be used as the scale factor for the cross-sec¬ 
tional areas of axially loaded mcml)ers. In practice, however, since the 
value of k is primarily established to give an over-all workable model 
dimension, the scale factor k^ will quite often result in cross^ctional areas 
for model members which will lx; difficult, if not impossible, to fabricate. 
Consequently, to give greater flexibility in the design of the model, an 
additional factor z, which will be called a dimensional slicing fcKtor, is 
introduced and Eq. (14-20) becomes 

4 = (14-21) 

A 


Providing for the possibility that prototype and model may be of different 
materials, and remembering that homologous strains are to be equal, we 
now write Eq. (14-19) as 


IT ^ F ^ AjJt _ ,2 F 
W F JT. E ■ 


(14-22) 


This scale factor for forces, k^z{E/F), is correct and can be used. How¬ 
ever, the expressions for several other scale factors still have to be derived 
and these will be simplified if this force ratio is arbitrarily modified to 
k^z. If kh is substituted for the value of the constant in Eq. (14-19), and 
the internal elastic forces are expressed as before, the result is 


from which 


W ~ F~ ITe ~ 



(14-23) 


(14-24) 
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Eiluatioii (14-24) defines the scale factor to be used in order to determine 
the oross-scclional areas of axially loaded members in models designed for 
direct analysis. 

Since moment is the product of force times distance, 


and this is th(‘ scale factor for moments applied to a model, as well as for 
internal resisting moments. 

The scale factor for moment of inertia for a flexural member may be 
obtained from two relationships of structural mechanics. The first of these 
is 



/ = 


MR 


where R is the radius of curvature. Thus 


I MR/E MRR ,3 1 TJ ,4 

1 MR/E JTTiE E E 


(14-20) 


The second is the orilinary flexure formula: 


from which 



I Mc/a Mra 

7 ' in/a “ jn'a' 


(14-27) 


If the model is geometrically similar to the prototype as to depth, as it 
should be, then c/Z = k. Also, sinci* homologous unit strainsAvill then be 
eijual, t = I. Consciiuently, 


o Et E 
a E 'f E 


Substituting in K(|. (14-27), uc obtain 




(14-2Ca) 


It will be practical!}' impossible to simulate the dead weight of the pro¬ 
totype with the weight of the model. The expression for weight is yAL, 
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where y is the specific weight of the material. For mechanical similitude, 

which, after substituting Eq. (J4-24), results in 


1 1 M. 

^ ~ k T/ 


(14-29) 


It is apparent from the above expression that in most cases the required 
density y will far exceed that of any material obtainable. Consequently, 
in practice, the dead load of the prototype is simulated by hanging appro¬ 
priate weights on the model. 

It is possible to check the various scale factors which have just been 
derived. If all these factors have been correctly evaluated, homologous 
linear deflections should be in the same ratio as homologous linear dimen¬ 
sions; that is. 


A 

A 


k. 


Assume that the prototype is a structure in which flexure is of primary im¬ 
portance. The formula for deflection by virtual work will have the form 
A = fmM dx/J'JI. Therefore, 


but 


A ^ S mM d x/El 
A /mil/ dxfWl 

M = khJl, 


(14-30) 


m — kW, 
dx — kdx^ 


I := k*zlj, 

lid 


If these values are substituted in E(i. (14-30), the result is 
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If tlic prototype is articulated, the \'irtual work deflection expression is 
in the form 


A 


vSL 
^ ~AE' 


Therefore 


but 


A ^ Zufi L/AE 
A Zli^/AE 


(14-31) 



n — u, 

L = kZ, 

A = k^zA 

iL 


Substituting in Eq. (14-31), we obtain 



14-15 Dimensional analysis. Dimensional analysis provides one of the 
most eflbctive methods available for determining the requirements for 
similitude between prototype and model and for interpreting experimental 
data. It is based on the fact that the various physical properties of, and 
quantities acting upon, a body, such as length, mass, temperature, velocity, 
force, etc., can be expressed in terms of one or more of the fundamental 
physical dimensions. The fundamental physical dimensioks are length, 
time, and force or mass. 

Two different systems of dimensions are used. In the F-L-T system, 
known as the engineer*8 system^ the dimensions are force, length, and time. 
The physicist*a system, in which the dimensions are mass, length, and time, 
is designated as the M-L-T system. In this discussion the F-L-T system 
will be used. 

The object of dimensional analysis is to find some means of directly re¬ 
lating prototype and model, not only as to size but also as to response. For 
example, the length of a beam model is not equal to the length of the 
prototype, nor is the depth of the model equal to the depth of the proto¬ 
type. However, for geometric similitude, the length-to-depth ratio of the 
model will be equal to the length-to-depth ratio of the prototype. These 
ratios can be equated because they are dimensionless. 
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Various combinations of the several physic-al piopertu‘s and ({uantities 
which define model and prototype I'an be found which will give dimension¬ 
less terms. In each case, if complete similitude has lM;en realized in the 
model, corresponding dimensionless terms for model and prototype will be 
equal. Conse<iuently, if enough of these dimensionless term.s can be found 
to define similitude, they can be u.scd to compute scale factors and to 
interpret test data. 

In 1915, E. Buckingham published an excellent paper (4) in the appendix 
of which he derived his ir theorem. This theorem makes it possible to 
obtain in a systematic manner the dimensionless terms discussed above. 
One possible statement of the theorem may be phrased as follows: If a 
physical phenomenon can be defined in terms of n variables, and if each of 
these n variables can be expressed in terms of no more than m dimensions, then 
the general equation for the phenomenon can be expressed as a function of 
n — m dimensionless ir terms. Each dimensionless term mil be composed 
of m-\-\ variables, two of which will be common for all v terms The signifi¬ 
cance of this theorem can best be explained with an example. 

Example 14-3. Given a flexural member as indicated in Fig. 14-18, 
supporting any kind of load. Using dimensional analysis and the expression 
for strain, And the t terms necessary to define similitude. 

For a flexural member 


Avhere 


Md KWSd 
* E ~ 2EI ~ 2E1 


(14-32) 


c = unit strain, 

M — bending moment, 

K = & constant for the beam 
and type of load, 

]V -s: total applied load, 

S = length of span, 
d = depth of member, 

E = Young’s modulus, 

I — moment of inertia. 



Figure 14-18 


In general, 

or 


e = fiW,S,d,E,I) 
g(e, W,S,d,E,I)=e. 
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When the structure is statically loaded the fundamental dimension of 
time does not appear. All the above vatiables can be expressed in terms of 
units of force and length. In accordance with the r theorem, two of the 
above variables may be common to all tt terms. These common variables 
may be selected as dcsinjd, except that the dimension of force must be 
used at least once, and the dimension of length must be used at least once, 
in the dimensional expressions for these common variables. In this case, 
W and S will be used. 

The general expression for the r terms is 

TT. = =- (14-33) 

In the last term above, the F indicates that the load is expressed in units 
of force, the L that the span is expressed in units of length. The term (?< 
will be replaced by the dimensionul expre.ssions for the other variables of 
the general g function, one at a time. If each t term is to be dimensionless, 
then, as each successive Q, term is substituted, the exponents a and b 
must have a value such that the summation of all exponents for F and 
all exponents for L will be zero. Having determined a and b for a given 
Q, we write th(‘ ir term by substituting these \'alues for the exponents in 
the general expression foi- the n terms [K<|. (11-33)1 and inserting the 
corresponding variable foi- Q,. This proce<hm‘ will now be demonstrated. 

Forirj,t?i - d: 

- F‘V'L-\ 

F : a == 0, 

L:6 — 1=0,. b — 1; 

n yO tj I 1—1 A 

S (i — • 

(I 

Forir2,<?2 - A’- 


TTo 




F’^L\FL-^r\ 


11/10-2 r/-l 

ir2 — ir O A 


F: a — 1 = 0,.'. o = 1; 
L:b + 2 = 0, .'.6 = -2; 
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ForrsyQs = I: 

% 

= Tr“iSV“* = F“L‘L“^ 

F: a — a, 

L: 6 — 4 = 0,6 = 4; 

.-.irs = IVV/-' = y- 


Forir4,Q4 = «: 

ir 4 = = F'*5^ 

F: a = 0, 
L: 6 = 0; 

.*.^4 = = V 


For complete similitude the four ir terms obtained above must be equal 
for model and prototype, and the necessary scale factors may therefore 
be determined from these ir terms. As before, the linear scale factor will 
be designated by fr. Therefore, 


S 

5 


k. 


r. SB 

From »!; — = -=* 

a a 


ir W . W 

. W S^E ,aF 

,p S' 

From » 3 : 'f ~ T ' 

■ / - 54 - «= • 

From r 4 : - == r » 

€ C 

* = 1 . 
c 

The above scale factors agree with those previously derived by structure 
mechanics, with the exception of the dimensional slicing factor. Note that 
t 4 could have been predicted, since strain is a dimensionless quantity, and 
thus for complete similitude must be equal in model and prototype. 
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This section represents no more than a superficial introduction to the 
subject of dimensional analysis, a method used extensively in all branches 
of science and engineering. How’ever, reference material at the end of this 
chapter will give the interested reader considerable information on the 
subject. 

14-16 Design of models for direct analy^. The proper use of the scale 
factors just developed can best be explained by demonstration. Accord¬ 
ingly, three examples are presented. 

Example 14-4. The prototype is a steel cantilever beam 30 ft long. 
It is a .30WF116 with an actual depth of 30 in. The moment of inertia of 
the cross section with respect to the major axis is 4919 in^, and the modulus 
of elasticity is .30,000 k/in*. A concentrated load of 10 k acts down on the 
free end of the cantilever. It is required to design a model for direct analysis 
using aluminum plate J in. thick with a modulus of elasticity of 10,000 
k/in* 

10 k| 


30'-0 


Figure 14-19 


As previously indicated, the scale factor k is usually chosen to give a 
model of a convenient length. This, of course, will depend on the space 
available for fabricating and testing the model, the sizes of the model 
construction material available, the accuracy with which it is desired to 
reproduce details of the prototype, the dimensional capacity of any special 
testing equipment, and other similar <‘onsiderations. 

Suppose in the problem under discussion that it has been decided that 
the model is to be 3 ft long. Then k = 10. The depth of the model for 
geometric similitude will be 3 in. It is arbitrarily decided to make the 
flange plates 1 in. wide. The model cross-section is sketched in Fig. 14-20. 

The moment of inertia of the model is: 


7 of web = 


0.125 X 2.75® 
12 


0.217 in^ 


I of flanges = 2(0.125 X 1.437®) =* 0.516 in* 


Total 7 = 0.733 in*. 
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0 . 123 " 



0 . 12 . 5 " 

Figure 14-20 


From Eq. (14-26), 

* "Elk* 


30 X 4919 
10 X 0.733 X 10* 


2 . 02 . 


The load to be applied to the model, by Eq. (14-23), will be 


w = iL _ lO'OOO 
“ 10* X 2.02 


49.6 lb. 


Actually it is not absolutely necessary that the depth of the model be 
l/k times the depth of the prototype. To illustrate, assume that it is 
desired to make the model 2 instead of 3 in. deep. By maintaining the 
same I as before (0.733 in^), homologous linear deflections will be kept in 
the ratio k. Since corresponding values of Et Is/EI (flexural deformations) 
will be equal in the two models, the extreme fiber strains will vary directly 
as the depths of the models. This means that the strains in the second 
model will be § times the strains in the first model. Therefore, if extreme 
fiber strain readings taken on the second model are to be used to predict 
stresses in the prototype, these readings must be converted to what they 
would have been on the first model. Therefore, 

, _ai - 

«1 = J-- «2» 

“2 

and the extreme fiber stress in the prototype will be 


a = Ei2. ^ 
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Example 14-5. Design a model for direct analysis of the truss of 
Fig. 14-21. The cross-sectional areas of the members (in square inches) 
are marked on the sketch. The prototype is of steel, with E = 30,000 
k/\\\^. The model is to l>e fabricated of alifminum, with E = 10,000 k/in^. 


.30 in* 



Assume that it has 1)0011 decided to make the model 4 ft long. Then 
k = 10. From Kq (14 -24), 


A -- 


E 

t: 


A 

k ‘^2 


fOOe 



The value of z may be selo<*lod to ensure model members which will be 
stable (no buckling of compre.s.sioM members) and yet convenient to 
fabricate; If z is taken as unity, the area of the top ehorc^member, for 
example, will be 

0 03 X 30 =- 0.0 in=*. 


If it is felt that thi.s cro.ss-.seetlonal area i.s too large for convenient fabrica¬ 
tion, then z may be taken as 2, or any other desired value. If z is taken as 
2, then from E<p (14 23), 


W ^ _ 30 ,^ 
k^z 102 X 2 


1501b. 


If this load is too large*, one way of reducing it would be to use a larger 
value for z. If z is loo large, however, the cross-.sectional areas of the model 
members will lie too small for stability when subjected to compression. 
In the event that the computed scaled load for the model is too large and 
z cannot be made any larger becau.s(' of fabrication diflitniltics, an additional 
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lo^ slicing factor q may be introduced to reduce the load. For example, 
if in the above problem the indicated load of loO Ib is too lai^e for the test¬ 
ing equipment available, and 2 cannot be increased in value, then q may 
be taken as 3. This simply means that a load of 50 lb may be applied. The 
ne^ssary readings arc then taken on the model and multiplied by 3 before 
using them to predict the response of the prototype. 

Example 14-G. Design a model, to be used m direct analysis, of the 
eccentrically loaded column shoum in Fig. 11-22. The prototype is a 
24WF100 with cross-section;'! area = 29.43 in^, moment of inertia = 
2987 in^ out-to-out of flanges = 24 00 in , and E - 29,000 k/in^. The 
model is to be built of aluminum plates 0.100 in. thick, with E = 10,000 
k/in’*. 



Figure 14-22 


In this example, flexure and axial stress are both important. Theoreti¬ 
cally the cross-sectional area, moment of inertia, and depth of the model 
should all be designed in accordance with the scaling factors previously 
derived. If this is attempted, however, it will be found that one of the 
three requirements will be incompatible with the other two. Nevertheless, 
it is possible to design a model which will be suitable for predicting stresses 
in the prototype. 

It is decided to make the model 2 ft high. Therefore, k is 13.00. The 
theoretical out-to-out of model flanges would be 24.00/13.00 = 1,846 in. 
Aluminum strip in the required thickness of 0.100 in. is at hand in widths 
of 1.000 in., which will be used for the flanges, and 2.000 in., which will be 
used for the web. The eccentricity of the load on the model will be 
30.00/13.00 = 2.31 in. 
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The moment of inertia of the model section will l>c 

- - . 0.100 X 2® AAT-r- • 

I of web —- -7 -= 0.0(>()/ in 

1 

/ of flaiiKe-s = 2 X 0.100 X 1.05= 0.2205 in'* 

Total I - 0.2872 in^ 

From E(|. (14 - 20 ), 


A7 29.00 X 2987 

Til. • 10.00 X 0 2872 X lli.OO^ 


1.050 


The load to lie applied to the model will be, from K<i. (14-2.‘l), 


1* =■ 


P P 

l:‘‘iz ~ 'la.OO*’ X L().50 


0.(M)5(»0P. 


With the value of /* as eoinpnted above, hoinolo^utis fle.xural <leforma- 
tion.s will be ecpial Honiolo{»ou.s extreme IUht .strains as.sociated with 
flexure will not, ho\\e\er, be ecjual The theoretical out-to-out of the 
model flange.s, a.s previously computed for similitudi', is 1.840 in. The 
a(‘tuul out-to-out of model flangc'.s i.s 2.200 in. 'I'he correct e.xtreme fiber 
.strain « associated with bending in a lully .scah'd modt‘1 maj' be com¬ 
puted by multiplying the extreme fiber strain a.s.sociated with bending 
in the actual model by a correction factor This inaj’ be written a.s 


<// — ('hth 


UJIO 

2 . 2 ()<) 


0.8:«)o,. 


Similitude with re.spect to the cross-sectional area mii.st now be in¬ 
vestigated. In aceordance with K<i. (14-24), the aiva of the model should 
have been 

-r AE 29 . 4 :} X 29.00 _ . 2 

.1 — -—= --=^-= 0.4<8]n . 

1.T002X 1.050 X 10.00 

The actual area of the model is 0.400 in®. It is apparent that the model 
strains associated with axial stress will be too large. The correct strain e.i 
associated with axial stress in a fully scaled model may be computed by 
multiplying the strain e« a.ssoi-iated with axial stress in the actual model 
by a correction factor Co- 
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This is written as 

tA ~ ( u^a 


0.400 

0.478 


0.837 


The two strains ta iind e^, us-sociated witli axial stress and l>ending, re¬ 
spectively, in the actual model, can be determined if tAVo strain gages are 
mounted directly opposite each other on the model flanges in positions 
corresponding to those gages shown on the prototype in Tig. 14-22. If 
we represent the observed strain in gage number 1 by ci, and that in gage 
number 2 by C 2 , it is apparent that 

«o + *6 = «i and «„ — = € 2 . 

If these equations are solved simultaneously, the result is 


«1 + €2 


and 




€l - 62 


The above tAvo strains may noAv be corrected to AA'hat they aa'ouW Iiua'c 
been in a tully scaled model and then combine<l to giA’o the <'orrect strains 
in the prototype. 

Note that the three examples of model design just presented arc not 
meant to imply that a model of such simple stnicture.s Avould ever be built, 
except as an exercise. Simple structures AAcre used as examples in order 
that full attention could be giATH to the fcAv principles involved in de.signing 
the models. 

A model of the tAA'o-hiiiged arch rib Avhich Avas ilesignetl by the elastic 
theory in Example 13-4, and checked by the deflection theory in ScA'tion 
13-8, is shoAvn in Fig. 14-23. The model Avas designed and the experimental 
results interpreted as illustrated in I'Aample 14-(>. 


Problems 

14-7 A 24WF100 beam, with a depth of 24.00 in. and an /, of 2990 in^, 
supports a concentrated load of 20 k on u spun of 30 ft. D(‘sign a model for 
direct analysis in accordance with the folIoAAing data: A: = 10; aluminum alloy 
plates to be 0.100 in. thick; width of flange plates to bo 1 in. The over-all depth 
of the* model is arbitrarily selected as 2 in. Strains arc to be measured with SR-4 
strain gages. E — 29,000 k/in* and E = 10,000 k/in^. Determine the value 
of the concentrated load which sliould be applied to the model for similitude. 
What is the value of the factor by Avhieh the observed strains should be multi¬ 
plied to correet for the fact that the rcciuirements for similitude have not been 
satisfied relutiA’c to the depth of the model? [ilns.; P *= 52.9 lb, 6 >* 1.2e.] 
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14-8. The prototype is a column loaded eccentrically with respect to the 
major {x-») axis. Hie column 8haft*i8 a 27WF145 with a height of 20 ft, a 
cross-sectional area of 42.68 in^, a moment of inertia with respect to the z-x 
axis of 5414 in^, and an out-to*out of flanges of 26.88 in. E of steel « 29,000 k/in^. 
The load is 210 k applied on a bracket with an eccentricity of 2 ft. The top 
of the prototype is braced laterally. A model for direct analysis is to be designed 
using a lincar'seale factor of k » 10 applied to the height of the model and the 
eccentricity of the load. The model is to be fabricated of aluminum alloy using 
a web plate 2.0 in. X 0.10 in. and flange plates 1.0 in. X 0.10 in. E for the 
aluminum alloy is 10,000 k/in^. Using a load slicing factor of 10, determine what 
load should be applied to the model. Having determined the magnitude of the 
load, assume that the model is fabricated and tested. The strains, as determined 
by two SR-4 strain gages mounted directly opposite each other on the center 
lines of the two model flanges at mid-height, are; strain gage "x,'* on the flange 
further from the eccentric load, a strain of *f 25.5/i; strain gage on the flange 
nearer to the eccentric load, a strain of —44.7^. In this case, the + sign indicates 
a tensile strain. (The Greek n is often used as a symbol for microunits (one micro¬ 
unit is a strain of 1 X 10~^).) Determine the stresses in the prototype at points 
corresponding to the positions of the strain gages "x” and “y” on the model, 
as indicated by the above strain readings on the model. [Ans.; P » 38.5 lb. 
The prototype stresses, os computed from the observed strain readings on the 
model,^ are: for the point corresponding to the position of the strain gage “x,” 
7510 Ib/in^: for the point corresponding to the position of strain gage "y," 
17,400 Ib/in*. ] 

14hl7 Fabricatioii and loading of models for direct analysis. The 
fabrication of models for direct analysis is, for several different reasons, 
somewhat more involved than for indirect analysis. It has been demon¬ 
strated that more attention must be given to scaling factors in designing a 
model for direct analysis. This means that the model must be more exact 
in detail, with more pieces to cut, fit, and join together. Very often small 
I-shaped sections must be fabricated. The system of loads applied must 
be similar to the loads on the prototype and thus the model may have to 
receive a complicated load pattern. No such problem exists in indirect 
analysis. 

The material to be used in constructing the model should have all those 
qualities previoudy listed in the discussion of models for indirect anal 3 rBis. 
It should be inexpensive, sufficiently strong, isotropic, and easily worked 
and joined. It will be recalled that for indirect model analysis, cellulose 
acetate, or a similar material, most nearly satisfies all these requirements. 
It was demonstrated that creep under load causes no difficulty in indirect 
analysis. For direct analysis, however, the variation in the modulus of 
elasticity of the cellulose acetate, which' causes creep, renders this material 
unsuitable for models unless certain compensating devices are used. These 
devices will be subsequently discussed. 
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Steel can be used for constructing models but it is difficult to fabricate. 
The same thing is true, to a lesser degrde, for brass. Good results have been 
obtained with aluminum alloy; the various pieces of aluminum may be 
joined with epoxy resin adhesive. One particular commercial adhesive 
requires no clamping of the pieces to be joined and no special preparation 
of the joints beyond wiping with carbon tetrachloride. 

Curing temperatures vary from room temperatures to 200®F, depending 
on the time of cure. One and one-half to two hours is sufficient time for 
temperatures of 200®F. A small thermostat-controlled oven is satisfactoiy 
for small models. Joints of larger assemblies may be cured overnight with 
one or two 100-watt incandescent bulbs in reflectors placed close to them. 
Tensile and shearing strengths in excess of 3000 Ib/in^ in the joints of 
aluminum models can regularly be obtained. 

Models under test may, of course, be mounted in a position corresponding 
to the prototype under load. Many times, however, this introduces a 
tendency for lateral buckling which does not exist in the prototype. A 
model analysis of a rigid frame, for example, involves the loading of a 
single frame. The prototype, however, would be loaded as one of several 
similar frames adequately braced as a group to prevent lateral buckling. 
Accordingly, it will be found advisable in many cases to mount the model 
in a horizontal position supported on ball bearings running between two 
glass plates. Loads may be applied in a horizontal direction through air¬ 
craft control cables extending over aircraft control pulleys mounted at the 
edge of a supporting table. Weights of the desired magnitude may be 
suspended on these cables. Lead shot in small buckets will provide a 
flexible system. A loading frame designed and built in the model laborato¬ 
ries at Rensselaer Polytechnic Institute is shown in I'ig. 14-24. This 
frame will accomodate models 9 ft long and 4 or more ft high mounted 
horizontally, as described above. In addition to direct loading of the model, 
several levers are provided to apply up to 5000 lb each. 

14-18 Auxiliary equipment for direct model analysis. Strains and 
deflections are usually observed in a direct model analysis of a structure. 
SR-4 strain gages, for which there is no adequate substitute, are indis¬ 
pensable for reading strains. They are cemented to the surface of the 
model at the point for which the strain i^ desired and will indicate strain 
to 1 X lO*'^. When considerable accuracy is desired in reading deflections, 
it may be achieved with deflection gages reading directly to 0.001 in. or 
0.0001 in. Scales graduated to 0.01 in. will in many cases give satisfactory 
results. 

14-19 The moment indicator. The moment indicator, developed by 
Huge and Schmidt (15) at the Massachusetts Institute of Technology 




Fio. 14-34, 
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about 1936, is a most ingenious and useful instrument for direct model 
analysis. It provides a means for directly determining the absolute values 
of the internal moments in model flexural members. The model is designed 
and loaded in accordance with the principles previously developed for 
direct model analysis. The moment indicator, clamped to the model 
member at two sections where the moments are desired, provides informa¬ 
tion from which the desired internal moments may be easily computed. 
It must be fastened, however, to a length of model member which is initially 
straight and has a constant modulus of elasticity and moment of inertia 
between the two sections of attachment. No loads may be applied to the 
member between these two sections. 

Consider the free body LR, of length D, shown in Fig. 14-25(a). This 



(b) 


Figure 14-25 

represents a segment of a model member, the segment having a constant 
E and /. The internal moments and shears acting at L and R in the uncut 
, member are shown as external loads on the ends of the free body. From 
the conjugate beam shown in Fig. 14-25(b), - 

2Ml D Mr D 

^^~ZEI '2 3EI ' 2 

and 

A — D . 2Mr D 

SEI'2^ZEI’2' 

A .<«inuiltaneous solution of these equations yields 


^ (28^ + 8r), 


(14-34) 
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and (20r + 0l). (14-35) 

Note that in the above equations, Ml and Mr are positive when acting 
clockwise on the ends of LR and that 9l and 0r are positive when the tan¬ 
gent rotates clockwise relative to the chord LR. 
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Figure 14^26 indicates the essential features of the moment indicator. 
It consists oi two rigid arms which are clamped to the unstrained model 
member at sections L and R. Each arm extends parallel to the axis of the 
member to a point two-thirds of the distance to the clamping section of the 
other arm. In Fig. 14-26(b) the positions of these two arms are indicated 
after the model is loaded. The flexural strain in the model member causes 
displacement of point .1 relative to T and of point 2 relative to 2'. The 
change in the distance between points 1 and T will be designated as Al, 
and the simultaneous change between points 2 and 2* will be Ar. Since 
0L and 0R are actually very small angles, 



+ ^ § ( 2»1 + »*) 



and 
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Substituting in Eqs. (14-34) and (14-35), wc obtain 

,, QElAr , QEIM 

■Ml = ~£ )2 ~ " (14-36) 

It is important to note in the above equations that A2 and Ar are positive 
when points 1 and 1', or 2 and 2\ move farther apart. The signs of Mi, 
and Mr depend on the signs of Ar and A/, rcspcrtively. A positive Ml or 
Mr indicates a clockwise external moment acting on the corresponding 
end of the segment LR. 

Excellent results can be obtained with the moment indicator'if the values 
of Ar and Al arc carefully measured. It is suggested that the arms be made 
of aluminum about | in. thick and perhaps f in. wide. If two micrometers 
reading to 0.001 in. are attached at points 1 and 2, with opposing needles 
at points 1' and 2', the required displacements can be accurately de¬ 
termined. The micrometers and opposing needles should be placed in 
series with a contact indicator. 

In an actual analysis the internal moments at sections L and R of the 
member are first determined. For a given moment indicator these two 
sections must always be the same distance apart along the axis of the 
member. For D, 4^ or 6 in. will be satisfactory, although larger values 
may be used if desired. Having the moments at L and R, we can compute 
the moment at any other section along the member. 

The moment indicator is particularly suited for model analyses of 
Vierendeel trusses, secondaiy stresses in articulated structures, and all 
types of rigid frames. It is suggested that sheet aluminum be used as the 
construction material. The required moments of inertia arc obtained by 
varying the widths of the members. Individual members may be joined 
very easily with epoxy resin adhesive. The resulting model looks similar 
to those used for indirect analysis: in this case, however, the various 
moments of inertia must be obtained by application of the scaling factors 
.for direct model analysis. In addition, the model must be loaded in the 
same way as the prototype and the loads must be scaled. 

14r-20 Hie cellulose acetate spring balance. It has been stated that 
models of cellulose acetate will creep considerably under load because of a 
change in the modulus of elasticity of the material. This cannot be dis¬ 
regarded in direct model analysis. It has been established (10), however, 
that by use of a cellulose acetate spring balance it is possible to predict 
deflections and obtain deflection influence lines for the prototype even 
though a cellulose acetate model is used. It has also been demonstrated 
(16) that with a different technique and a similar spring balance the ob¬ 
served strains in a cellulose acetate model may be extrapolated to predict 
prototype stresses. This latter use of the spring balance will now be 
describe. 
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Suppose that it is desired to determine the stresses at various points of a 
rigid frame prototype, as caused Ify a horizontal concentrated load applied 
at one knee of the frame. Strains are to be measured at selected points on 
a cellulose acetate model, and stresses computed therefrom are to be 
extrapolated to give stresses in the prototype. The frame and load are 
shoMm in Fig<-14-27. In accordance with the principles previously de> 





Fioube 14-27 

veloped the applied load H should have a constant scaled value. This 
constant load could be applied directly to the model, but the measured 
strains could not be interpreted in terms of stress because of the variation 
of JB. The problem can be solved, however, with the arrangement shown 
in Fig. 14-28. The rectangle 1,2,3,4 is the cellulose acetate spring balance. 
The straps 1-2 and 3-4 are each made of two pieces of steel, brdss; or 




Fioube 14-28 
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aluminum, between which the cellulose acetate straps 1-3 and 2-4 are 
inserted. The axial strain in the metal straps must be negligible. The 
straps 1-3 and 2-4 are cut from the same piece of cellulose aeetate as the 
model and are rigidly clamped between the metal straps at their ends. 
The value of AS, the deflection of o relative to n, must be carefully meas> 
ured. It is suggested that a micrometer mounted for clamping on point o 
with an opposing needle clamped on point n, connected in series with a 
contact indicator, will provide the best means for this purpose. The con¬ 
necting member mn can be any convenient material. 

The scaled load H is applied at point o of the spring balance. The deflec¬ 
tion of the spring balance can be expressed as 

il5, = (14-37) 

where ASt and Ei are the values of AS and B at any time t. i^a is a con¬ 
stant for the balance. Its value, which depends upon the dimensions of 
the cellulose acetate straps 1-3 and 2-4, may be determined by computa¬ 
tion or by calibration. 

If the strain C( is observed at a point on the model, the expression for 
the stress at the point is 


but by Eq. (14-37) 


and therefore 


= Et • 


Bt 



at — 


ASi 


H- 


U’ 


(14-38) 


Actually, for any given point on the model, the ratio €t/ASt will have a 
constant value, since the variation of the modulus of elasticity of cellulose 
acetate is a function of time after loading and is not affected by stress 
intensity in the usual range. Consequently, Eq. (14-38) can be written as 

c = (14-39) 

In other words, the computed value of stress at a given point of'the model 
should always be the same, regardless of the time at which simultaneous 
readings of model strain and spring balance deflections are noted. 
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The Msembly shown in Fig. 14-29 is used to detennine the value of k, 
by calibration. The cantilever beam is cut from the same piece of cellulose 
acetate as the model and the straps of the spring balance. To it is clamped 
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a moment indicator. The spring balance is connected to the end of the 
cantilever beam and through it the load P is applied to the cantilever. 
The moment'at L in the beam, in terms of Ar obtained from the moment 
indicator, is given by Eq. (14-36) as 


El can be expressed by the equation of the spring balance as 


Et 


El. 

ASt 


P. 


(14-^) 


Substitution of this value for Et in the equation above yields 


Ml = 


6/iiC« 'Aft p 

jD2 ASt 


But Ml ~ Pa. If we make this substitution and solve for K,, the result is 


_ D^aASt 
~ 6 / 


(14^1) 


It is su^ested that the entire assembly should be mounted on ball 
bearings on a flat surface. The load should be applied by a cord passing 
over an aircraft control pulley at the edge of the surface to the proper 
weight bulging below. 

One other difficulty, relative to the design of the model, must be elim¬ 
inated. 
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From Eq. (14-26) for a flexural member, 

0 


J 


FA 


From Eq. (14-24) for an axially loaded member, 

T EA 
^ FkH' 


(14-42) 


(14-43) 


Obviously, therefore, before a model can be properly designed for direct 
analysis, the value of the modulus of elasticity of the model construction 
material must be known. In the case of cellulose acetate this is impossible. 
It is suggested, therefore, that the model be designed on the basis of what 
is l>clieved to be the most reasonable value for E. Assume that in a given 
case this value is 400 k/in^ and that the model is designed accordingly. 
The model is fabricated and tested. Strains are measured and stresses 
are computed as indicated by Eq. (14-39). From observed values of A5| 
in the spring balance, however, the value of Et is found, by Eq. (14-40), 
to be 360 k/in^. Conseciuently, the stresses computed for the model must 
be adjusted. If the model member is flexural. 



Substituting from Eq. (14-42), we obtain 


McEk*z 

El 


( 14 ^) 


If the model member is axially loaded, 


P 

I 


If Eq. (14-43) is substituted in the above equation, the result is 


EA 


(14-45) 


It is apparent from Eqs. (14-44) and (14-46) that the observed stress in 
the model is directly proportional to the modulus of elasticity of the model 
material. Therefore the computed model stresses should be multiplied 
by 36/40 to obtain the correct values. 
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